CHAPTER | TWO

Operators of Fractional
Integration and Their
Applications ~to Dual

Integral Equations
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2,1 An Application of Fractional Integral Operators

of one variable :

We consider the dual integral equations :
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Where M2 Zfax‘ (3p aap?;
P (bg +B,)

Fox's H-function / 1.80_/. (bserve that o; (i=1,2,...p),

Bj (j=1,2,...9 ) are the same for both H~-function in (2.1)

and (2'2.) [ ] e

The impértance of the pair gz.;),(z.z) of dual
eqliations is due to the very general yet simple form of the
Kernels which include as particular casé$ many special
functions used as Kernels of dual intggrai equations in

earlier studies,

We use the method of BUSCHMAN:/ 39 7 to
transform (2,1) and (2.2) in to equations with a common

Kerncel so that the problem is reduced to solving a single
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integral: equa"cion.

Using (1.117) with (1,112) in the convolution

. theorem (1,111) we obtain
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On using (1.,100), the left hand side of above equation

becomes

a
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On using (1.112) -and (1.,117), the right hand side of

above equation becomes,
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Now taking the inverse Mellin~transform of above equaéion,

we get .
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Now, using the defination of Hefunction (1.80),

we get -~
(2.3) L €171 ma i.(élm 1)y (@p03) sueen (ap,gzp>
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The effect of above operator, as is clear from

(cl' al-) Vi (é-Z( az),‘ o0 ece (é-b‘c ap) >

(bloBl)l (bz,Bz),.. es s (bq,p Bq) '

above result,‘ is to change the parameter (a;,0y) in the

Hefunction,

Again using (1.117) with (1.113) in the convolution
theorem(1,111), we have
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On using (1.,101), the left han:d side of above

equation becomes,
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and using (1,113) and (1,117), the right hand

side of above equation becomes

- T (0, +845) T Ta )
+ S - --a_S
R.H.s_.r( Nt "% ) & , J=1 ‘ n . ik —
M qvar S ) T b8y,
A !jl_mr+1 r _j_:T [(aytogs)
|
| om n

Mne &) & jTL Moy +848) Jﬂ i 1-a‘-aJs)

A j=;r_n[+1 ; ,l

}‘"(a a5 s) {"‘(ap+aps)

Let M= ap Q= Cp-ap, A = 1 Y

%

n
zs TT [y +848) _ r’(l-a -a; s)

R,H.S =
d p_l !

j=n+1

Thus we obtain :
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Now taking the inverse Mellin-transform of above

equation we have : ' -
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Now using the defination of Hefunction (1.80)

we get



(2.4)'
aplcp-ap }4 (: (al'al)"'ﬁi(ap-l'ap;l)(aTV“
1/a . | (bl,s%), ""“bq-i'Bq-l)tbq,aq
: . : '
. T!n | .kag.a1>,..:.<ap_;;ap_1a,(cp,qp)
"p;,g,' (ax (o1/81) s eeeilb_g.Bqg)s (e B)) )

!

The effect of above operator, is to change the

parameter ( ap,ap) in the H-function,

Similarty, we obtain :
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By applying these operatérs step by step, we can

obtain formulae of the following forms,
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2.11 The Reduction of Dual Integral Equations.

consider the dual integral équation (2,1) (2,2). If suae
of the parameters in the Kernels of two equations are different .
they can be made equal by applying fractional integral
operators. As an example, by applying (2.7) and (2.8), One
can change all (al,al),...(ap,ap) in (2.1) into (cq,04)sease.
(cp,ap) and by applying (2,9) and (2,10), the parameters
(dlfgl)lcoo-o (dqlsq) in (2.2) can be Changed in-to (bljsl)loo
......(bq,ﬁq), making the Kernels in the two equations the

same. Thus we may write (2,1) and (2,2) in the form of single

integral equation,
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The problem of solviné a'single integral equation

of the form (2.12) has been discussed by Fox / 40_7

.93



64

*SOTPNAS JISTTIARS uT suoTrjyenbs TeIbHa3UT Teup
FO sTouiay se poasn suoTiouny Teroads Auew sased Jeinoriaad Se sSpnIouT YOTYM .m.nmnp.mvm ayl
Jo wxogyoTdurs 3094 TeRIsULD Axea @y3x 03 anp ST (SI1°Z) *(¥PI°2)ared sya 3o eoueijgodwt aYyI

*(68°T) SOTURTIRA OM3 JO SUOTIDUNTF ~ H BIR ’©A0QER UT POSN STOUIDY SIBUM

AP TP (A‘D) T

(1]
L
a
~
O

0 0
- (4 T

ﬂ@uﬁ wv Amw b : g ﬁw ﬂwnv Ky | Zpetg %5024 : Tbed % M
N an.. H .ﬂ N QN sN \N

AJM. *o A \ . Aworni thmv u E {fu’u © 0

) : * 1>550 ¢ >X>0 (A'X)D

%sﬁﬁam AN@ mu Ammmmwuv Qw mw ~ oo Emv.mm&w&m.ﬁw&o
* Am@mmmmv Amm v_mﬁm ta m,mv tuu Zurty sTar o.*\ v. (vI°2)

¢ suotrazenbs Texbsjzur .mmﬁc o3 ISPTSUOD IpA

“SOTQRTIBA OM] JO SIO3eJIady [BIbo3UT TPUOTIOBIZ JO UOTIBOTTAdY Uy z°2z



55

B

3eb am (6TT*T) pue (GIT°*T) DuTsn g*y*y JOF pue

e 2 Zhg 2
w b bg,“b
( 3¢ 8 by Aﬁwm.ﬁwm.ﬁw iq \ %br%dilneCasTpely

X
2g 2 m T i \
TS ~A D) £ ( m< la,, Ty | xe CusCueCy ¢ Zy: Tu s om g1 M i

=4

‘ssuiooaq uoThanbe sAOCR Iy} JO S°HTI BU3 (601°1) DBursn up

2y, 2 Tp I T ! ) 1
(PP £ (29 ) « Awm mm Pw | & [Trathiaterd |
2+ 2 23 2 Ahﬁunv W =
( QH»QQV ( Q\.sQOVHA ﬁsﬁds ®) xe NGsNE NﬂwNE. u’ msﬂs\r 4~&nmb
2g Nv Ze 2 T Iy, Tp
( PatPz) 1 P3Py s ( ParPdeC) [Ra Y2y ,eq,2.020: T Ta
z 25 2 Ts Tg T ' H x x I I W
ﬂ QM\QOV A AH ~m0v “A AH4 mﬂvsgmv NGHNENNQ\NE”HGN C mQMN.HL <\Uﬁp‘

(9t°2)

386 am ($TT*T)wSIOSUl} UOTINTCAUOD BYL

LN

Ut (6TT"T) Pue (GIT°*T) Dbursn‘selgeTIea oMl ufl uotienbse Teabsjur o16urs © HBUTATOS JO

wsTgoxd 03 PeONpPdI ST ﬁmﬂnoum 9yl IBJ3 OF ‘TaUIS8Y UOWIOD U3TM suorienbs o3 uf (ST°¢%)

(¥T°2) Ehowmwmh# 03 s9T3xadoxd ITyz pue siojzexsdo Teabojul TRUOTIORIT oSN oM



2y C
( U.m..vmv

]

THm=[

s
(s'g-"e-mi

Am.mwuﬁmiwb

(Poy<™y)
<
AL” A.N&ka s ns ﬁﬂﬂmhzﬁwVﬂ.Akﬂm a.sﬂbu v, kY

§ . p Nw s Tp Ip .
Nn.w 2 ( P) uA.ﬂ m.m m,m aN &q NU\NQwNUsNQuHUs.ﬂQm _
NA *\ Uv *o 0 &AN¥K\NUV sA.;\HUv uﬁ AH QﬁsQMV Nﬂ\NEhNHﬂ\NEuHG\. °\ ’ - .

]
(LT°2)
.AN o): (. .n m.m Q) Aq CrelFelpeCds HU .nm” ' .mH\.n.mH .ﬁ\r\Hun

2 @f ‘ov,. m¢ Q.asﬁmv xe ..NasNEuNaaNE.HQ.:..q .nmt.nwv.ﬂ.ml ﬁo...ﬁ.o..,mo..H
) - 386 aM ’PTNWIOJ 9SISAUT~ UTTTSW BUFSH pue” (91°Z) UT
=g = mmm..u.b, 'Usroy tTom = iy, tToeloe= p fom' = buriand Ag

vhusr Gax( g

- ,.._... . h. t.. C ﬂ. H -_.H -5 ) .H+HH.¢|—.|
(2°3~"71)J NU (3" &+ va A.m_:w UVL .m.
, T=F i= ﬁ S = h X
@ mth (3fa-Fo-1) ae si-fo-nay_ |
y
T
THu=[

£

(3 m...:.m... Q...CL .C. A.uﬁ<+m.nd+.nva .G; "

L (gL e/ 4T -

X.

13

. ... ¥ M y .ﬂ"
- (aFumsfp-Fem1y u -
T

[ oaz* (&A= $FD) 0 (/5 W T STHM



57

Py
Y APY Y AR T ¢ 43 WY AT A TosT b b HU
Careye (223 (et e Bg0p) ot (Cgelpy  (Tg ey ( PaPg Py | Aq
&Q.. . z N. I ¥ NU~NQ«NUNNQuﬁU~.ﬂQnm N
3 .ﬂ- -
ﬁ m§ mmv %A g}‘ QUVNA mqmdhrgmv xXe NQ\NE%NQ\NE&HHH\O
%p_,%p Ch e, b Tp_,'p ﬁwoc X 027 0Cm sCu7. T Te, X
( 7&’ T3). 4 w. p) (&g’ g’ qa b*edi*prCd: U\Wm Hm\ﬂmvw ,w\.n.x
i 23 2 232 I Ts T Cug28er 2 Tyrs T Ty T N A
("dg. A3y 1( nmﬂ.movi.gﬁ.,m&hmv e Cultutu’ ws Tut o i 3 i3 p-Tplp
(64%)
, (e ™y) & o °p g s o Tp

. (s vﬁ (g’ g ) JAAN Zy,2q42pe2a: Tl
7, T s 3 . ? d - =
(4%) f (A3 ) ParToy o) (PR ity s Fa T T | L :

vD Cusluslysystus g

Zp Cp 43R4 Te, Tp T :
. Bo\.,b ;b4;D.
A _.HQ MV oﬂ %.\ .@V eﬁ ms m\ QV _M.Q NU\NQ\JNUQNQMH@«!HQ Nmm\.ﬂw . NQ&\HJ“
23 2 z Te Tq To too o H .
d [4
¢ g+de) ¢ ( W90y s (I rTp rdny 1 XB I 2y e By Tty Ty Nmmhmmmsmmm NQU|NQU~NQUVM (87°2)
[ ] 1
: SeTNWIOT DUTMOTTOIF Y3 UTRICO oM .w.mbonm se anbtuyosl sumes Bursn Ag
*pPOTISTIRS OIRYSUOTITPUOD a3

(oti*t)

, pue ‘g < A.nm..mmv 9y ‘0 & AHUIHUV 9y eyl popTaoxd
]



98

(Fby by
A T
(4 awv:..ﬁﬂnzwqﬁ Uz) 4z <Pu3)...(*a+ %) _
¢ g, m NU Z b_'b _Ip
- \ .ﬂs ’ m~ w ~ Qv .mn. N N N » .ﬂ
€ (i, <% e 7z e T b+%dq4%p2d: U.Hmm _
oﬂ. A AUV o.uﬁ.ﬂ+ﬂn>s.ﬂ+ﬂ0v \A Uy » H-HUV ow \AH&.\ .-HUV nA g«\.ma.h.. nm.mv xe NHH\N hNQ\NEnHQ\O =
25 %b_, , Obgl Tp T
AN mv ( Uw~vﬁv.a b Un~ ) {4&q NU.NQ«NU&Q".HU.LQ ﬁﬂ\ﬁ.m \.ﬁ
Z 23 2 ﬁ ) n M B C.
Cag%agy 1 G050 TSR s f i tyitaitii Taro Tk R, I Ylrera
“O= y o~ — )

*suI0F HBUTMOTTOF Y3 JO SEINUIOT: UTRIqO ued oM ‘dsid

Xq de3s sxonexado ssoyz burdrdde Ag °*uoriouny~H uft sIsjsw erxed Sy3 apueyn
071 ST oRTNWIOF SS9Y3 WOIF Ied[o €T se siojzerado oS3yl JO 3IO9IFS AL

“(LT*Z) JO °SEBD BY3l UT SE

K1Tses uaaTb aq ued (0z°2) (61°2¢) '(81°2) IOF £ATPTTIRA JO SUOTITPUOD snoTIYN

v C N ré Tp T .
( “U b 3) % .m...nunv A w ’ U@voooa.n@uﬁm&nh b Um~ XAq ZpeCq2ipelas thela
g 2 ' ,
m ,2a 23 °q Tg ¥ i =

- ) d,7d d -d

. A o v ! A &.5 v A & Hv\HﬂH v xe N._.HQ.\N NNHH\NE» Hﬁnﬁc
L4 l 4 N N *

( 7am3) A @y T8 g ) | KA Cpelyelpely:Theta Pa/t "84

I Zp (4N NU Cp Ch H

2g ¢ ¢5.2 Tg Ig T (4
m ﬂuQWVhA d anUVuA f\nw..s\ Q.ﬂv ®e NﬂsNEuNﬂ&NEuﬁﬂso “al %WW‘ .@ Mu~ P- OONONV

%



59

Anuvn_ g - .nh«*aﬁ.w n«..uﬁwu ¢(Tusy oas”&. - o 9 ...ﬂ.b

(Fdzt=ay)
2o 2 o’ 2y 2 Tp Ip T
£(°g*°p) ..m?@w»ﬁ?g v ("9 Voya g Toya( PaPgePq) | AA\ Zpe2qsCrelasTneTa
¢ Zq € T: Tqo T i
A d r nHOV. e ﬁ Q¢\ Qﬁ\ Q.WV xe NﬂHhN nNﬂ&NE»HQsO
Zn 2 Zr 2 T Tn T i =T
(Par P (PP 1 (PaCg P | Aa\PprlastpetarTor fay/T Y 23 ~
T I T X ”
Mmmwgmv hﬁNQ\fﬁNhﬂUu wA gﬁ&.ﬂ@ﬂu\.ﬂ&ﬂV we N.ﬁHhN «Nﬁ\NEu HMHNO mM‘HMNMM MU‘HUQM@ |N! )
feeg < Tby) . ?%8
{3 4g) .. (wouge gy (3. - (a13) | , .
’ ¢ ' ¢b.Cb_. Tp Ip_ I Zr 1220201257
‘ (9 p)y:(a’ 9'Pa) § Ka | “brCas“pred: w.mf
¢ 23, .24 & 2oy 2 Tz Tq T . [
* (CA oy FF &.;h.mov (Yo o0 s (FpeTo) 2 (yt Tty Yo /22 1CyeusTuto’
c NU NU Zh .nU HU HU A
A Hu.Hs m“.v «A mb .muv uA g’ Qs Qv kﬂﬂ” NUsNQuNHVQNAHn.HHuanH .ﬂm\.ﬂxﬂx .ﬁ.*\\.muw .H+GH
Zs T Ts 2 Ta Ts T H ’
A nmmwamv «m nmyuwaov e AAMA.NQQBNAM.WV xe NHMNNE«NMH\NE» .ﬁﬂH~0 -ﬂm-l.mﬂmu.m..m .ﬂUlJmuUN..ﬁnv NAM

(22*2)

H



60

% 25, T%n Tn B

33
( R TG NPy(Ca gl ) | Aa

-8 s23s%pea: oo tg
: ) 245 C A T; Tq T m
(Pa’Te) £ (W Toy s (Fu?% Te) Ixe /  CusCwsurtusTuto
fZe T Zp Zn T Tp Tp - ‘ —r
AHU.HhHUNV “AUW swﬁv H Awmsvuwwgv \ﬂﬂ. NthNQ”nNNv~NQ“nHU~HAH . - X : T x .ﬁmcul.ﬂ
‘ o H T T U
23 2 A 4 Tq T3 T . X
AﬂmsﬂmvwAnw.sQUvuAﬂquQ.U}mmv xe Cyq2C 1CutysTucd ..m..m”l.ﬂu“sﬁm”l .._...mul..ﬂ.mvs.ﬁ,mvl 25
T X Top X ~ I=T T_ A X ﬁmrﬂﬁ Fa =T
a/ HM m\,wM .; a/ ﬁvw ﬁ\c\x : ﬁm\ﬁM T\\Mﬁw H* *
[EREDE To-To’ip Zu ToutarTo Fo-To?To 2q Hmjwm.ﬂmn ﬂOhwu~wol Cu
(*hy &_wu. oS Q+a£w£d%3 C(FgeTmgy ol S( T W) (62°2)
43¢743).
2. 2 i %y C Tp, Tp T
£(Pg#Pp) - Aﬁmnmﬂmwg (8% +* ("3 %) : (PaPg ) h Cq:Cpetastptlg
@ H
§ -
A Ig Tg T
. ¢ ( m>~muv ] Agm.ga~mmv u’Cuelyslutluo
NHu [ Cy, T Te. T T
Cby ($P,5b . .t b I X x
( N8P (Catgra) | &g Nd&mumqmm»ﬁqﬁmi .mm\ﬁ ﬁm\ﬂ H+wenﬂ
2. %7 T T, Tq I . M H il
(Fa’%) # (7o) 1 (Fg#%p Ty lxe)/ ZuruwsluslusTuro  F3-FzoTg- = T, Tp.¥ 43

P~ P’ p-

(vz*2)

-
a—



61

*uotien bs Texbajut

oTOUTS ® JO WIOF SY3 UT (ST°Z) PUR ($I°Z) 93TIA Kew oM snyjf ‘twes ayl wQOﬂumsvm

[4 m Z
omM3 9yl ut mﬂmﬂumx ay3 Burdew /( w Umv......- ~Amh~mmv ~Aﬁh~ﬁmv pue A m~ v

¢y ¢ 2. C
“mu Hv%van-oococ~A _H\ m“v.-AH—HsHmv .DC”.W A ..\ @.@V
¢q

eerg mumvv Aﬁmsﬁvv oaut abueyo aq ued (
meee i loelpy o T¢'fp) saeasuezed sua /(pz°z) pue (£2°z) burArdde Aq pue _:Nmnﬁ 19)

Z 4

Cq ¢
....~Amm~mmv ~Aﬂm~ﬁmvvam Am? QUV.....~Am>~NUVsA >\HUV 1Te obueyp ued auo’(zZz°Z) pbue

OnbocouﬁthwwV%Aﬁmuwmv pue ﬁNQ\f. V!..iO\AN&.-(-UVNAH&I\.-ﬂUV O3 uT ﬁ

(12°2) bBuriidde Aq ‘oTduexs ue sy °*sxojeaado Texbejur Teuorioeay Dutdrtdde Aq Tenbe
gpew 8 UBD A9yl JUSIDIITP oIe suorienba oM3 FO STOUISY |yl UT sIojaueaed syl

9yl O 8wWOos FI °(ST1“Z) PuR($r°Z) suorizenbe Teabsijur Ienp Syl ILOPFST D

¢ °suorgenby Texbejurl lend JO Uor3onpey oyl 12°2

(LT°T) 3o °sed sux ut se LITsPP usaTh oq

upo (92°2) Pue(£2°Z) ’(22°27) ‘(12°Z) 03 AITDFIRA JO SUOTITDUOD SNOTIEA



* Nlomlw m@mmm pue BAR3SRATIS AQ DPOSSNOSTP u9eq SeY (92°7)

wIoF sy FO uoTzenbs Teabojur oTHUTS ' HBUTATOS JFO watqoxd ayg

*TATIRX
z
=T
T , K Ta . X t r &
. Ya/T S/t Ya/T
KXY M M ; V\M x ;!
Fy=F3t3-  Tp-Tp’io- °  F3-f3Fz  Tp-lpTe =D
- x +Na|.w
1>4>0 Yast T tat b
“t1>30 (&%) 5 X X H ” ~
- ..ﬂo_-l.m.umvs.ﬂm ..ﬂotl ﬂv\.“. N ml'ﬂwN-ﬂml HU'.WU&.“UI-
axaypm
‘o >ALA>0 > x>0 A% =
Zp C Zy, C Ty, Ip T
( w,ﬁ u ) ¥ wm vﬁ Avmbmhe Aq Nw.mﬁmwkm ﬁv.ﬁm 0 o0
ap np (aln)x \ R
g 2 2g.2 R P
¢ g Foy £ (o) 1 (T %) | e / ZurwslurlusTuso o o

: (

p -
B

92°2)



