
CHAPTER TWO
iI

Operators of Fractional^ 
Integration and Their 
Applications * to Dual 
Integral Equations



2.1 An Application of Fractional Integral Operators
of one variable s

We consider the dual integral equations :
00

( 2.1)( % ^m,n 

p#q
ax

(a^/ ) • •».
(b-jyGi).., (bq<6g)/' If (y)dy = g(x),0<xl,

(2.2)
00

m,n / l (c_/ai).... (cp/aph 

’ P,q \ 1 (dj,^)... (dq,0g)/
axj- f^dy “ h(x),x>l,

Where Hm'n £“axl ^ap the
P/<I ' »>q ^q} !

! 'i
Fox's H-function f" 1.80_/. Observe that (i=l/2/...p), 

j3.j (j=l/2/...q 5 are the same for both H-function in (2.1)
l

and (2.2).
* i

The importance of the pair (2.1)/(2.2) of dual 
equations is due to the very general,yet'simple form of thei
Kernels which include as particular cases many special 
functions used as Kernels of dual integral equations in 

earlier studies.

We use the method of BUSCHMAN: 39_7 to 

transform (2.1) and .(2.2) in to equations with a common ‘ 
Kernel so that the problem is reduced to solving a single
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integral■equation.

Using (1.117) with (1.112) in the convolution 
theorem (1.111) we obtain

M
a, A * H™' n (V V)l'VSqV

M (clpj
(5V V'

On using (1.100), the left hand side of above equation 

becomes

M l\a rf"'n fax xA P#S V (bq,5q)/

On using (1.112) -and (1.117), the right hand side of 

above equation becomes.
m n

R.H.S
rd+7-s) a-^F r(b.+glS)

-X j=lj___ J 3=1' J__L
p(lt^+a-s) j=m+l^( j s 5 j Jn+1 +GfJ S}

m
f(l+*)-£) a j=1 p(bj+0js) ^ pd-aj-ajsJxpd-^-^s)

Td+n^sj it rd-bj-^.s) ^ rdp-a.s)
A j-m+l j=n+l 3 3

L©t C2# cc^ / A = 1

n



46••

m n
ru-ci-Ois) 5s tt r(b +$ s) n

j-a J J i‘=2 J JR «H.Sss J
%
tt ni-bi-0.S)j=m+l J J IT f(a .+ajS)

j-n+1

Thus we obtain

r c1#c1-a1
M !■

x^l
^n#n
p#q

ax
(ap,<Xp)\ j

(bq/:0q)^ j

m
n
j=2 2 A

rrRi-bj-SjS) TT r^f+a-iS)-
j=m+l - j=n+1 J J

Now taking the inverse Mellin-transform of above equation, 
we get ,

-Gi^i-ai
li

a.

m,n
H

x p#q
c+iOO m

_1_
2Tf±

ax

n

(VV
(bg, 0g)

' ( j=l r(bj+gJ5) jl2 ^^"aj-ttjSjx Pd-c^-a^s) (ax)

in^J-V5 TT R a.ta.s)
J“m+1 j=n+l 2 2 ;

c-iOO

ds



using the defination of H-function (1.80),Now,
we get -

(2.3) _ -cl'cl-al

I 1
**1

VI
m#n

ax
p*q

•(^lf’al.)v ^a2# <12^ * • ^p/?
(b*j. i 0 2.i * ^2 * ^2 ^ *”* • (kjj/ ^g)

H
m,n

ax
p*q

(c^c^), (d2,a2),,...... (a^otp)
i

(b^ , 0^^ * ^2*^2^ * * * *" * ^q^

The effect of above operator, as is clear from 
above result, is to change the parameter (a1# a^) in the 
H-function.

Again using (1.117) with (1.113.) in the convolution 
theorem(l.lll), we have

M ~ r},d,AK *
„m#nH ( ax __

_f
l

1 ’p,q l (VSqVj

On using (1.101), the left hand side of above 
equation becomes.

aaiiVAji Uivbv££toi«' *
"KUBBAIW
■.uLMAMW
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M K A x
m,n /H (ax
P'q \

(vap 1
(bg'eq >

and using (1.113) and (1.117), the right hand 
side of above equation becomes

m n,
n n+ -t- >R.H.sJ__ II_ ^_

r». IT rCbj-HJjs) fd-aj-^.s)
j=l j=i,

f( +a+ iL ) TT i-P
j=m+l J J 1 ■1

i.
: :TTi .n^w.fl)j=n+l!' J J

i m n-
r< v+ -f) ^ Hi nbj+5js>

L '
P'( >]+a+ . s. )j~) ^ pa-bj-Pjs) Ir1 r^j10 nvv>

j="+i jiji 1

Let n =

R.H.S =
—sa

ap /“ - cp-ap/ A “ ~"“t>

m n
n; r«=3+f,js> &

q
j =S+ir(cp^s) jiL n 1-bJ-0Js) ji; nij^s)

Thus we obtain s
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M i/P' Cp-ap
Hi/ H' Ax^ p#q ax
x

(ap#aP)
terror,)

1 m n .-s It nbj+Sjs) IJ-fti-ajk-ajs)a 1=1 j=l">.
r<cp*v> if. rcL-b,-^

j=m+l J J
£>-ls) JT P (aj+ajs) 
j=n+l

Now taking the inverse Mellin-transform
equation we have Oa -

L
m#n /

i 1 / <vV \ ■
H (<« <b3« ®q’ Jp,q \ \ ^ -1- /

m n
c+ic»-JT P^bj+^js^ YI’f'U-aj-OjB) 

j=l , j=l
-s(ax’

2TU | q

c-iOO

ds
i-m+1 ni‘bJ ~^3a\ ^ Haj+ajs) X p(cp+ap j-m+j. J j=n+l

Now using the defination of H-function (1.30)

s)

we get s
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(2*4)

Kap*cp-ap

l/ax p
Hm#nLP*q ax

(a1#ax(ap^^Op^iK

<bl'%) ' • * •‘^q-1' ^-Dtbg, $q)J

m,n- H ax
p#q,

,'(af}./ 0Cj_) / . ■

(b^# £]_) / • •

(cp#ap)

‘^q-l * ^q-1 ^ ' ^bq'# ®q^

The effect of above operator, is to change the 
parameter ( ap,ap) in the H-function*

Similarity* we obtain

(2.5)
dt ,hj_

K l/5i H m#n
ax

x p*q

(a^, ttj) . • . . (fip4t ttp)

(b^ $ &) * • • • (bq# ^ ^

m#n

H
p*q

(a^, ) 0 m • jm • (3p, (Xp)

(d-^, j9-j_) # (b2*^’2^# • • • • (b/-f/ ft,q q

(2.6) -bq/bg-dq

1/fq Hm,n

P/q
ax

(a1#%),... fep/ttp)
(b^/^j) , . • .-(bq/'0g)

m,nH.p#q ax
(a^c^),..... (aip/Op)

(bi,),....(bq-1# £q-1)(dg,£q)

f
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By applying these operators step by step, we can 
obtain formulae of the following forms.

n
(2.7) Y“ci/Ci-ai m,n

i=l * l/a± H / q \ I /%)/.<. (bq> ^)/

m#nHp#q

(o1# ^, J.. (cn, an),(an+1 / an+1),, >k 

(b^) ................... ((hg/'Pg)

P a./C.-a.
■Mf .* «*> •*“(2,8) TT t<l/c£

i=n+l 1%1/ai

P P
'( b^),............. (bq,*q)

™ di/bi"di m7n“■”.U k ^ h,„ ■ “
i=l - x- FI

(a , a )' p’ q'
,<b - )q' q'--

H
m,n / f cx-j^)

p#q (dl/$l).
.... (ap,otp)
(dm'^m) ' ^m+l'^m+l^: * (bq/^q)
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(2.10) _!L -b. ,bj-d. m,n

IL Jje< 1 Hp,qi=m+l 1 x i 

m,n

ax

- H
p,q

<VV
^bq'

ax
(al# al)'  .............^p^P*

(bj.' *1)' * * * • (bm' V ' (dm+l' ^m+l * * * ^q' 0q^

n
(2.1D TT 1

1=1 V/ai

X

“Ci/Ci“ai P a,-/cn-~sn. m d^/b^-d,.__ ri' i i *" i' i iTT k i/a. TT K
i=n+l x

q -b^bj-^ m,n
TT J i/f± X U l ax 

i=m+ lx T *p,q \ 1 (bq,gFq)

i=l

(a .a ) P' p)

1/?,X i

m,n /

H (f pt<l \

ax
(c ,a ) P' P;

(^q'^q

2.11 The Redaction of Dual Integral Equations.

consider the dual integral equation (2.1) (2.2). If some 

of the parameters in the Kernels of two equations are different • 

they can be made equal by applying fractional integral 

operators. As an example, by applying (2.7) and (2.8), One 

can change all (a^a^),... (ap,Op) in (2.1) into (c^a^), .. .. • 

(Cp,<Xp) and by applying (2.9) and (2.10), the parameters 

(d-^,0^),..... (dq,Pq) in (2.2) can be changed in-to (b1/0]_)v.»

......(bg,0q), making the Kernels in the two equations the

same. Thus we may write (2.1) and (2.2) in the form of single 

integral equation.
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(2.12)
0D
■/ vT
J p#q

ax

Where f -fl T"’Gi#Gi“"ai
" I l/a±
±=1 x •

F(x)=i m
TT K

bi'd±-bi

i=l
1/0 Ax l

t ® ) / «, • • (cp/ctp) \

* *
,(bq#£q) J

P ai#ci”ai
TT

i=n+l
kxl/“i

I
i

q
IT
i=m+l

-ai,di-b1 
I ,,1/^i

f (y) dy=P (x), 0<x<00,

§(x)#0<x<l .

h(x), XXL .

The problem of solving a -single integral equation 
of the form (2.12) has been discussed by Pox ^40__7

t
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