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Operators of Fractional Integration 

and A Generalized HanKel Transform

"Watch a man do his most corrmon 

actions. Those are indeed the 

things which will tell you the 

real character of a great man.

... vivekanand

o
I!
O

o= 0=0= O 0= 0= 0= 0= 0= o= o=> o= 0= 0= 0=0= 0= 0= 0= 0= 0= 0=0=0“=

11=
0=0=0= 0=0=0=

 0=
0
= 0

=0=
 0

=0
= 0=0=

0=
0
= 0=0=

 0=
0=

 0=0=0=



37

CHAPTER - II

OPERATORS OF FRACTIONAL INTEGRATION AND A GENERALIZED HANKEL

transform

2. In this Chapter, the Erdelyi-teter operators of

fractional integration are applied to develop the theory 

of the generalized Han tel transform

oo

(2.1) g(x) =
2 J*1/2 V 1 Hq'P

0 2p»2q p

< 1 - ap

L

2y +1 

4 y 

2 V +1

2 y- 1
(dp + Otp,CXp) /

2y - 1
+ ~r;

ap,otp)

( 1 - bq - Pq'Pq)

f (y )dy,

which may be called as a generalization of the Hankel

transform (1.41) in Tricomi's form, because on putting

7 =%, p = 1, p = o, q = 1, pa = 1, bx = ^/2, (2.1) yields

e©
g(x) = J Jv (2 >Jxy)f(y)dy.

o

2.1 Analytic functions - A necessary and sufficient condition

in this section we have determined the conditions 

under which a function f(x) is self—reciprocal in (2.1) and
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these will be used in the subsequent sections.

THEOREM 1 A necessary and sufficient condition that a
r"

function f (x) of A(a/a) should be Rj, j (ap'ap)7

i,e. self-reciprocal in (2.1) is that it should be of the form

q 2 V -1 s

(2.2) f(x)
1

2 TTi

c+i$3
5

c-iflo
-s/2 y

P

tt P<V------ Pj+-----Pj
j-1 J J 4 y J 2 y J

p ,2 y +1 s
If p (1-a.----------- oc -+ — a .
j=l J 4 y J 2 y J

)

X

)

X (s) x“sds

where H* (s) is regular and satisfies the condition

(2.3) ^«Ms) = ^ (1 - s), s = (T + it/

in tbe strip

(2.4) a < <T1-a 

and
v+.fs) =0 ( e-t.<Q-P) ir/4 r +fc] ' ^ )

where

for every posi tive ^ and uniformly in any strip interior to 

(2.4) and c is any value of cr in (2.4).

PROOF Let us now investigate the form of the function f(x)/ 

which satisfies the integral equation
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(2.5) f(x) = 2 VP

oq
1/2^ ( Hq/P

0 2p/2q
2 , S2Vp (xy)

2y -1
(a +-------- a/a) /

P 4y P P

2V -1 '
(bq + ~l~ ftjV'

2y +1
(1 “ ®p------------ ap'ap >

2Y +1
a ■ b~------------ (b'fc>

4r

f(y)dy/

i.e. the function f(x) is (a /a_)? (b /g )A P P ^ If F (s ) is

the Mellin transform of f(x), then

(2.6) F(s)

(2.7)

DO
- 5*s-:

f(x)dx, R(s)£. Sn > 0

aa
2 j x3”1 dx | H

0

,q/P
o 2p# 2q

p2(xy)2V

2y -1

(aP+ IpW'
2y -l

(b +--------
q 4Y ^q rq

2y +1
a - “p - aP'aP >

2Y +1
(1 - b ---------- a ,ft >

3 4V p<i pq

f(y) dy

oo CO

= iy-sf(y)dy jx57 _1 x
0
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H
2p,2q

^p+
2y-l

ap'ap4 y y
<l_ap

( 2Y-1
(bq+ 4f >V ^q) ? (l-b

q

P P

Pq' Pq’

dx

r ~ * 2.Y+1

q/P 4Y P P 41

2T+1
4y ®q'

On changing the order of integration and replacing p2(xy)2y by

x.

Hence

(2.8) F(s) = 1/
P

2T-1 s
cl- « (bj + ---------g,- + --- pj )& - .>1 iir.ibL+..::iL.!i X
q 2y+l s

ir r(bj+ -™ pj - ;r pj>
j=i

2Y

«. -------- OCj )
3 2y 3tt r(i - ai3=1 3 w ,

x ---------------------------------- -------------------------------- F(l-s),
P ^ 2y+1 s
7f p (1 - a.------------a, +-------- a,)
j=l J ' 4y 3 2y 3

The inversion of the order of integration in (2.7) can easily 

be justified by de la Vallee Poussin's theorem |jll, P. 504 ~j, 

if the integral# involved in (2.1), is absolutely convergent 

and Mellin transform of |f(x)| exists.

If now we suppose that

s
(2.9) F(s) = f 2y

q 2Y-i s^r(bi+ -ir« +5t"^>
--------------------------------------------- ------^(s),
p 2Y+1 s
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then we see that s^(s) satisfies the functional equation 

(2.3) and therefore, by applying Hell in ‘ s inversion formula 

[_66, P.73 to (2,9), we obtain

(2.10) f(x)
1

2*""if i c-iPo
-s/2y

q 2Y-1 s
•nf (bj +--------- £,- +------- Pj)'
j=l J 4y 2y
------ --------------■---- ------- x

P 2y+i s
~j| f (l-a --------------a .+-----a, )
j=l J 4y J 2y J

x V^(s) >TS6s.

The rest of the proof follows as in the corresponding 

theorem of the Hankel transform ^66, 2 52^j

2. H CORPLIARIES

(1) With = 1 (j= 1,2, ... , p) and p = 1 (j = 1, 2, . ., ,q) 

the above theorem reduces to the result given by Sharma

[_61, p. 3l3 .

(ii) By putting p = \t Y=l, ocj - 1 (j=l,2, ..., p),

Pj = 1 (j = 1,2, ... ,q) and replacing a^ by

(aj - ij)(j = 1, 2, ..., p) and bj by (b. - %)( j =

1,2, ...,q), the above theorem reduces to a result of 

Sharma [62, P. 117^.

(iii) When p = %, rl = 1, p = 1, q = 2, ax = k - m - % -^l/^

. b^ = V/2, b2 = »/2 + 2m, and ai ~ = p2 =

the theoren yields a known result given by R.Narain

394?
A
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£47, p. 283],

(iv) On having ^ ^ = 1, p =» 0, q = 1, ^ = 1 and

= ^)/2 we arrive at a known result ^66, p. 252j,

2.12 ILLUSTRATION

The Mellin transform of

(2.11) Hr+p,r+q
x

2V-1 2y+l
(c +--------yr,yr), (l-a_------------- a_/aD)

4y P4rp

<b + e ,s ), <dr + ----- 6r,Si
"I **'**'- 4y r)

is

r <bj+ “;i pj + s-fsj> £ r (dj+ -I7 si +s,6j ’
j=i 

P
1

j

L 
TT 

j=i
Jt

IT 
J= JL+l'

2y+i ^ „ 2Jf-i
~Tf P (1-a — ---- a .+s.a,) IT P (l-d,---- ----- 6^ -s.64)
j=l* J Hi 3 3 j=L+l' J 4y J

L 2T-1
IT r (i-Oj---------- 1, - s.», )
j-i ' 4r J J

r 2T-1
IT r <ci + — h + sr, )
j=i+i J 4y J

0 ^ 2jl jfc, 2r^4i + q - p.

Hence, using Mellin's inversion formula and replacing x by 

px^y and sby s/(2y), we get

(2.12) 2y h1*1,1
r+p,r+q

( c + r

(b +

2y-i
4y

2y-i
4y

yr,yr)

Pq'Pq1,

/
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2 m
(1 - *p - •------oCp,<xp)

4y V f

2r-i
(dr +------ 6r, 6r)

4y

c+ioO
= _L. S fs/2i/ x

2 ff 1 c-io.

q 2 y-1 s
+bJ+ -

j=i 4T 2y
Pi }

P 2Y+1 s
(l-aj---------- a,- + — a,)4Y 3 2f j

t 2y-l s
*TF f* (d . + —— 6i +
=li Jj 4V

X
I

r

j 2y '3 ,J

2y-i s
-------y.-----------y^)
4y J 2y

x”sds
r 2y-l s r 2y-l s

TT f*d-d.---------■ 6i--------- &-{) TT r(c.+-------Y-i +--- y,. >
js^+l 3 AH J ov J ^1X1 j - 14y J 2y J j==A+i J 4y 3 2* 3

Thus in (2.12) the right hand side is of the same form as that 

of (2.2) with

t 5v-1 e r- 1

V|*(s)

2 y-1 s
Tf p (dj+------5—
jilt J 4y J 2y

2y-i s
y,---------y i)

4y j 2y

2y-l s r 2y-l s
IT r d-d.-------- 61-------- 64) Trr(<=i+----- r4+ —
!=t 4.1 \ J 4y J 2y J j- jl+i J

r
T 

J-JL+i 2y 4y 2y
-»j)

which satisfied the functional relation (2.3) if 6j = Yj 

(j = 1/ 2, ..#/r) and Cj + dj + Yj = 1 (j = 1, 2, ...,r). 

Therefore we see that
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A+q i,
(2.13) H 9

r+p,r+q
2y

2f-l
(c +------y„,yr), (1-

4y

2y+i
V "“VV

Is *tL<V~p" '~q'^q

2Y-1 2y+l
(b +-------ft ,ft~),<i-cr---------- yr,yr>

* 4V H 4y

,«p); (bq,j*a)} , provided that

0 t r < 2X - % (p - q),

1-2 y 

2

min

1 £ j s q
- 2y ( ,____R (b^.JXRjsX

i-2y

2

and

max c. - 1
2V ( P ( -i-------) ) ,

Tj

l+2y min c— 1 1-2 V
------+ 2y ( R ( -i-----X R(s)<---------

2 i*J£L rj 2

max
-2y (

i^jfl
) )

2.121 PftRTlCUIAR CASES

Many known and unknown self-reciprocal functions can 

be derived as special cases of (2.13) under various genera­

lizations of the Hankel transform. Here we mention some of the 

known cases :

(i) JfithoCj = l(j = 1/ 2, p), jjj = 1 (j = l,2,...,q),

and yj = 1 (j = 1, 2, ,..,r) we obtain a function 

!> p. 34^j , which is self-reciprocal in the transform
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(1.47)

(ii) When t = 1, P = and ocj = 1 (j = 1,2 .p),

Pj = 1 (j = 1,2, ..., q)/ ¥j - 1 (j ~ 1,2,,r) and

replacing Cj by Cj - % (j = 1, 2, ...,r), aj by 

aj - % (j = 1/ / .../ p) and bj by b^ - %(j=l,2,... ,q) 

we obtain a function j^62 

reciprocal in the transform .48)- .

(iii) If y = 1, P « h, p = 1/ q a 2, r s 04 «]_ * 1/

^1 = ̂ 2 = 1/ ai = ^ ~ ” ^/2 !■' %, b^ = ^/2 and

b2 = ^/2 + 2m/ we have a known function £«

which is R \>, k, m, i.e. self-reciproc al in (^1.49) .

2.2 A_ theorem on the General ized Hankel transform.

/ P.280,

, P. us) , which is self-

hie now establish a theorem, on the generalized Hankel 

transform, which transforms one Rp Kv ap); (bq'PqO 
in to another Rp ap^; (bq' Pq 0 •

THEOREM 2 If zL and i£ belong to L„ and (I* )mX 
—--------------------- M,a l/0C m^oc

(< )n stands for the operator to perform m and n times the

operations of the operators I* a and ^ respectively in any

order, then the operator f (it )m(KL „)n + (In
U ^/OC M/OC M/CX T),a j

transforms an Rp [<VV'<W* function in to another
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Rt[<V“p>? <bq'^)']
for the operator

func tion. Similar property holds good

)m (< >n
n,a

+ cc )n
Tl/OC

(K4-
n,oc

PROOF Let f(x) 6 L2 then

from Theorem 1, we get

J5 + iOO
f(x) = J" p( + it) x~* i<: dt,

H - iO»

where
<1 2y-l %+it

q -wt ttfW’j* —Pj>
p(h + it, = _ „ —-T - ----------------------------------------------------------x

P 2y+l %+it
TT r (1-a,------------- «,• +----------«j)
. \ 1 J 4y J 2r 3
j=l

X \|^(% + it )

with

\|/(% + it) = (Jj - it)

and

V^(*s + it) = 0 ( e
^(0 - P) "TT /4y - a + | t ^

<1 P
2. ^ *- s: cc.

j=i j = 1
where J
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Therefore,
-Ti-a x

(2.14) 1+ f (x)   —
*l,a pK)

$ (x-u)®"^ u^du 
0

Jj *Koo
J p( % + it) u^ it; dt

h - i 0®

x—'n—a H + 1^3

P«> h -Loo
J" p (h + it)dt j (x-u)**-1 "*it du.

on changing the order of integration. Now evaluating the 
u-integral with the he Ip of the known result jj4,p.l85(7?| , 

we obtal n

+ V 1M p<n+ % - it) . lt
n'a H-iOQ p<n-Nx + J$-it)

R(n)>-is , R(a)> 0.

The change in the order of integration in (2.14) is valid 

due to absolute convergence of both the u - and t - integrals.

Repeating the above operation m times, we see that

p(n+^ - it)
h+ioo

(2.15) (I+ )m f(x) = { p(Jg + i
Tl/a i*%-\0o

t)
f (T}+a-%-it)

m

^ x~h -it dt<
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Similarly
T] 0O■jC /

(2.16) iC f(x) = ------ )(u-x)a“1 u_T1"a du X
n'a p(a) x

h + i Oo
r -H - it

X j + ifc) u dt
h -1^°

% + ico
- J) p(h + it) x”'1 ^

h -i®o

p <T] + 4- it)
-.MM* —•*»«».— (J t,
P (T1 + a + it)

On changing the order of integration and then evaluating 
the u-integral with the help of known result ^4, p. 201(6?!.

"The inversion of the order of integration in (2.16) 

is justified because of the absolute convergence of both the 

u - and t - integrals.

By reoeating this type of operation of K /as
M / OC

shown in (2.16), n-times over (2.15)/ we can easily obtain

+ 'St1® -it
(i. >m OC )n f(x) = ( pft + it)x at x

T\,a M/a J
ig-ico

X
[f(Ti + h - itip (n + + it)-] n

j^p(n + a+h - it)J m C. P ^ + a + % + **•?] n
dt.

whenever R(a)^> 0, R(tj ) J> - % . 

Hen ce/ obvious1y
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1
2lf

>ra<v,a>n + (< K*c
^/a 11, a

)m] f(x)

*5+100
f % + it:

it rihj

j=i

2y-i
+--- fS +4y J

*5+it
---- p
2y J

, . ^ 2y 
h-%oo 1 p 2Y+1 + it

j=l 3 ,* J OV "J

---

a •)
4Y 2y

X vfi (h + it) ■)( “ifc dt,

where

Vp (J* + it) =
£f(T] + ^ - it Q m[r<ti + % + it q 

£f(n + « + *5 - it^ m jj(Ti+a-%+it>3 n

+ + it).

5ince\|«^(% + it) satisfies the func tional relation 

+ it) = Vjj^Os - it) ,

the theorem easily follows in view of Theorem 1. The latter 

part of t he theorem can be proved by proceeding on similar

lines,
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2.21 CO HOLLAR 3E S

(i)

(iv)

With V * Jg/ £ = 1/ and oc^ = 1 (j = 1,2, ...,p), 

pj * 1 (j = 1,2, ...,q) the above theorem reduces 
to that of Sharma O- P. 198] .

(ii) When m = n, we have that s
If f(x) is Rt P otp)* ^bq'$qQ then

<*?,«> is RT ap*;*bq'^qV^'

provided that R{oc)^>> 0, R(t|) [> - % .

(iii) If p = 1, q = 2, a± = 1, = 1, and

a^ = k - m - - V/2, b^ = V/2, bj = V/2 + 2m,

the above theorem yields a result given by 

Bh ' “ ^ise 7, p, 2C2 j| .

By putting p-0, q=2, = P2 = 1/ and b^ = V/2,

b9 = y/2, we get a result due to Srivastava 

[65, p. 53, 63~j .

2.22 ILLUSTRATION

Now, we illustrate the use of the above theorem 
with m = n = 1 in transforming One R<r^(ap, ap); (b^,p^!fj

runction in to another % (^^'“p*7 ^q'^q * func tion.
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Consider 

X+q,k
2y H

p+m,q+n
Px^ rl

27-1 2r+l
(c+------r, » ),(1 - a„............... - a_ot„)m , »m' *m'4y

27-1

At TfP

*bq+ "4v ^q'^q*'*dn + ” 6n'6n*

Then# by virtue of the definition of Fox's H-function we have

27 h
l+q#Jc

p+m,q+n
Px2y

27-1 27+1
<cm

47
W' a - a ---------

P 47

27-1
P„> >,

2y-l
(b 4- ——--- (dn + ----- i

q 4r
q q 47

ap,ap)

6n/ 6n)

27
2|fi

q 27-i
c+ioo $ p <bj+ ~r pj + s^)

1 j=i 47 

27+1
-2ys x x

C—1°0 P
If p (l-ai ---------ai + s.a#)
j=l J 47 J J

i
Tf p (dj fj - s.7j)

27-1 k 27-1
+------ 5 + s.5-j) ft P(1-e.--------- 7.

j=*lr J 47 J j=l 47
x --------------------------------------------------------------------------------------------- ds

27-1 m 27-1 /
— sj - b.s^ jr f (<=,+ — r, +iyf)

j=X+l* J 4Y J J j=k+V J 47 J
ksa-°>

2]Fi c- ico

3 27-1 s
c+i<x> Tfpb. +------- 0. +-----P.j)

J e~s/2i' !:i.i-- II—i—^*• X
p 27+1 s

TT P (l-3j - -----+------------ ai)
j=lf J 47 J 27 -1
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X 2r-l S 5. 2Y-1 s

j p (dj + __ 6j + ---•-6.) V p <l-Cj--------- y,-------- y.)

x
jsal 4y

n 2y-l
T fd-d.-----------5. -

j=l+l 4Y

2y

s

2V

j=l

m

^ 4y ’j 2y '3

ds2y-i s
6a) TT r (c +------- Y,+------Y.)

J j=*k+l J 4y J 2V J

On rep lac ing s by s/2y « 

Hence# we have

- 2y-i 2y+i

A.+q,k
Sx2’’

<cm+ “4j-VTm>^ - ~ VaP

2YH
p+m q+n 2y-i 2y-i

/ (b +------- Pa/Pa)/ (dn +--------- 6_/6_)
q 4y q q 4y n n ^

c+i.00
1

2 -jr t
i

>_ ir,bi 2y-i
+--------P.+ — - )

Jo J

c-i«0

Vj^(s)x Sds,

IT P <l-aj-----------+--------------«i)
=1 1 3 4y J 2y

where

^p(s)

i
T

3*1

n

2y-i

J 4y J 2y J j=i

2Y-1 . s m

2ym

.T.TV V — V 2, f'<J-Cr —»->4? 3 2K 3

2y-i s
7T C U-V —Si------- Sj) TT r<c1+—r,+— r.)

3 4t 1 2r 3 j=k+i J 41 1 2r J;jaL+l 2y

which satisfies the functional relation (2.3)/ if k « X. m = n, 

6j =Yj (j * 1/2/ .../m)/ and Cj + dj + y^ = l(j=l/2/..., m).

Therefore/ by virtue of Theorem 1/ we see that the function
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f (x) = 2 Y H
A+q/1

p-hn^q+m
Px2y

2Y-1
<cm+ __ y *m' y ) *m74Y

2y-i P \ 7 q7(bq +-- p4Y 4

2Y+1 *"1
ir “>'~p(1 - ap  ----a_ / oO

2Y+1
(1 - c ----- f ,Y )v m 4y 'm7 m7

is Rj, ^(ap,ap); ^bq'p 0 7 Provided that p - q <. 2 (2i ■m).
Now

1 t\,<x f(x)

----  z“Tl“a J (z-t)a_1 t1 f(t)dt
f(a) 0

2y— .-I- f (».t r11" H x+q,t
j"*(a) o p+m,q+m

2Y+1
<l-a_ ------a , a_)a? 4y 3P

2 m(i - c----- y , y_ )m 4^ ^ ^

dt

2Y-1
<e +m 4y

<b + 2'f-l
————q 4Y

7

H

--- rV2* jVtrt ■
|(a) j-

i+q*l -»-2r
p+m,q+m

^cm+ “4y~ + 2y~ *rt^/

<b + JI-V + .?4y“ Pq Pq7 Pq >,
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2f+l Tj
(l-*a_ -----------o_ +--------a_y a_)^ 4y * 2T p p

2T+1 n
a-c-----------y + — rm,ym)

4y 2r

dt.

on using the identity- (1.45)*

Evaluating this integral with the help o£ (1*75) and then 

using the identity (1,45), we obtain

(2.17) 1^ a f(x)

i+q/X+1
* 2y H

p+m+1, q+m+1

2V-1
M,2r>, «=m + --- rm, ym>/

4y

2y-i 2y+i
(V - -IT rm'r-);

2r+i
(1 - “p - ~7T vV

M-a, 2y )

Now using the operator/ iC on (2.17)/ we get

(InV f(x)

- --T- / jZ-y)^ f"- HUq'^

r<« ) y p+m+1/ q+m+1

t-n/2y) f

2t-l
‘V~;
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(Cm +m
27-1 2*+l
-------' (1 - a_ -------------- ---------ocn, a„) 1 •

4r p 4? p' p‘

2m
(1 - cm - V >' 2T)

4y

dt

T]4a <%3
2Y

P(a)
ft 2*

C ry-l i+q' ^+1 
) (t-y )a 1 H
y p+m+l/ q+m+1

£t2V

2 m Tl+a(-2n-(x,2y), (c + —- r - r , r ) %' ' ' m *m 2y m m *

2y-i n+ot 2m n+a
(bq+ 17" “ ~2y~ Pq/Pq?(1~cm “ 1J" Ym “ “^y" Ym'Ym)/

(i
2y+i T\+a

2y V
dt

( -2T] -2a, 2y)

On using the identity (1.45).

Evaluating the integral with the help of (1.76) and then 

using the identity (1.45) we obtain

(I+
Tl.a

)(^#a)f(x)

=2y
JUq+1, i*+l

H
p+m+21 q+m+2

m,2Y),(cm 

(T},2y), (bq

2 m

4Y

2Y-1
4Y

W-

p„ /
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21+1
<1-a --------a a), (n + a, 21)

P 4 f P P

21+1
(1-en - VV' 2r)

which is Rt [< V“p>' (bq.V 
provided that

p - q < 2(2X-m)/ R(a)> 0, '

by virtue of Theorem 2,

2T\+21~l
R(b,/p, +--------------)>-l <j » 1,2,...,q),

J'rJ 41

1-c. 2T{-2y-l
R {----- -- + --- -J>- 1 (j = 1.2,

4y

R(n)> - h + d-h) R(a),

1-C. 2t]-2y'+l 1
R(------2 +--------------)> (1------------ >R(a>.

4y 2T

2.3 Rules for connecting different classes of sel f- 

reci proc al f unc tion s

In this section, we shall consider the operation of 

changing the pair of functions f and its HT ^(ap,oCp);

(b ,o )1 - transform to another pair of functions, one being

)j- transform of the other.HT ^ (Cp' rp)? *dq' 6q
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2,31 THEOREM 3 IF 

(2.18) ‘ F = V Hn (ap/ap)? (kq'Pq>i ff that is

CO
1/2y ( q,P

F(x) = 2y*0 J H
0 2p,2q

p2<^y)2y

2y-l
(a +-------a /a ),

P 4y P P

2Y-1
(b +------- e s \

q 4y <1/ q* ^

(1-ap -
2y+l
------  ap/ttp )

4y v p

2r+i
(1-b - ------ P P,. 3

q 4y q^ q /

then
DO

(2.19) 3 K(xy)F(y)dy = 3 H,

f (y)dy/

^ f K(xy)f(y)dy^, ,

yp),(V6qM

Provided that

q

it j

P y

^ f(d.+i16ri.-----6.) U f(l-c -%y +i------- y.)
i=i * J J 2y J j=i J J 2y J

- - -p r”

H r (b-j4^ «i+i«---- pj) iTfd-a.-Jga^i.------ a.)
-1 ? 3 FJ 2T 3 j=l 3 3 2Y 3

M t(K)
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q t p
1Tr»<d1+ *56^1 — 64) Hfd-c i. — yj

-it j*r J J 2y J j=i J J 2y J 
£ y --------------------------------

irx<bj4Js pj ^Pj) nsa-*r^+ i,_ij
- M_fc(k)/

the integrals on both sides of (2,19) are absolutely 

convergent; Me 11 in transforms of jL.H.S.j , jft.H.s.J and 

|ht ^(Cp/ Yp)? (dq, 6^)^ - transform of K(xy)j exist;

Hj. f{cp/yp); <d6q)transform of k<xy} exists; and

min min
R (t>4/?4>>- h . R(d/6,)> - 3s ✓

1 < j <q 33 1 < i&q. 3

max a.-l max
r( -J— > c - % , 

i£j<p «j 1 £ ; < p Vj

e.-l
R( .2— ) <i- Sj

PROOF Taking Mellin transform of both the sides of (2.19), 

we get

CO 00 CO

(2.21) |*-*+lta* Jwcyiay = 2»1/2* dx X

5
00 

q/P
X ^ H

0 2p,2q

- 2y-i 2r+i

2. .2y
p <xy)

(c +__— y , y ), (i-c - —— y , y )P 4y P'TP * P 4y P' P1

2y-i 2y+i
(a +-------6 ,6 ), (1-d - ------6_,6 )

- q 4y h q q 4y q q

dy x

CO 

J K(!x J K(sy) f(z) dz. 
o

On L.H.S. we replace xy by x after changing the order of
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!. 3 rr (0 cu fT H
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-
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ft8ft8

C
i."V

C
D

.

C
O
 

I 
to

•&
•!
*»
« 

I 
-«

-<
 I 

I
I  
HJ

rHIII ?x

+
tT

+
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- rr ft *■

<
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-
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-
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>
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2
B vX H

q*p
i
2p,2q

2y-l
(ap + ----a^a^), (1-4y P P

2y+i
*P • -4T VV

2y+i
(b + ---- a B ), (l-b ------ B B )q 4y Pc$/Pq ' VX °q 4y h/ "q

2y-i
dv ,

On changing the order of integration and replacing (xy)2^ by v.

Now, evaluating the v-integral, by using (1,80), 

we get

M^Cf) = PitA j
■Frtbj-% Pj-1 ~ p3> ,^ra-aj - *5“j+i h

j=
p

aj)
— x

pj +i-5^j> j1ra-aj-!s

X Mt(f)

Therefore, putting it in (2,22), we get

,t/ .IT f’(bj + y>j - i. r- jjj)
it/y J=1

(2,23) L.H.S. * P --------------------------- X
q t
TT f(b + + i. — a,-)
j=i« J i 2y PJ

X

p
7T r d-a. 
j=i1 J

p

t
*2 a j + i,---a.)

j 2y J

t
Mt(R)Mt(f)
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Ai&o item (2.21), we have

OO

. H. S. #« J X** ^ dX iR

QO 6Q
, ( q'P

die J f(z)dz } H
0 0 2p,2q 6

2 (xy )2?

2Y-1 2Y+1
Cctt + —- y_), a - cD---------y , i )

F 4? p p ^ 4Y p P
k (yz )dy

- 2#

21-1 2Y+1
6^,6 ), (1 - d 9 *----

4? q q q #

J* m
l/2f f ( -h +it

* Jf(z)dz J x dx
0 0 <

21-1 sm

4y
VV- - -r»>

21-1 21+1

+
4*

 1
*4

 1 I •q^q5 * (1 - d - -— 
* 41

l/2»
m

{
OO

{ 1’P J fiz)d:z J k(zy)dy J
0 0 0

5
q q

(30 
q*p P2(xy)2*

*:(yz)dy

aP>
+it q*P 

H
2p*2q

*
2*_*2l

q

21-1 2m
+-------y ,y

' 41 P P
>. U-cp-

41 * P

21-1 21+1
+------ 6 ^ — —— 6a/#6

41 q q q 41 q ’

dx«
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cO DO

1 Jf(z),3Z J y~% ~it k(zy)dy 
0 0

oo
J^l/4y + i* 2y” “1

0

X H
q#p

i
2p#2q

S2
V

2V-1 2Y+1
(cp+------ Yp/Y )/ (1-Cp---------- Yp.Yp)

P 4y P P P 4t P P

2Y-1 2*+l
(d +-------6 -6a), (1 - d ------------ 6 ,6 )

q 4y « q q 4T q *

dv

J
°n changing the order of integration and replacing

t <xy)2y by v.

Now, evaluating the v - integral, by using (1.80) and 

putting yz = ' u / we obtain

(2.24) R.H.S. = £

TF P (d . + % 6 • + i* -- 6,)
-it/y j=l J __ 3 2y

^ t
7T P(d + h 6. - i.-----6i>
j=l J J 2Y 3

TT ra-c, 
1=1' J h Vj - i.— V

j 2y J

IT f (l-c - % y, +
i=l J J

i.-----Y,)
2y J

XM (k). M (f),
-t t

The changes in the order of integration are permissible only

if j k(zy)f(z)dz is absolutely <S£nvergent? ht 1 (c ,y );
0 „ oo L* P

(d(^,6Cj)J - transform of k(zy) aid \ jk(zy)f(z)dz1 t
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exist ; Mellin transform of

i
transform of k(zy)j exists

min d.
r ( -2-) > _ 3s

i £ J £ q 6j
and

1

Hence# equating the value of L.H.S. 

and (2.24)# the relation (2.20) can 

which completes the proof.

max c .-1
. R < —> <-!s

— J <r.p

and R.H.S. from (2.23) 

easily be obtained#

%

2.311 COROLLA REES

(i) Putting y - p = 1 and = 1 (j = 1,2#...#p),

pj = 6j = 1 (j = 1,2, ...#q) the above theorem reduces 

to that of Sharma Q&1# p. 205~2 .

(ii) When p = 1, q = 2, = X*, = $2 = 1/ ^1 = 62 = 1'

y = ht ^^and a1=k-m-Js- ^/2# b^ = >^/2/

b2 = + 2m' C1 = k* - m' ~ *^/2 ” h /

d^ = /2, d^ = ^/2 + 2m1# the above theorem reduces

to a result, due to Bhise ^7, p, 204”J .

(iii) with p = 0, q = 2# y = %, p = 1# p = p2 = 1/

61 = 63 = 1/ and b^ = ^ # b£ ~ V., = ^

d2 “ *1/ we 9et a to™11 result, given by
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Srivastava ^65, p, 62*3 . 

2.32 THEOREM 4 If

that is

F(x) = 2yp P
2 (xy)2?

(+
2y-i

4y ap'aP >,

2y-l
(b +------- £ p

q 4y ^ q#»

2y+i
(1 - a_ ----------a^/cO

p 4Y

2y+i
(l - bq -

4y

p p
£ (y)dy,

then 

(2. 25 )

J (1/y) K(x/y) F(^)dy = £ht Qcp, yp); (dq,6^|x

provid ed tha t

Ti rwj^r1- 5" 6JJ
j=l

f P(bj^Pri.~-Pj) J[ pa-aj -

Mt(K)

j=l j=l
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q 
1 
j=i
T!f(V*J * 1.— & j) 41» pu-Cj - Vj - i.—lj

2? J j®i * J J 2r

IT f (b + J5p1 + i.---- $*) |f p(l-ary*j
j*l J J 2f j*i J 2y

the integrals on both the sides of (2.25) are absolutely 

convergent? Mellin transforms of (l.h.s. ( , lR.H.s,| and 

HT Qcp' V* 6q^] ” transform of k(x/yh | exist?

hT <V yp^? (dq/4q)J " transform of k(x/y) exists;

min

1 ~ 3 q
>- h

min

1 <1 \ <C a
R(dj/6j)> - H

max a .-1 max c -1
R( .1—) <-is, R( -i_ ) <£.- Jj .

^ iip «j 1 s a p rj

PROOF Taking Mellin transform of both the sides of (2.25)/ 

we get

OO CO

(2.27)
L-Jig +it

OO

Jl
dx J (1/y) K(x/y) F(y)dy 

0

oO
q/P„„ 1/2T f -Jg +it ^ f J

■ 2Yfl x ^ dx J H
0 0 2p/2q P2 (xy)2y

2Y-1 2*+l
(c +------(1”cn-----------------------  yn/Yn)

P 4y p p P 4y p p

2Y-1 2T+1
(dq+ -----i^/Sq) / (l~dq “ ““““ ^/fiq) J

oO

dy -k(y/|)f(z)dz.

4Y 4?
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On L.H.s., we replace x/y by u after changing the order of 

integration which is valid, provided that the integral on

L.H.s. of (2.25) is absolutely convergent and Mellin 

transform of | o1/Y K(x/y) F(y)dy j - exists, we have 

po <30

L.H.S. = J x-* +lt dx ^ n/y)K(x/y) F(y)dy 
0 0

a>

- X ~h +it F(y)dy

Oo
Xu''h +it K(u)du
0

(2.28) Mfc(F). Mt(K). 

Now CO CO
q/Pl/2y ( +j_t (

Mt(F) = 2yP J y dy J H
0 0 2p,2g

0 2 (xy )2^

2T-1 2y+l
(a +-------tt/a ),(1- a------------ a ,a )

P 4y P P P 4y P P

2r-i 2y+i
<b„ +-------BqV' U - b, * Pq,Pq)

q 4y
cs>

q 4y

CO

f (x)dx

P
V2»

0

+ • J:_
f(x)dx J W 2y

0 V
J - 1

X

X H
q>p

i
2p,2q

2T-1 2V+1
(a +------ a ,a ), (1-a ----------a ,a )

P 4y P P P 4y P p

2Y-1 2Y+1 „ * .
q+ Pq^q)/(1~bq" 'Pq'V

dv ,
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on changing the order of integration and replacing (xy)2^ 

by v .

Now, evaluating the v-integral by using (1.80) we have

q t P t

Mt(F> =

— a.)
2y J

.It P pj’ <S(’a'ar!®tj+1-;;“j)
X

j=l 2Y J

X M__t (f ).

Therefore/ putting it in (2.28)/ we get

q
IT P(b.+ % Pi + i. t/27* P .) 

-it/y j=l' J J 3
(2. 29) L.H.S. = P -----------------------------------------------------X

* it
)

2y

tt r ^ ~ aj" ** a3 Tv"" aj *
j“i

X ----------------------- -- ------------------------------- ■--------- X M (K)M .(f).tl *“ vi.

t> r (i-aj - % + --- aj>
j=i

&lso from (2,27), we have

Ok
1/2 v C

R.H.S.= 2y^

OO Oo
q/P

,H.S.= 2yp1//2^ J x”^ +it dx j if (z )dz J H
0 2 0 2p/2q

5

0

2 / ,2y£ (xy)
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(CP +

(dq +

* 2rp

2Y-1 2Y+1

4Y
Yp/Yp)/ (1_cp i

.£
> 1 -e
 i ! «*

2Y-1 2Y+1

4Y
6a,6 ), (1-dq q q

i » i i i a>

O0 00
1/2y (l , (“ -is +it

J - f(z)dz J X

p7,p

q q'

k(y/z)dy

00
dx J" H

0 2p,2q

q *p
0 ‘ 

2y-i

0
f2(xy)2r

2?+l
(c_ +------- y_/Vn ) (1-C  ----------Yr>f lO

p 4r p p - P 4Y P P

W' (1"dq V6q>
2Y-1 

4Y .

• 00
i/2y f ( ^ ^

2Y$ J 1 f(z)d"z J k(y/z)dy j x

2y+l

4Y -

CO oo

k<y/z)dy

^ +it
X

X H
q/p

i
2P/2q

P
1/2Y j

0 Z

g2(xy>21’

60
1

0 0

2Y-1
(c +-------y .Y ),(l-c„ Y ,Y,J

P 4y P P P 4r-: P' P

6 /6^)| q

y 2 k(y/z)dy J ^
0

2Y-1 2Y+1
(d + ------- 6 ,ST), (1-d -

q 4y q q q 4Y
QO ^i , it

I
! y

-it
k(y/z)dy

JvS? +
2Y

dx

X

X H
q*p

i
2P/2q

r~ 2 Y-l 2Y+1
(c + -------Y / Y ), (1-c - ------ Y_/Y_) (

2
P 4y P P P 4Y P P *

p V
2Y-1 2Y+1

(4, +-------6 ,6 ), (1-d ---------- 6 ,6 )
-

liq 4Y q q q 4Y * « J

dv,

On charging the order of integration and replacing

•• ty ■

■:,S. ... - , ,/

<i
/n

O
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Now, evaluating v-integral with the help of (1.80) and then 

putting y/z = u, we get

(2.30) R.H.S

q
IT ^(dj + H 6j +

it

tt r<aj +i^6j
i = l

it
X

1? rd- c.
j-1 ■ J

X

it
% 7j---------- Tj)

J 2y J

p
It 1 a'cj
j=l

it
h y-t +------ y,->

j 2y J

M_fc (k) M_fc(f).

The changes in the orders of integration are admissible
(°°provided that j k(z/y)f(z)

0
HT [/Cp/YP); (dq'6q )_3 “

* j —
0 ht ^(Cp'YP>? <dq' 5q} J

dz is absolutely convergent 

transform of k(z/y) and

- transform of k(z/y) ) exist;

min max c.-l
R(d-j/6,-) p> - h and R( —1—) < -

1 <. j < q 1 £ j < p 7j

Hence, equating the values of L.H.S. and R.H.S. from (2.29)

and (2.30), we get the relation (2.26) and hence the proof.

2.321 COROLLARIES

(i) With r = p = % and = Tj = 1 (j = 1/2, ...,p),
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(ii)

(iii)

Pj 38 6j = 1 (j = l/2,...,q) the above theorem 
reduces to a the or an due to Sharma [51, P. 2 09^ . 

With P = 1, q = 2,y = *5/ p = 1/ ax =■ » 1/
Pi = P2 = 1 ' S1 = 52 = 1 and ai = k " m “ ^/2 “ *5/
^ - ^/2, b2 = V/2 + 2m, cx a k' - m' V/'2

/ 7- % # di = *V/2, and d2 = */2 + 2m1, we get a
result due to Bhise ^ 7, p. 206^.

When p=0, q=2, p=l, Y = h and ^ = p2 = 1,
62 = 1/ bx = b2 = y, d1 = ^ , d2 =11, the

above theorem yields a known result, given by 
Srivastava £_65, p. 62 3 .

2.4 Representation of the Kernels

In this section, we now obtain the representations 
for the *<ernels, used in the Theorem 3 and Theorem 4.

2.41 FOR THEOREM 3

In view of (2,17), we can easily write K(x) and
fc(x) as

K(x) 1
(2.31) = M~

k(x) x

fr(d . + % 6 . + — 6 .)-it/r I J-1* J J 2r 1
X

q it7f P (bj + ** Pj - -““Pj5
j=l 2y



71

P
TT r<i - c. - j*

j=l 3

P
(1 - aj - %

j*l

where 0 (t) is an arbitrary function such that right hand 

side of (2.31) exists. It can easily be verified by nutting 

the values of Mt (K) and M_^(k;) in (2,20) from (2.31). Let 

0 (t) = Mth (y), where h (y) is an arbitrary function. 

Therefore., we have from (2.31)

it

2Y

a, +
it

2r

r. ) / 0 (t)

a-? ) } 0 (-t)

(2.32)
K(x)

k(x)

COr
1/2 TTJ

-it/Y
P

~oo

« it
TT p(d.+ 33 5 . + -—6.)
j=l' J 3 2y 3

^p(b +*Pj

j=l J J 2y J-

X

it

TT f (1 - a. - % a- + —— a.) 
j=l J J 2Y 3

M h (v) t
it dt.

M__th(v)

Now, reolacing y by (1/y) in the first integral for £(x), 

but no t disturbing t:xo second integral for fc£x), changing 

the order of integration in (2.32) and then using the 

definition of Fox’s H-function, we obtain the representation 

of the Kernels of Theorem 3, as
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O'?

K(x)

k(x)

where

j y_1 hfy-1)

0 h(y)
\ (xy)dy,

\ O R1/2y q#P
\(x) = 2 VP H

2p,2q
2 21 p x

2^-1
(c +-------7 ),

4? 'P' p

2V-1
<d_ +-------6 ),

q 4y q q

21+1

a-*p- ~~ v “P >

27+1
(1 - bq - ~ V

provided that q ^ 0, 0,

mxn mm l-cj
R (------1 )R(di/6i) Ch<

i <■ j * q 3 l < j < p 1j

2 • 42 FOR THEOREM 4

Here, we find two types of representations for the 

Kernels of Theorem 4.

2.421 Obviously, from (2.26), we can represent K(x) and 

k(x) by

K(x) _i
(2.33) = M

k(x) x

s' q it
( it r(di + % 6i + — 6,)

j=lJ J J 2y J

^ f <bj + *s pj + Pj>
j=i 1 j J 2y J

x
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X

J6 (t)

P
ti r

j=i

(l-aj
it
----- a
27

«) jZK-t) /

where ,0(t) is an arbitrary function such that the right hand 

side of (2.33) exists. It can easily be verified by putting 

the values of Mfc (K) and M__t (k) in (2.26) from (2.33).

Let 0(t) =* Mth(y), where h(y) is an arbitrary 

function. Therefore/ we have from (2.33).

Co

K(x)
(2.34) = l/2Tf

k(x)
■00

q it
TT V (dj + h 6 • +------ 6,0j=l 1 J 3 2V 3

x

-rr r <bj+ * esj+ ---- pj >
j=i

it
V p (1 - o - h ------ r,>

j=i 3 3 2r 3
x

p it
TF P (1-a. - % (X,---------- a . )
!->T J J O V Jjsl 2y

M. h(y) _Jg - it 
c x dt.

M_th(y)

Replacing y by (1/y) in the first integral for &(x)y but not 

disturbing the second integral for fC(x) , changing the order 

of integration in (2.34) and then using the definition of 

Fox's H-function, we obtain the representation for the 

Kernels of Theorem 4, as

K(x)

k(x)

y“*1h(y~1)

h(y)
^ (xy)dy.

ssa * y*
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>i(x) = 2yh
q/P

p+q, q+p
2Yx

(c / Yn), (b / 6 )
P P Si

<dq/6q)/ (ap,ocp )

provided that p > o q ^ 0 and

- mm

1 £ j < q
(dj/Sj) < *s<

mm

1 £ j £ P

1-c
R( —I ) .

b

2.422. Other representations of the Kernels of Theorem 4, 

may be obtained by using the operators of fractional 

integration. Here/ we mention sane of them as under :

With the help of the results (1.19) and (1.20) and 

using the convolution theorem (^66, Th. 44, p.60~] , we have/ 

by virtue of (2.26)/

K(x)

k(x)

and

K(x)

k(x)

'arc j

<ibj+'pj- •1/dj-bj/Bj)
/ l-aj-ocj/aj-Cj,Aj/ h(x) \ 

j=l \ *x“1h(x**1 \

where

oCj = Yj/ i " 1/2/ «../ p

Pj = 6j/ = 1/ q

Aj = 1/ocj/ J = 1/ 2/ .../ p

®j 1/j3j/ J — 1/2/ ..«/ q

and
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stands for operators

and

l'al'Al )

respectively.

/ (i11

aj'Aj >

oOo


