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CHAPTER-=-II

OPERATORS OF FRACTIONAL INTEGRATION AND A GENERALIZED HANKEL

TRANSFORM

2. In this Chapter, the Erdelyi-Kober operators of
fractional integration are applied to develop the theory

of the generalized Hankel transform

o

2y-1-
o9 (% + - Otp,ocp),
2 47
2.0 gt = 2457 oj ng':?zq SO 2y -1
b —— F g
(1 2y +1 - )‘
= - wmm—— A&
°p iy (PP
£(y)dy,
(1-Db 2¥yl )
d 47 Pa qu

vhich may be called as a generalization of the Hankel
transform (1,41) in Tricomi's form, because on putting

T=4, g=1,p=o0,a=1,p) =1, b = V/2, (2,1) yields

20
g(x) = _ny (2 Nxy)E(y)dy.
, 0

2.1 aAnalytic functions -~ A necessary and sufficient condition

In this section we have determined the conditions

under which a function £(x) is self-reciprocal in (2,1) and
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these will be used in the subseljuent sections,

THEOREM 1 A necessary and sufficient condition that a
function £(x) of A(x,a) should be RT[(a ,oc )z (bq’ﬁqq

i.e, self-reciprocal in (2,1) is that it should be of the form

29 -1 S
c+idn J"'l P(b N ....;_._ BJ+ pJ
(2,2) £(x) = ==-- ~s/ 2 X
27Ti  c-ite P 2y +1 s
" f’(l-aj— ————— %yt —- ocj)
j=1 4y 2y

X Y (s) x"%as

where \,y.(s) is regular and satisfies the condition

(2.3) Y (s) =\Y(1-3), s =G+ it,

in the strip

(24) a<g o°¢l-a

and
Wis) = ( e,L(Q~P?Tr/41-a +£] |t} )
where v
P q
P-‘-—'jgiocj,\.l= jz:lﬁj'

for every posi tive 'Y and uniformly in any strip interior to

(2.4) and ¢ is any value of o in (2.4).

PROOF Let us now investigate the form of the function f(x),

which satisfies the integral eJuation
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2y -1 )
o9 (ap+ -0 ),
12y 9P 2 ()2 v
(2.5) £(x) = 2 4 { Hopog | B X9 I
0 req | 27 -1
.b (bq + --Z;-- ﬁq'ﬁq)'
( 2y +1 )‘
l - - - (Y Ia
%p 17 p’"p
f(y)dy,
2y +1
e ’
(L= by = =07 B ﬁq)J

i.ece the function f(x) is Rr[(ap,ap); (bq,pq)} If F(s) is

the Mellin transform of f(x), then

(2,6) F(s)
0o

= jxs'l £(x)3ax, R(s)= 5, >0
o
o0 oo (ap+ ~Z;—-(Zp,(xp)t
2 -
(2.7) = 2 wl/ ¥ jxs 1 4y j 3P fsz(xy)zv
3 0o 2p,2q 2y -1
(b + —====g ,8),
. 1 Tay Pa’Py
2Y +1 7]
(1 - a, - —Z-;-- Aty )
f(y) ay
2Y +1
l - b - ’ )
( 1 4Y ﬁq- Eq ‘.J
o0 o0

;s
{ S 1
= g7 (% -s) 5Y‘Sf<y)dy jx 27 X
O 0
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2y-1 27+1 R
ep"{' “““““ Otp;OCp ), (1-a_ = =—e—- o, o)
d.P 47 p 47 p p
X , ax
2P, 24 . 27-1 ) 27+1
Fommm o, (1-b_ = ——eee g , g_)
LN Ty B Byt a " gy P By ]

Oon changing the order of integration and replacing Bz(xy)2y by

X
Hence
a 2Y-1 s
(b, + o=mmm= g + =m= g, )
- w5 Bj B
(2.8) F(s) = g~/ YE% *)] I ) SIS 2 «
2¢+1 s
(b, + ==—wv - -——— i)
‘T( f’ 4y ﬁJ 2y &

" The inversion of the order of integration in (2,7) can easily

be justified by de la Vallee Poussin's theorem [}1,9,504'},
if the integral, inwlved in (2,1), is absolutely convergent

and Mell in transform of tf(x)\ exists.,

Iif now we suppose that

q 2Y-1 . )
i R I TRl I T
(2.9)  F(s) = g7 337  —mmmommmmmssmesemeemmeeeee—eee PB(s),
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then we see that \V(S) satisfies the functional ejuation
(2,3) and therefore, by applying Mellin's inversion formula

[e6, P.7] to (2.9), we obtain

q ( 2Y-1 s
: T (b + ==mmm gobmmmg.)
(2,10) £(x) = —=om- § g e e e X
2 TTi cliso p 27+1 s
TP (lma,- ——mm—g + ——=p)
=1 Toay ) 2y

x \W(s) x"%as,

The rest of the proof follows as in the corresponding

theorem of the Hankel transform i} 66, P, 252]

2,11 COROLIARIES

(1) With aj =1 (j= 1,2, ... » P) and BJ = 1 (J =1, 2, ..uq)

the alove theorem reduces to the result given by Sharma

(61, p. 31] .

(ii) By putting g = 4%, ¥=1, ay =1 (3=1,2, ..., p),

By = 1 (i=1,2, +..,9) and replacing aJ. by

(a; = %)(j =1,2, ..., p) and by by (bj -Y( 3=
1,2, ...,9), the above theorem reduces yto a result of

shama { 62, ». 117},

(i11) Whenpg =13, Ad=1,p=1,q=2, a =k-m=% Y}

bl Y/Z, b2 =z ))/2 + 2m, and O:l = Bl = BZ = 1,

the theorem yields a known result given by R,Narain

e
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(_47, D. 283],

(iv) 0nMvingﬁ=l§,rJ=l,p-a0,q=l, gl=land
b; = W2 we arrive at a known result [66, P. 252],

2,12 ILILUSTRATION

The Mellin transform of

B O ), 2 )«ﬁ
‘ Cpr + wmme—— ¥r,¥r),{l-a - —==—- . 7 O
(2,11) Htj::i;q x| T ay BRI T
2y~1 2y-1
+ - e = oy - — o ——
(bq L)‘y ﬁq,pq),(dr + 2y SrJr)J
-

is
"‘.{?‘ ~ (b, + 21-1 + g ) TLT (a, + 2r-1 §5: +s 5 )
LR IR IR B REUATE s EMROalRS RS
-— - — —— ———— X

P 27+1 r 2¥-1

(l-a = ==== q.+s.0.) Ry (1-d; = ==== §. =5.,8;)

g0y g ayteeey) MF 37T 8 T

L

27-1
TP Qeey = === vy - 5.15)
J=t i < <al
R NS < 2l & 2r €4l + q - p,
r 2Y-1

521&51 iy e

Hence, using Mellin's inversion formula and replacing x by

szr and sby s/(2Y), we get

27-1
(C + w—m—— Y7 )I
(2.12) 2Y'H§:gitﬁq -3x27 r 4y TF
27-1
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2¥+1 ]
(1 = a = === a.,0.) c+ico
b 4 PP 1
Y - —_— S g""S/Z’y x
27-1 2L c-ive
(dr + ==== §,, 6p) -
4y wad
s
ACCT )
x === - = e x
( 2741 - s
T l-a - ——— +~-- 04
=1r ay 3 3
( 27-1 s ) %f ( 2Y-1 7 s
A, + me—m §. == 6 lc; = =we= ¥;~ === )
j- (* 3 21 =ty 2¢
X - - —————— X Sdg
r 27-1 S 271 s

TN {(1-a, ~ ==~ 5= ---6 ) (Cyt m—mm¥y + =oe 7))
J'=/U'f I 4y J ﬂ;.l-; 37 iy 2 13

Thus in (2,12) the right hand side is of the same form as that
of (2,2) with

L 2y-1 27-1
(@5+e=== 5 . 5) (1-e4= ==== T4- === 1y)
oI Ty JZ; sy 3T Ty )
q/(s) = ——— e e e T —
r 2y-1 2y-1
T T (g ——- 5, - ---6 ) T{T'(c3+ -—~-r + -~-‘ij)
j=i+l 3oy 3 gy j= i+l

which satisfie§ the functional relation (2,3) if BJ- = VJ-
(j = l; 2, ...,r) and Cj + dj + Vj =1 (j = ll 2[ ooclr)'c

Therefore we see that
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™ ( N 27=-1 ') ( 2Y+1 )
C ——— Yo 1 (leg = ==w—y_ ,o
(2,13) 241 I gx ¥
r+p,r+q ( 2'3'--3.e By ¢ 2Y+1 ‘)
{ b+ —===f_, l-c, = ====¥.,
T 4y 974 ’ r ay r r’

is RI.L(ap,ap): (bq,ﬁci)) » Provided that

o%xl<€r<2l-% (p-q),

2 (™ R b)) < RS et
—-—5- -2’( léjs q j ﬁj S \ -—-2--

max c, - 1
- 27 (

———— ) ) ’

(
liJSL-R Ly

1+2y min c:~ 1
—t 27 ( R ( =3eec )& R(8) € ~mmmm
2 1€j<| Y5 2

max c, -1
~21 R,
1€je] ™ rJ

2,121 PARTICULAR CASES

Many known and unknown self-reciprocal functions can
be derived as special cases of (2,13) under various gehera-
lizations of the Hankel transform, Here we mention some of the

known cases :

(i) wWith oy

J l(j = ll 21 [ 4 p)l ﬁj = l (j = 112:...;q);

=1 (j =1, 2, «..sr) We obtain a function

EGl, P 34.] , Which is self-recipro>cal in the transform

Wi . " rnore e
e

W@ k.. L s ¢ § : A4
Feeees d Ll BGP @R
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(ii) when ¥ =1, B =% and oy

j = l (j = 1221 L I N 4 q)l ?j = l (j 3'1,2,...,1‘) and

=1 (J =1,2 ..., P,

replacing ¢y by S 5 (=12, ,..,r), a; by

a; =% (j=1, , vo., p) amd b, byb - M(§=1,2,...,9)

J 3
we obtain a function [62, Pe 1183 ; which is self-

reciprocal in the transform (1.48) .

(ii1) 1 y=1,B =% p=1,q=2,r=0, ¢y =1,
Bl=52=l,al=k-m-y/2 :-‘%,bl?-\)/zand
b2 = )’/2 + 2m, we have a known function [_47, p,286],

which is R \), k, m, i.e, self-reciprocal in (1,49) ,

2,2 A theorem on the Generalized Hankel transform,

We now establish a theorem, on the general ized Hankel

trensform, which transforms one Rg [ta ;o ): (bq,ﬁq)}

in to another Rp [_(ap, ap) s (qu, Bq ] .

+ -
THEOREM 2 £ I, and K o belong to L, and (I,;;’a)mx
F 4 .

(K;; OC)n stand s for the operator to verform m and n times the
’

operations of the operators I and K’l respectlvely in any

N,o
order, then the operator {(I‘*‘ )m(fg‘ o+ (ITI )rﬂ

transforms an RTE(a 20 ): (b ,B )] function in to another
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R [(ap,ap); (bq,gq)] func tion, Similar property holds good

for the operator

N,o O Mn,a

(7 )™ (et )R+ (- )kt )My,
h n,o

PROOF Let f(x) € L, be Ry I;(ap, ap); (g;, ﬁq{] , then

from Theorem 1, we get

L + 100
-k - it
f(x) = 5 p( &% + it) x * dt,
k- i
where
q 27-1 L+it
(D, + mmmm B+ === B.)
. | 1 oy it JYFJ oy 2y )
pls + it) = - A= — S ——
2 2¥T B ZY X
p 27+1 L+it
(lma,~ ===, + —m——— os)
IT [ I gy 3 27 J
j=1
X \P(% + it )
with
\}/(g+ it) = \P‘% - it)
and
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Therefore,
) K= x
(2.14) Y Of(X) = emee- S (x—u)“"l undu
Msa [ C VR
3 +loo .
5 p(;i+it)u-;5'ltdt
- iom
x—n-ﬁc k + 100 x L -t
= e jp (: + it)dt S ()n:--u)c""l un“ * du,
[Me) L =0 0

On changing the order of integration, Now evaluating the

u-integral with the help of the knhown result [4,p,185(7)3 ’

we obtal n
;5 + itn ( .
N+ % - it) -
:T“;’ L Ex) = plk + it) _f‘ - . 1 g,
49 %2 ioo P(T’H‘tx -+ ;5-1".")

R(N)™ % , R(a) D> O,

The change in the order of integration in (2,14) is valid

due to absolute convergence of both the u - and t - integrals,

Repeating the above operation m times, we see that

e+l oo L
(M#s - i)} m
(218) (7 G0 = | pl+ 10 Lo 2207,
oo L [T (n+a+s-it)

X x-ls -it dt.



48

Similarly
L oo ,
X
(2.16) K £(x) = momm fame®™ & ay x
o r(oc) x
 + ico 1
-k - it
X 5 p(ls + it) u 2 T at
b = leo
 + ico

%_it F(T’( + % + it)

S e S Ao SR W T O WD S I LTS T T o d t r

= 5 p(s + it) x
L Tico P+« #5 + it)
On chang ing the order of integration and then evaluat ing

the u=integral with the help of known result {‘4, Pe 201(6{},

Tie inversion of the order of integration in (2,16)
is justified because of the absoclute convergence of both the

u - and t - integrals,

By repeating this type of operation of K. as

'ﬂ,oc'
shown in (2,16), n-times over {2,15), we can easily obtain

be+ico

™ (7 I E(x) = { p0s+ie)x
k-ico

Lo.it
+ 2=t qe x
(Iﬂoc

’

I R e A K sl T

whenever R(a) > 0, RMM) > =-3% .,

Hence, obviously
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q 2y-1 L+it
+100 Ty e By g By
5 o+ it =
 OE T T ~
oo 27+1 L o+ it
T Gy = oo oy oo )
J:."

where

. . m
b - Lpasx- o) Tl e} ?

E]"(n +Q + L - itﬁ m Lr'(n+&+%5+it)} &

_________________ (3 + it),
(P(n +o + 5 -1t)] [\"(THOH‘P +1t)]

Since \H (3 + it) satisfies the func tional relation

VAREUE \Wl/z - it) ,

the theorem easily follows in view of Theorem 1, The latter

part of the theorem can be proved by proceeding on similar

lines,
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2,21 CORODLLARIE S

(i) With ? = ;2'1 @ = l' and Clj = l (j = 1121 oeclp)l
.= 1(j= 1,2, ...,49) the above theorem reduces
J

to that of Sharma E6l, P. 198] -

(ii) Wwhen m = n, We have that :

If £(x) is RT E(%, ocp)f <bq'eq)]' then

+  'm m . 1 ‘ ,
(Iﬂ,oc) “ﬁ,rx) f{x) is Rp [(ap, ocp);(bq,ﬁq)} ’
provided that R{x)> 0, R(N) > =% ,

{iii) pr=l,q=2,al=l,@l=52=l,and

a, = k-m=-%- Y2, bl=‘})/z, b, = V/2 + 2m,

the above theorem yields a result given by

Bhise L7, D. 2(:2] .

(iv) By puttingp = 0, g = 2, Bl = 62 = 1, and bl = Y/2,

b, = w2, we get a result due to Srivastava
(65. b. 53, 63] .

2.22 ILLUSTRATION

Now, we illustrate the use of the above theorem
: 1. — — 4 3 - Q -
with m=n = 1 in transforming One RT(_(ap' ocp), (bq,r'q)J

function in to another Rp [(ap,ap}; (bq’ﬁq )} - function,
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Consider _ 7]
( 2Y-1 ) 27+1
c + - 1 ’ Y '(1 hnd a - - a a )
m m’ 'm P . p
2y kTVE | p2d v a7
p+m,g+*n 27-1 27-
) gt 57 ParPe) G * oo 8k

Then, by virtue of the definition of Fox's H-function we have

27-1 2Y+1 3
[ (c + == Ty ,1 Yol = a = mece— o ,0)
(+q,k ) 4y P 4y PP
2Y H Bx ¥
ptm,q+n 2y-1 2y-1
(b + —=- B_ P, (dn + —mamm 5, 8)
( 2Y=1 o 8 )
b + - -+ (=1l
c+iw b ]
27 = j=1 P 4Y -2¢s
B -2.“'.‘ -100 P 2y+1
e er T f’(l—aj - mm—— oyt s.aj)
j=1 4y
TLT (a 21t 50 TF ¢ i )
tomme= 8y * 5404 l-€; - =—ma = Sely
f’ 2y j J__df‘ 3T Ty 3
X meimm———— e e SR, P
n 27-1 27-1
T [ -ay - —== 5 - s.8;) f'(c+---- vy +8Y))
j=A+1 4y j=k+1 4
q 27-1 s
c+igo 'f‘?»;"(bj + e B+ ~== B; Bj)
1 j=1 4% Y -
2 e j 8-5/27 .J. —————————— p— - o e o 15 X
2WiL c-im P ( 27+1 s : )
‘;’f lra; = =wwme g, + ow—— g,
j=1t1 S T B
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27-1 k 27-1 s
{"(dJ + —e——-§, + ----6 ) Ti r (l-c ----—7 - ———s)
J=l ay I 2y j= 47 2y 3
X e me e e e e e — - - ds
n T [ (1-a, -t : ) Tr f( 27-1v 2
e airal ek C+ el o+ —mm 7))
j=+l ay Fgager 3 4y 3 o2r

On replacing s by s/27.

Hence, we have

B 27-1 2Y+1 - - ]
L.{.q,k , (Cm+ ‘Z;'Ym’ym)' (l-ap - 'Z;"’ Q’.pl(xp
27H Bx°T
p+m g+ 27-1 2Y-1
’ (b + «wew B tﬁ }, (dn + —cw- 61’1'6 )
- T 4y 4 §
27-1
c+ioo %& f‘(b el Mo ﬁ5
1 - =S- j=1 4y 27
S — B 2y — - - e Sas,
21 ( 2741 )
c-ie0 l—a - ——— s + -—-(x
;{71" r j
where X
| 27-1 s 27«1 s
Tag+ —omm 6,4 === 5) T [Meeym —=mtym =—-1))
j=i 47 27 j =1 4? 2Y
\+/(s) — S S ——
‘fT F ( 2Y-1 . 8 )Tf f‘( 27-—1 s
1-d = === = === § Cyhemm 1y - Y
j=1+1 Ioay 3 2y 3gmkn I gy )

which satisfies the functional relation (2,3), if k = L m = n,

6j’ =Yj (j = 1121 ..o:m)o md .CJ- +dj + Yj = l(j=112100~ol m).

Therefore, by virtue of Theorem 1, we see that the function
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3 s 2y 1y
C + mmme Vo, 1),
ba, L sl ™oy T
£(x) = 2YH ex“?
: p+m,q+m 27-1 6
g (bh + -Z;- ﬁq, q):
2741 - ]
(1 -3, - T ocp,ocp)
27+1
(A= € = e Tt

is Rp [(ap,ocph (bq,gq)] , provided that p - }q( 2 (2] -m),

Now
+ .
I, £(x)
1 -N-a 2 a=-1 M
= cemm— z j (z-t) t' £(t)at
V(a) 0 -
2Y " B - g, L
Sa—_———— { ( )t My ™ ptz?‘
r(a) o) p+m,q+m
27+1 -
(1-a, - —Z;- o op)
dat
27+1
(1 - Cm- -Z;- Ym’ Vm)
2Y M =N/2 -
N RGN LI
) 2yt S
H1+q'1 et?‘r (Crn+ —Z?- Ym + 5?— Vm; ?ﬂ')'
p+m,q+m
(b, + 2ra - )
a T Ty By T TRV By By

2Y-1
(e + —mmm

47

241
(b + ===
4y

¥ 1)

ﬁq, ﬁq) /



———y

1

2y+1 - Li B
(lﬂp - ey e %y ccp)
dt,
(1 21 A ! V1)
- - . -
mooay M2 m

_#

on using the identity (1,45).
Evaluating this integral with the help of (1,75) and then

using the identity (1,45), we obtain

<+
(2,17) Iﬂla £(x)
‘ 2Y-1
(-ﬂle): (C + ———— 7 ’ ' )t
L+q, A+1 4y "
= 2Y H Bzz’f '
ptm+l, qim+l 27-1 27+1

(b + m—— Bq’ﬁq),(l c, - a m, Yn ),

47
2741 ]
(l - ap - "'z;"‘ (xp)ap)

(“n"'O‘: ’ 2? )

-

Now using the operator, Iﬁ d on (2,17), we get

’

+ -
(ITl,cx) (Kﬂ,oc) £{x)

("Thz?) )
" m )
2y [ 21 neq AT A 821
F’ (a) Y p+m+l,g+m+l

\bq“"‘z;“‘e pq) 2’
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27-1 2Y+1 i >

(e + ==~ 71 .Y ), (1 - - ———, '

mt Ty mm S T
dt
27+1 :

(1 - Cm - “Z;"’ ‘ymz ‘ym Y, (“N=x, 2Y) N

27 S 5 o1 . Ata, 11 )
A g2 S epela ge2t
(7( o) y p+m+l, g+m+l
2Y-1 :
N+
(-ZTI-OC,ZY)' (cm + “L;;"' ym - "5?" Ymp ym) ’

27-1 N+ 27+ N+ y
b+ ———e - —— - e ¥ = e ¥ LY ),
( st 17 ﬂq 5 Bq,Bq);.(l"cm 75 Im 57~ Im .

27+1 N+
(1 - - ——— - ———— 0, a_)
% 4y OCP 2Y P p
dt

On using the identity (1,45).
Evaluating the integral with the help of (1,76) and then

using the identity (1,45) we obtain

+

(1 (K )E(x)
Nea 1 _ | 27-1
('n,ZY),(C F - 1 ]Y );
La+i, A+ 27 mooogyy ™m
=27 H By
p+m+2, g+m+2 27-1
B m,2v), (qq + _Z;- 9q’ Bq ),
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‘ﬂ
21+1 7
(l-ap - -Z;— Ctp; OCp)p (n + «a, 2Y)
27+1 '
(-c_ - e Voo Yo (-1-a, 20)

which is RTE(ap,ocp): (bq'pq)j by virtue of Theorem 2,

provided that

D - q< Z(Zx—m), R(OC)> o, . ’
2N+2Y~1
R(bj/ﬂ.'“*' ——————— Y=l (3 =1,2,...+9),
J 4y

l—cj 2N=-2y¢=-1
R ( wme® + wcamamem—— >— 1 (j = 1,2, o.oo(i,)'
¥ 47

R(MN)>S - % + (r-%) R(x),

l-c; 2n=-27+1 1
R( === 4 el 2 ) (1 = === )R(a).

2,3 Rules for conmnecting dif ferent classes of sel £~

reciprocal functions

In this section, we shall consider the operation of
changing the pair of functions £ and its Hp [(ap,ocp),'
(bq,gqa- transform to another pair of functions, one being

HTE (cp, yp); (dq, éq)—‘}— transform of the other,



2,31 THEOREM 3

57

IF

(2,18) "F = < Hp [(a 0y )} (b ,Sq]}f that is

F(x)

then

(2,19) S K(xy)F(y)dy =
O

27-1
00 (a + ==— o0_,.),
oy 1/2y “g 4P 2 (21 P4y PP
Y H Xy
P o 2p,2q P b+ 2y-1 "
_. 1 =757 P, Pa)s
( 2§+1 7
leay = ==== Qp,Q, )
P~ T o
f(yidy,
27+1
(1-by = ===- By g1>
o0

HT {(Cpl Yp)7(dq:5q)} } X

00
x {j K(xy)f(y)dy} ,
o

Provided that

q t p t

al T [ (@558 4-1. 577 85) .!lv(l‘cj‘57j+i e
e - i
jzg {‘(b +s eJ+l. ;;- ﬁJ)'TTY(l‘ -“%aj‘i.~;; aj



t t
(d +. de§ i ---6 ) TT (1-c -351 -—1.)
-it jzlr J = f W7y S
s a Y - t........ 5 - S—— |
TP % 85589 Tonie ey + 0ol
j=1 Ev(l-aj-!}dj + i.—"z'; O!J)

the integrals on both sides of (2,19) are absolutely
convergent; Mellin transforms of \L.H.s.‘ ,‘R.H.S.‘ and

-lHT {-(cp, -&,); (dq, 5q)} - transform of K(xy)iexist:

Hr, [(Cplrp): (dq, 6q)] transform of k(xy) exists: and

min min (d./5.) i
R(b/ﬁ')>";$i Rd'&- - r
1€j<q 3 1<5gq V7
max a-l max cj-l
R( -3 ) -k, R( -2-= ) & -3 .
12 31<p 2 1€ j<p Yy

PROOF Taking Mellin transform of both the sides of (2,19),

we get

_ (K,

o0 o o0
- it 2 -
(2.21) ,Sx i ax jK(xy)!‘(y)dy = Zygl/ v jx ;s*itdx X
(o] 0

o
_ [~ 271 2¥+1 v v
X H g (xy) -
- - - - )
5 (dq + " q,ﬁq) . (1 dq " 5q 6q
o0
x jK(zy) £(z) dz.
o

on L.,H,S., we replace xy by x after changing the order of

-

2t

dy x
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integration, which is valid, provided that the integration
on L.H.,8, of (2,19) is absolutely convergent and Mellin

oo
transform of \ 5K(xy)F(y)dy\ exists, Hence
3

oo 0e
' _;/_. i .‘1 .
LH.S, = jF(y)y :-it dy J K(x)x UL
o 9]
(2,22) = m_ (F)m (K),
Now

M, (F)

(o ¥
= _Sy’% “1t r(y)ay
0

y co ©o L 2r-1
1/2 i 5 d4,p 1 ———— Uy s Oy ) #
= 21p ,Sy- : 1 gy ) ow 8° (xy)2¥ Ty PP
o 0 2p,2q 2¥-1
\ (bg* =35~ Pa.fa) >
27+1 -1
(l-ap - —-Z;- OCp; ocp)
f(x)dx
27+1
(1-b, - —=-= gqsB_)
@ Ty Patal

o0

o0
1/2 . 1/4 =it - _4 --
= e V’ 5 x-}g +it £ (x)dx f v .2.7 .
0 e} X



q.P

2p,2q

2
Bv

—

(ap+

b +
oy

2r-1

4y

60

-

2Y=-1

-z;- 'etpoap) + (1=a

27+1

- -Z;- ocp,cxp)

2Y+1
q

dv,

B.B), (b= ~=— B_ 8 )
9, q q 47 ., 8

—

On changing the order of integration and replacing (xy)zy by v,

Now, evaluating the v=-integral, by using (1,80),

we get
3 o g
(b, s By= i === B,) (l-a; - Yo +i ==ory)
. o Bitﬂ j___lF 3 ] 2y j=lP j i 2y JX
Het = S R - P - TTTEmTTTTTT A
. S i . E
jz g‘(bj"‘}ﬁ ﬁj "'1.5-_;’_1) ;!:lV(l~aj—35 ocj-l.zy ocj)

X Mt(f) .

Therefore, putting it in (2,22), we get

q
, , .t
1t/ _;fl r'(bj + %ﬁJ - i, 37 Bj)
(2,23) L. 4,8, = B - ———— ¥
q £
LTy vy e )
P t
F (lea, = 3% o0y + iy === )
j=1 r : 27
X -p ——— - Mt(K)Mt(f)
t
5171 r (l-aj - %aj - i, ;.;- ocj)
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Also f£rom (2,21), we have

60 00 o
129 § T 5 g QP
R,H,S, = 278 Y 5:(.;, HE 4% £(z)dz H
) o) 0 2p,2q
( 2y 1), 2 )
[ o] + i ? ’ - - ——— ,
K{yz)dy
, 27-1 ‘ 2Y+1
(dq + *;‘;‘- GQ'GC;)' {1 - dq » "'."‘A"" 5g!6q)
O oo ; oo
1/2 S 5 _k it j 0P
= 2¢B ! JE(z)az x s dx JH ’ B2(xy)27
0 0 0 2p,2q
2¥-1 | 27+1
(«’»3p + *;-;- ?pv YP)"' { l-cp - -;;— Yp: ¥p3
( 27-1 4 27+1 5 )
A, + emem §. 8.0, (1 = 3 = = P
4 gy 971 T 4 %%y
, o oo &
/2y | j +it  qeP
= 27P j‘f{z)dz J:k:'(zy)dy , ij BT
0 0 0) 2p.2q
27-1 ( 2181 )
%'("C t e ——y 23 )4 {l=C = —eew ¥ R
< 2 P Ly PP P e PP
g2 (xg)2Y 4y | 47 ax,
| 2¥-1 oL 2y+1 »

8% (xy)2Y
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o) oo oo t
) . /4y * 1. 55 -1
- g% J;(z)dz _fy %1 (zy)ay #S“' “ x
0 O 0
"ll
— ( 2y-1 .- 27+1
Cot mmmm¥ ¥ ), (1oCm mmmm T, 7.)
P , | F ey PP P4y PP
X H p av
2p, 29 v
( 27-1 27+1
d, +~===8 ,8,), (L =4d_ = ====§_,5 )
5 (9 * =23= 8q48q T Ty e
p

On changing the order of integration and replacing

)2 by,

Now, evaluating the V - integral, by using (1,80) and

putting yz = u, we obtain

q
T (y +3 64 + i, -t 85)
(2.24) RS, = pi¥/Y ¥ T A
TT (a8, +% 6 ——5)
"y 21
_? t
1 (lec, = % ¥, = i,===1.)
I XM t(k). M (£).
t -—
T [ (lc, =% ¥, + igmm= ¥.)
j= r j ] 2y 3

The changes in the order of integration are permissible only

if gk(zy)f(z)dz is absolutely c&onvergent, [(cp,y );

(a ,éq)J - transform of k{(zy) and \ fk(zy)f(z)dz\
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exigt ; Mellin transform of | H (_(c . Y (a, 8 )}‘* -
, T P p a’ q

tran sform of k(zy)}.» exists:

min dj max cj-l
R ( =-2-)2_% , and R ( =2omm-) ¥ 4 o
1£j<q 5 ’ 1<5<p g

Hence, eduating the value of L, H,S, and R,H,S, from (2.23)
and (2,24), the relation (2,20) can easily be obtained,

‘wh ich completes the proof,

2,311 COROLLAR ES

(i) Putting r - ;i' B = 1 and (Xj = 13 =1 (j = llzl.o.lp)l

Bj = Gj =14(j= 1,2, ee.sd) the above theorem reduces

to that of Sharma EGI, P. 205] o

‘s \ 4“’
(i1)  When p =1, 9=2, 0y =¥, By =8, =1, 6; =6, =1,
‘ /
b2=\‘/2+2m,cl=k‘-m'- "9/2-%,
‘ /
dl = \}/2, c'x2 = \3/2 + 2m', the above theorem reduces

to a result, due to Bhise E?, D. 204] -
(iii) Withp=10,q9=2, 7y =% g=1,p8 =38, =1

5]_:62:1,andbl=\1,b2=u,dl=g

dy n, we get a known result, given by
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Srivastava (_65, js 623 .

2,32 THEOREM 4 If

= {/HT {(apl (Xp); (bq’eq)]} £

that is
~ 27-1
ca (a + =eee o _,0.).
P 1%
1/2 d.P 4%
F(x) = 27 /2 o,( H 52(xy)2y :
2p,2g 2y=-1
+ ———
g
2Y+1
(1 - ap - —;;- ocp,ocp)
£(y)ay,
27+1
(1 - by - s By, q)
1
then ’

o9 ;
(2,25) j (1/y) K{x/y) F(gdy = {HT E—(cp,rp) (a ,661}}
0

oo
xi ,( (l/y)K(X/Y)f(Y)dY} ’
0

t t

"n r (d ‘4‘1‘56 i -2-;" 5 ) T— r(l-c -;’VJ +l.;;—¥ )

provided that

d t
"ﬁ' P(bJ"';’ﬁ —l.*‘-ﬁj ‘ﬂ P(l— - ;505 +l.;;~OCJ)
j=1 j=1
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1 (ay+ 3% +i- s)% (1 Y I
'ﬁf‘ j mals R Bt B B peals
- 31 -- M (),
q t
;W P(b + *j + l.;;"‘ Bj) ﬁ r’(l-a ""giaj ~i, -—-ocj

j=1

the integrals on both the sides of (2,25) are absalutely

convergent; Mellin transforms of fL.H.S.& ( IR,H,8,] and
[(Cp. Yp): (dq, sq)] - transform of k(x/y)i exigt;

Hp  (cp 7p)7 (dq,c&)J - transform of k(x/y) exists:
min min

R(Db. ) - ’ RrR(a )N - R
1 £3i<q Py/By) > % 1<£j<q e3> -4

=1 -1
ROy <%, 0 R(SAZoL-x.
1« 3J<p o 1€ j<p 1

PROOF Taking Mellin transform of both the sides of (2,25),

we get

o
(2.27) jx';i i .),(l/y) K(x/y) Fly)dy
o] 8]

oo o0
2Y - ; q.p
= ZYpl/ v jx IR 51»! ’ ﬁz (xy)2Y
0 0 2p,2q
27-1 27+1
(ot === Tp,¥p)s(Locym ==== 4,7 y | o2
ay P 4y ‘jl
. ay - -z-k(y/g)f(z)dz.
(ag 21-1, 5.),(1-a 2l s |
+ —-—— - - btk r'4
ay 79 q sy G |
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On L,H,S., we replace xX/y by u after changing the order of

integration which is valid, provided that the integral on

L, H,S, of (2,25) igaaksolutely convergent and Mellin

transform of i oJl/y K(x/y) F(y)dy l - exists, we have
o0

J S(l/Y)K(x/Y) F(y)dy

0]

o0 oo
~¥s +i -2 tit
jy CIE F(y)ay fu Rt K(u)du
o) o)

(2,28) Mt(F)’ M. (K), .
Now [5.9]
1/2y dg Lk 4it ‘f 9.,p
M, (F) = 27vP )y e p? Gey)??
O 0 2p, 21
27-1 27+1 ~
¥ ommmm oy ), (e A= ———m o)
(ap . o ocp) 1 ay o 0 O
f(x)dx
. 2Y=1 y 5 27+1
F mm—— ’ ’ - - omm—
q 4y Pq Bq d 4y sQfﬁq)J
o0 o 1 t
, L wit mew F+ f =me= = 1
- Bl/zy jx"ﬁ " E(x)ax j 4v 2Y X
o] 0 v
P
27-1 2¥+1 i
1 (g t=—== ,00 ), (l=a = ===— o _,0 )
« qup ﬁzv 2 4y PP P 42y P p
2p,2q ] av .,
2Y-1 27+1
(b 4+ . BqB ), (l-b - ——— ‘5 B )
1 g qd
L 4y 4%
»
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on changing the order of integration and replacing (xy)zv
by v ,

Now, evaluating the v-integral by using (1.80) we have

t P t
| J‘rl f“(b 4—1/23 +a..—-— Bj) J_1_’_‘13-‘(l-aj-»lsocj-- 1.5; ocj)
M (F) = g~tt/7 =g S — N
TP D (b, Hspimies= g:) T (1-a by +i - )
A [ (o;#sp5-1035 8 j%‘l(’( gt
XM (£).

Ther efore, putting it in (2,28), we get

T((‘(b+35g3+lt/2wﬁ)

-it/ j=1
(2,29) L,H,s, = B Ve X
mr i
(b + L Bim e )
j=1 y P
p it
- -1 - ——
.T"l.' r (l aJ 5 (ZJ 1 (xJ )
i=
X e e e e e e e XM (KM (£),
p it
" (-a; -3 oy ¥ ;;--— aJ)
j=1
Also from (2.27), we have
0o

oo

: g.p
R,H,S.= Zyﬁl/zy J x";i T ax j -]:f(z)dz S H 52 (xy)zv
o o 2 c 2p,2q



—1
( 2Y=1 27+1
C + memm 1=C = === Y.,
k(y/z)ay
( 2Y-1 27+1
q pr 6q,6q) (1 dq " 6q,6q) |
od [ve) o
1/2 1 =% +it
= 278 4 - f(z)dz 5 x che ax 5 Hq,p 8 (xy) v
O 0 0 2p.2q
B T S 27+1 e -
+ . wos ous w— -~ - o ——
(Cp 47 " )Y ) (l Cp ar Ypl}’p)
Kiy/z)dy
o 2Y-1 2Y+l
(d + |- 6 16 )l (l"dq "". 4"“'""" 8 15 )
4y 41 )
2y +§ t
= 278 ' j}_ £(z)az - _{k(y/z)ﬂy ; s X
O 2 . w
~ 21-1
| (e + =m=m Vor¥p)e (l—c
X H g8 (xy) dx
d_+ w——— 6 ,6 ) (1=3_ = ==== §
1 1,y soq I 1’%q
oo 1 it
l - _.t —— T arm. - l
- L2 j---— £(z)dz jy - k(y/z)dy J &7 2¢ X
g > 2 he 5
i  + 21ty Y, (1 LA i
‘ C + =mmm ¥, -C_ = == ¥ 7 ¥
4P ) P 4y P P 4y PP U
X H Y dv,
2p,29q 2Y-1 27+1
(g, + ==== 6 ,5 ), (l=d = ==== § ,5 )
L . —q 47 gq 41 q ;".i

On charging the order of integration and replac ing -
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Now, evaluating v-integral with the helv of (1,80) and then

putting y/z = u, we get

! it
T(ey + % 65+ = sp)
-it/y =1 2y
(2,30) RH.S, = B -7 1 e X
q it
T ey +% 685 = ===~ &)
A j 2y 3
T vy - e 1)
l-c, =K ¥, = === 7,
D e M (k) M_, (£),
D N , it ) -t -t
: -, - Yi; + ey,
771 ! j 3T
J=

The changes in the orders of integration are admissible

o
provided that jk(z/y)f(z) dz is absolutely convergent
e}

Hp Y.(CP'YP)'. (dq,éq )j - transform of k(z/y) and
ib Hop {—(cp,'lp); (dq, Gq‘)] - transform of k(z/y)} exist;

min max C.=1

R(d;/6:) > - 3% and R( -d-=) < = L,

. i7°3 ,

1£j<q 1€£3i¢p Y5

Hehce, eduating the values of L,H,S, and R,H.S, from (2,29)

and (2.30), we get the relation (2,26) and hence the proof,

2,321 COROLLARIES

(i) with y =%, g = % and ay = rj =14{(j=1,2, ....,p),
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By =65 =1 (j =1,2,...,9) the above theorem
reduces to a theorem due to Sharma [_61, De 209] .
(ii) with p=1, q=2,¥ =% g=1, 0 =9, =1,

By =p2 =16 =8, =lenda =k-m=- V/2-1},

/
bl='3>/2,b2= V/2 +2m, ¢ = k' -n' - V/2-

e 14
=% ,4d = V/2, and q, = M/2 + 2m', we get a

result due to Bhise (7, De 206] R

(iii) When p =0, g = 2, ﬁ::vll Y = % and al=ﬁ2=l,
5p=62=L by =V b=y a =F ,3d=n the
above theorem yields a known result, given by

Srivastava [_65, P 62] o

2.4 Representation of the Kernels

In this section, we now obtain the representations

for the fernels, used in the fheorem 3 and Theorem 4,

2,41 FOR THEOREM 3

In view of (2,17), we can easily write K(x) and

k(x) as ,
- 1 it
| T ay + %6, +-==-5))
K(X) _ -1 _it/‘y J= 27
(2,31) =M B e e ot i e
k(x) q it )
[oy +%8y - oy T
) S j=1
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p ‘ it
jl_:\;r(;~cj~%7jm—;;n (I A (O
X -;~«m-z«-—aamm««~ma«awm~z;ama——~ ,
- . e R S . -
;Zi (7 1 a 3 o 27 o ) ) B« t{g

where B (t) is an arbitrary function such that right hand
side of (2,31) exists, It can easily be verifizd by nutting
the values of My (K) and M_, (k) in (2,20) from (2,31), Let
Z (t) = Mch (y), where h (y) is an arbitrary function,

Therefore, we have from (2,31)

[~ q )
oo it
'Wrw&%5‘+m4»
@l e 3 J j
(2.32) = 1/2T | g ez o e e e nemen K
k(x) 4 it
~co o, +3 8, - )
=1 21
.
_fﬁ . it
- Qs e b Y e maem Y,
- (1 c; < YJ 57 YJ ) Mth(y)
J i -3 - it
K e o n e e e o i 8 o e 5 8 2 e x at,
i < 35 e (y)
f l - a, = s F o ] M  hiy
. -t
p

Mow, resiscing y by (1/y) in the first integral for K(x),
but not disturbing the second integral for K{x), changing
the order of integration in (2,32) and then using the
definition of Fox's dA-functicn, we obtain the representation

of the Kernels of Theoram 3, as



o3
K(x) j vty
= (xy)dy.
k(x) 0 h(y) >\1
whe re
- 271
1/2y  q,p 47
X(X) = ZYB H ».52){27
1 2p,2gq 2Y-1
F ——— P
i (dq " 6q,5q)
o
27+1 )
(1 - a, = Z;n- Ups Op )
2Y+1
l=-Db = === g, )
( a3y P’ B’
provided that g >0, p2 O,
min min l-cj
-~ R(dj/éj) £ k<« R ( —==x) ,
1« j<sq l€£jgp Y,

2.42 FOR THEOREM 4

Here, we £ ind two types of representations for the

Kernels of Theorem 4,

2,421 Obviously, from (2,26), we can represent K(x) and

k(x) by
&~ q it
Trr'(dj +;55j +-..-_5 )
K(x) -1 j=1 2y
(2,33) =M - e ————— X
k(x) x ¢ it

U [ By * % 8y Ty g5
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%’__ it v
.J r(l—cj-;jyj--;;— J)

x T o SO S i . TV gt T Oy Q. €T3 ot S A U ey DU D WA g S Sl TR R e S s W W

b . it
jz [[ ey - hay - e 5)

)

B (t)

ﬂ("‘t) ’
ol

where B(t) is an arbitrary function such that the right hand

side of (2,33) exists.

It can easily be verif ied by putting

the values of My (K) anda M_, (k) in (2,26) from (2,33),

Let g(t) = Mth(y), where h(y) is an arbitrary

func tion, Therefore, we have from (2,33),

“[ T +h 6
! 4, + §: + memmem §
K(x) LT I
(2,34) = 1/27f { —- —— e e e e X
k(x) it
“e2 T [ oy gt oo py)
i=1 2Y
:%— it ]
T (L -c, - ¥, - == 7.) M h(y) _k - it
j':'-l{ ;f b 73 t Y % !'i 1 at.
X et o i < o 8 " U D S 5 s S 0 S o
% r it
i (I~a, = % oy = === o, ) M_, h(y)

Peplacing v by (1/y) in the first iategral for K(x), but not

disturbing the second integral for K(x) , changing the order

of integration in (2,34) and then using the definition of

Fox's H-function, we obtain the representation for the

Kernels of Theorem 4, as

oo
K(x) j y=th(yt

)
= (XY)le
k(x) h(y) />\ﬂ.
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q,p (c., ), (b, B )
‘>5£?) = 2¥H ng P b qd q
, g+
p+q, gip (dq'éq)' (ap,ap )
provided that p 2 © q?, 0 and
- min min l-c
(dj/éj) < k< R( -=-1 ) ,
l<j<aq 1£j¢p L

2,422, Other representations of the Kernels of Theorem ¢,
may be obtained by using the operators of fractional

integration, Here, we mention some of them as under :

With the help of the results (1,19) and (1,20) and
using the convolution theorem C66, Th, 44, p. 60'] , We have,

by virtue of (2,26),

K(x) 1 dyby-dy, B f~ci,ai=c.,a; h(x)
) = |If Wl Bia) —W(t b R IR R ¥ Gy
x j=1 j=1 X" Th(x™)
and p | N
: q - By s B R ~
= (173 P] 3 5=1 ex=Llp(x-ly
k(X) j:zl e
—
where
CCJ- = le 1L = 1121 seee s P

ﬁj = Sj, J= 1, 2,4ees Q
Aj = l/djt j =1, 2, ¢ees P
BJ = l/gj' j = 1,2, sees q

and
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P e . q A

T (IY[J'“J'AJ ) amd T (z;qj:“j’ I
3=1 =

stands for operators

{'(Inl'al'Al) /7 ®ecesee 7 (Inplap'Ap ‘)]I

and
[(}g‘l’al’Al )I esvus0ee e I (KT(Q'aq,% )}

respectively,

000



