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C H A P T E R - III

ON MULTIVARIATE PROBABILITY 
DENSITY FUNCTIONS

3.1 We introduce here some new theoretical joint multivariate 
probability density functions for the set of r independent

JLUstochastic variables (X, .,.,X ). Ift each case the joint k n
■Li r

moment has been calculated. The special features of these new
pdfs are (i) each of them is a function of ^(1=1,2, .:.) and *
hence actually represents a family of pdfs and (ii) each of 
them is an implicit function whereby separation into individual * 
densities is not possible.

It is well known that if is a set of r random
variables their joint cumulative distribution function is defined 
as [32,ch. 8]

(3.1.1) F(t^ » • • • t^j.) s P 1 Xj^ t^ I a . a | Xr £ t^, J 

and that their joint pdf is given by
'

(3.1.2) f (tj^ ,... ,t^) 3 F(t^,... ,tr)/bt^.. .>btI| a

The function f(.*) so defined is everywhere non-negative and 
its integral over the entire range of variation of t^...tr 
equals unity i. e.
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Also, if k = k^ + ... ++ k , the joint kth moment of
Jm

(x^,,,,,xr) is defined as

(3,1.4) i ... I t 1 f(tx
j i

t^5 dt^, •. dtr •i • • • i

-6b - 'oo

The characteristic function (c,f,j of random variable has 
two-fold importance;
(i) it is an additional mathematical tool for studying the
mathematical behaviour of the raondom variable and (ii) since
the c.f. and its inversion are unique the random variable might 
be specified either by its pdf or its c.f.

The characteristic function of the set of random variables 
(X^,»..,Xr) which is governed by the pdf f(t1>.,.,tr) is defined 
as [13,p,69]

(3.1,5) 0 (w1

-CD-CD

in which H . represents the expectation and i = / -1 .

We now state without proof the inversion theorem of c.f
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Inversion Theorem

If 0(w^f...fwr) is the characteristic function of the set 
of random variables (X^,.,.,Xr) is the characteristic function 
of the set of random variables (X^,...,X ) with pdf f(t^.,tr) 
as defined by (3.1,5), then

(3.1.6)
op 00I r -i(t1w.+,,.+t w_)

J i e 1 ^(w-j^.^.w )dw1#..dw
(2n)r £ J' -00 —GO

“ t(tj , . . . , t^,) .

The theorem can be proved by using the following two
properties of the Diroc delta function 6(t) : 

oo oo
(i) J f(Y)6(x-Y)dY = f f(Y)6(Y-x)dy = f(x)

■oo 
and

•j 
• CD

(ii) -fe
f -i(x-a)

e dw = 6 (x-a)
•CD

3.2 Let us denote the integral (1.2.6) by I, and replace 
a by atlj , multiply both the sides by t22 (l-t2)^p£a’^(l-2t2) 
and integrate with respect to t2 from 0 to 1 to get I2» 
depeating, the same process (r-1) times we get

r V r Tj e (“.»)
(3.2.1)' Ir = J ... j ,TT[ tj (1-tj) Pk (1-2-t.j) ]

* Hp’q '(bq.Bq) ]dtl‘"dt3

1



= r (-l)k rp+k+l) r ip, n+2r
Hp+2r,q+2r

(**Y^,,h) , (ctp-Y^ih) , (ap,Ap)
a

(kq’Bq)» (a~Yr+k,h) , (-l_p-Yr-k,h} ■

\

where Re(B)>- 1, h>0, fc) 0, |arga|.< j tat

Re(Y. +1) + h min, [ Re b./B. ] > 0 (i =* 1', ...,r),
1 1 s', j 4 m

p(a^) bejLng -the Jacobi polynomial

Now taking limit Yj —* 0, the pdf can be formulated as

0 (M)
TT [U-tp Pk (l-2tj) ]

(3.1.2) f(tlff..,tr) « j-(-i)kr(p+k+i)
1

r

k:
Hm>n i'a(tr...t.)h j |VV ]
Hp,q L 1 1 1 <VBq> j

TTo »"h) i’r ’ {ja>ty r ap",Xp)'
H

■m,n+2r
p+2r,q+2r

a I *■ J y p j
. I (^q»Bq5»{(®*"k,h)f r'§.£(-l-0-kfh) JrJ

Taking the , pdf as in (3,2,2) we have after using the result 

(3.2.1)

1 } x h
(3.2.3) f ... | TT t. f(tlf...,t )dt,...dt

J j, issX J xo o J «

H,
m,n+2r 

p+2r,q+2r

r (•“'h) , (o-Y h) , (aD»A_) 
a j » r’ p. p ]

I. (bq?Bq)» (a.Yr+k,h) , (-.l-j3-Yr-k,h) J .

m,n+2r f"a i*^0,h^r, iXa»h)Ir> ^ap,Ap^ * q

Hp+2r,q+2r ! (bq,Bq), x(a+k,h)jr> K-l-0-k,h)lr J

em. mu.-..:
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V

This gives after substituting

moment defined in (3.1,4) 
^m,n+2r

(3,2.4) p+2r,q+2r

m,n+2r «
H ja
p+2r,q+2r;

l(o.h)jr,
i (W-

Yj = >r) the joint

as
, (a~kr,h) , (ap,Ap)
(cc-k +k,h) , (-l-g-k^-kjh)

— mJL

{(o.h){r. (ap,Ap)

^(a+k,n)jr, t(-l-P-k,h)ir

The conditions under which this result is valid are the same 

as'in (3,2,1) with Y. replaced by k. .
J J

Example 1 j In the pdf given by (3.2.2) if we toko 

m=l, n=0, p=l, cpl, Aj=l, B^*!, the H-function in numerator

becomes

1 
H,

• ° r /+ + ,h, (al’0 ] = g|'? [a(t ...t,)h| jjl ]
tl c “(v-’V i (b^i) 1,1 r. 1 1 bi

On using the identity

b i “l**bi +3 i
3l z ^d-z) 1 1
°1 \ —Gl!l (z 

we get

1,0
b. hb, h,-l-lq1+a1

ha, tt (t ...t,) • • i]) j ,
g ’ ( a(tr.„t,) |bx ) =------ ------------- i_------£------ ±-
1>1 r 1 lbl r(«i - bi)

Therefore the pdf can be femulated as
r P (ot,P)
TT [(1-tj) Pk (1-2^) ]

(3.2.6) f(tlt...,tr) = ——TTTTTnrP(a.-b ) r(-l)K (6+k+l) 
l k.' J
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b, hb h -l-b-.+a.
a i(tr...t1) 1 [l-a(tr.. .t^) ] 1 1
1,2r pa ^0'»**Srf iT’a,hT]r, (a^.lT -i

Hl+2r,l+2r [ I (bj.l), ftaS-k.h^.U-l-P-fc.hJt,, J
for O-^tj fir 1 

= O otherwise.

thIf K = + ... + kr> the joint k moment will be given by
l,2rHl+2r,l+2rf I(b^.X), (a-kr+kth) (-l-#-kr-k,h)(-k »h) (Qr-kr,h) (aJL,l)

(3.2.7)
Hn
l,2r [° |(o,h)}r f(a,h)Jr , (alfl)

l+2r,l+2r I (b-^1) {(<C+k,h)} r{(-l-£-k,h)} 

provided (kj+1) + h Re ^>0 (i = 1, ... r) .
!

3.3 Let us denote the integral (1.2.7) by 1^ and replace
u o v/2 nV/+ \

a by at2 , multiply both the sides by t2 (l-t2) 2^
and integrate with respect to t2 from 0 to 1 to get I2. 
Repeating the same process (r-1) times'we get 

1 1
f f r Y, 0 v/2 m,n

(3.3.1) Ir - j ... J TT [ t ] Hp>q
o o J J

(a_ ,A )

[
r h , (a .A )[•<V"V i (i’.b".

rt1-Y * h \( y. *r )

(-i)yr(i+^+k)
2V+1

ci h)
] r m,n+2r 

p+2r,q+2r

j B , , -Tr+k-» V .L<bq’Bq' ’ ( 2 ’ 2 '
(VV
(-l-yk-y2 ' 2 -
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provided h>0, *>0, jarga | < i Kn, pt 0, Re (Y. )>- 1,

Re(Yi) + h min [Re (bj/Bj) ] + 1 > 0 (i = 1............. r) and v
l*j4m

is positive integer. Taking limit as Y.. —* 0, the pdf 

formulated is *

(3.3.2) f(t,...........t) =

r 2 v/2
IT f (1-t.) P?(t.) -I

j=l L ' 3 M *3 J
(~i)v rd+v+k) ]r

. 2V+1P( 1-v+k) J
H.

m,ri 

P i^I

. ‘h (a_*An)a(V..ti)h | (bPiaP)

Hm,n+2r T VV

P+2r,q+2r [“ | (bq,Bq), {( , |)Jr;{ri=f* |

Now taking pdf (3.3.2) and using the result (3.3.1), we get 

1 1 r Y
(3.3.3) j ••• j itr)dti«-»dtr

fe) , cIe, ll) , (a„A )
. Hm,n+2r 

p+2r,q+2r
a

2’ 2 P P

(b
B , ,-yT+k-V h- , ,-l-lfr-K-k hl

q) q * ' 2 *2 ) * » 2 ij).

H1m ,n+2r 
p+2r, q+2r

Jt(l/2,h/2)}r £<o,h/2)}rj (ap,Ap)

(bq-Bq)' S^lr, & 12 ’?)|r -1

which gives after substituting Y. = k.(j=l,...,r) the K
i J J

th

moment as
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Hm,n+2r 
p+2r,q+2r

(3.3.4)

, “k-p h■ ^ » A ~f’2 ) » ^ap,Ap)

Hm,n+2r 
p+2r,q+2r.

{(1/2,h/2)}^ {(o,h/2)lrj (aplAp)
(b„,Bj, J(^, |)}r, l(-i=£* ,£)}

q q >2 1 r

The conditions of validity of this result are same as in
t

(3.3.1) with Tj replaced by .

Example i In the pdf given by (3.3,2), let m=l, n=0, p=l, 
q = 1, b l, = 1, the H-function in numerator becomes

Hl,l Ca(V*;tl^ I (bx, 1) ]

1,0 a-= Glfl [ ortty...^) |b^ ]
b, hb, h -l-b.+a,_ a 1(t ...t,) 1[l-a(t ...t1)h] 1 1

r(a, - b,)
Therefore the pdf can be formulated as

r a>/2 v{ s 1Pk<V 3
(3.3.5) f(tlt...,tr) = J---------------------r (a ~b) r (-i)vr<lwk> ir 

‘■2v+1P(l-aH-k) J
b, hb,a J'(tr...t1) 1[l-a(tr...t1)11]hn"l”bi+ai

H
l,2r

ll+2r,l+2r
a

i(l/2,h/2)jr, :<o,h/2)5r, (a^l)

-(b11i)1{(^,|)}r, [ri^=s, |)}
for o<t.{l 

0 otherwise.
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,thIf K = k^.,.+kr, the joint k moment will be given by

tjl ,2r 
l+2r,l+2r

) , r%. §> .

(b,,i>, t -Js=^r2i,5-) , (-1-vv-k ,h_ >j
(3.3.6)

H
1,2r f ,iU/2, h/2)} r, \(i,h/2HTt (ai-D
l-r2r. l-r2r

j a
L 1 Ovl), { (%3d,h )},, £(-1=^ h.) 22 • * r

provided (k^-rl) + h iMb^O (i - 1, ...J r).

3.4 By considering the integral (1.2,3) we are in a position 
to formulate the desired probability density function.

From (1,2.3) after taking limit as Y,. —* 1 (j = l,...,r), 
- the pdf formulated is

(3.4.1) f(t1>.,.,tr)

-1/2 m,n

S i in i— - — --- r ■ —   i        ~ ------- — * *   ■ - ■— —*-J*—   

^ nm,n+2r |*o |i(°»h)}r» f(~l/2,h)j-r, (ap»Ap)
p+2r,q+2r * vbq,J3q) , (-l/2~nr>h) , (-l/2+nr,h)j

i
Now taking the pdf (3.4,1) and using (1.2.8) we get

1r Y. -I
(3.4.2) ;jo J TT [ t.3 ] f(t1.... tr)dtr..dtro j=l J

• • •
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Hm,n+2r 
p+2r,q+2r a

(1-Yr,h) f (l/2-Yr,h) , (ap»Ap)

(bq,Bq)* (1/2"Yr”nr»h) » (l/2-Yr+nr,h)

^m ,n+2r 
p+2r,q+2r

l(o,h)ir,L(-l/2,h)}r, (apIAp) .
(b ,8 ), (-1/2-n ,h) , (-1/2-Hn ,h)
MM “ , A

This gives after substituting k3 " + h■1, the joint k moment
as

(3.4.3)

Hm,n+2r 
p+2r,q+2r

(-kr»h) , (—l/2-kr»h) »,(ap|Ap)

(bq,Bq)f (-l/2-kr-nr,h) , (-l/2-kr-*ir,h)

Hm,n+2r L ^°*h^r’ f(-V2,h)Jrl (ap,Ap) 
p+2r',q+2r[_ *(bq,Bq), (-l/2~nr,h) , (-l/2+nr,h)

The conditions of validity of this result are same as

(1.2.8) with Y. replaced by k, + 1 (j=l,...,r).
J J '

Example : In (3.4.1) if we take m=l, n=0, p=l, q=l, A^=l, 
B^=l, the H-functicn in numerator becomes

Hl,l[ a(tr..tr)h| Gi.it (tl—V |bx ] :

b, hb, h -l-bT+a,« A[ l-a(tr...t1)n] 1 A

r(8i - bx)
, I

Therefore the pdf can bo formulated as

\
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(3.4.4) f(tx......... tr) =

r -1/2 b, hb, . -l-b,+a,
Tnj(2tj-1) ]a 1(tr. ..t^). 1[l-a(tr...t1)h]

- . l,2r
\/’jl H

i l+2r,l+2r
a

^(o,h)}r>{(-l/2,h)}r, (alfl) ‘
i

(bx,1) , (-l/2-nr,h) •, (-l/2+nr,h)

for tj 1

= 0 otherwise.

thIf K = + ... +Kr, the joint K moment will be given by

(3.4.5)

l,2r [ |(-kr,h) , (-l/2-kr>h) , (alfl) (
Hl+2r,l+2rl_ '1(^,1), (-l/2-kr-nr,h) , (-l/2-kr+nr,h) j

H
l,2r

l+2r,l+2r

“f.

(b1,l), (-l/2-nrih) , (-l/'2+nr,h) _

with Re [(kj + 1)+ hbj_ ] > - 1, (i = l,...r).

3.5 Let us denote the integral (1.2.9) by I, end replace a 
by at2> multiply both the sides by te“ 2 Lk°~^t2^ anc* 

integrate with respecx to t2 from o to co to get Ig. Proceeding 

in the same manner we get

GO'
f T Yj t. (o )' m,n a )

... y urt e" JLk (t )]h ra t ...tj P,AP iJtr * 
J 3=1- J . ■ k 3 P.<?L r (b ,B )■ •«,

(3.5.1) Ir=
J
o q q

= [ lziik1rHm'n+2r [a I
L kl -1 Hp+2i;,q+r L 1

(-Yr,l) ’ , (ap’V

(bqlBq), (o--Yf+k,l) ]
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where |i£0, and \>0, |arga\ < ,
• b.ReCY, +ga)> - 1, (h=l....m), (j=l.... r) .

Hence from (3.5,1) on taking the limit as Y j -»0 the 
required pdf is

(3.5.2) f(tlf...,tr) - 3-1
r. -t^ (0“)

k .■ j.TfC e jLk it.) ]

k r
k:

Hp|q [“V”*! | (iyiy ]
^.ma* L f-UJr'U* ^r^pVhp+2r,q+r[ ‘(b .Bj,

q q \ (a- +k,l)}

for tj£,o (i=l',...r) ;
= otherwise. M

Now taking pdf’ (3.5,.2) and using the result ’3,i5.1) we have
oa oo( f r Yj

(3.5.3) ) ... i IT t f(t )dt,...dt
J ' / i=:i J 1 r 1 ■ 3
r\ J *

Hm,n+2rp+2r,q+r a
.(-Yr,l) t , C<r-Yr»1) ,, (ap»Ap)
(bqjBq), * (or-Yr+k;i)

fa A(o,l)}r, l(cr, l)Jr', () 
(bn»Br.) » l(<r+k»l)jHm,n+2r

P+2r,q+r r
,thThis gives after substituting Y. = k. the joint K momentJ J

in the form
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i

(3.5.4)

^n,n+2r 
p+2r,q+r

(-kr.l) . (o--kj.il) , (ap,Ap) 
(bq,Bq), (o--kr+k,l)

yjntn+2x 
p+2r,q+r

p.l)l ril(o; l)Jr, (ap,Ap) ■ 
° l(bq,Bq), l(tr+k,l)}r

The conditions under which this result is valid are same as
t

given in (3,5.1) with Y- replaced by k. .J <J
Example 1 : In the pdf given by (3,5,2) let 

m=l, n=0, p=0, Bx = 1, r = 2.

The H=function in the numarator reduces to

H
1,0 ;bi -°*it2Q|l [ atit2!(bi,l) ].= (atit2) e

Sc that the bivariate pdf can be formulated as
2-(t,+t9+at.t ) b, b, b, (<r) (o-)(k») e 1 2 1 2 a 1t1n21I.k (t^I^ ^2*

(3.5.5) f(tlft2)
“ I £L .fc" J 'J X I I "• I ^<1 [ “ 34»3 b^, i<T +k] 2

for t^,t2 > 0
= O otherwise.

.thThe k„ .moment is given as
1*4 f i ”^i'» “^2* °~”^2

(3.5.6) b^i ■ cr-kj+k, cr--k2+k
31*4 fa °3 2* 2 1
4*3 l br l<r+k‘J 2 J

i

*»
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Example 2 : In the pdf given by (3..5.2)1, take 
m = 1, n = 0, p = 0, q = 1, r = 1

The H-function in the numerator reduces to
in b, —at,n ’ [ at, ( ] = (at,) 1 e 1 .0,1 * (blfl) J 1

So that the pdf can be formulated as

, k -(l+a)t, b, b, (cr). (-1) kj e 1(at,) XL,, (t,)
(3.5.7) f(tx) 1,2 _ o, crG2,2 ^ a ‘ bi*cr+ k ^

for t, > 0

= 0 otherwise.

(3.5.8) 2’2

The moment is given by 
■j -k. * o -k,sH [ « I „1 _ i, ]b,, <r-k,+k

,1,2 o, crr a | ’ 12,2 L ' blfar+k J

3.6 Let us denote the integral-(1.2.10) by I^, multiply both 
the sides by e 2t2 2 yn^,a;t2^, replace a jby at2 and 

integrate with respect to t2 from 0 to oo to get I2. Repeating
i

the same process (r-1) times we get -
oo

(3.6.1) I
( ( r -t. Y.-l

t = J - j jS [eJV YnU.^)o
m,n„u rat. t I aP,AP^ ]dt,...dt .

xHp,q t “**—*1 I (bqlBq) 1 1

f 57



= Hm,n+2r a
(1+n-Y ,1) , (2-Y-n-a,1) ,(a ,A)P' P
(bq,Bq), (2-Tr-a,l).p+2r#q+r

where. RefYpHnin*b^/B^) )0 (j»l,...,m)(i=l,...,r)

K%Jargaj < ^ K > 0, ]i < 0 .
Taking limit as Y. —^ 1, the pdf formulated is•J

(3.6.2) f(tx....tr)

r -t. m,n .(a ,A ) it 6 HP,q [ “V”*! l(b!.Bj 3
q q'

m,n+2r *p^ 4*C(n»1 )J ^» ^(l-n-a,!)} r> (ap»Ap)
Hp+2r

,q+r I (bq»Bq), ^(l-a,l)^

for t. 0
= O otherwise.

Now taking pdf (3.6.2) and using (3.6.1) we have

(3.6.3)
00 00 v
( r r j-1 ,| TT t. f(t,,.../ J j=i J x tr)dti. ..dt3

H
m,n+2r
1 „ p+2r,q+r

a (l+n-Yr,l) , (2-Yr-n-a,l) ,(ap,Ap) 
(bq,Bq), (2-Yr-a,l)

Hm,n+2r p+2r,q+r
tf(n,l)}r » {(l-n-a,l)J , (a ,A )a|(b.B^.hW)}r

This gives after substituting Yj = kj + 1 the joint kth

moment as
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I

m,n+2r I* i ^n-kril) » (l-kr-n-a,l) ,
Hp+2r,q+r L I (kq»Bq) ' (l-kr-3*1)
m,n+2r T r(n,l)}r> t(l-n-a,l)}r, (ap,Ap)-j

^p+2r,q*r L ^q,Bqy’ » ^ (l-afl)j r J

(a ,A ) 
P P ]

The conditions under which (3.6.4) is valid are same as that 
of (3.6.1) with Y. replaced by k. + 1.

' J J

Example 1 ; In the pdf given by (3.6.2) let r = 2, m = 1, 
n = 0, p = 0, q = 1, B^ = 1, then the H-function,in 

numerator becomes1.0 „ bl-at,t
Hq,! [“ Valdai) ] = (“Va* 6

so that the bivariate pdf is given by

(3.6.5) f(tx,t2) =

b. b, -(tT+t.+at.t,,)
a 1(t1t2) 1e 12 12 Yn(l,a,t1)Yn(l,a;t2)
1,4 I’ |inl2 > i1"11-3? 2 n 

34,3 [ * bl* U-a}2 I

for tj^ i t2 p 0
= 0 otherwise,

th• From (3.6.4) the k“ moment is given as
1,4 r | n-ki* n-k2- 1-k2-”-a -|

G4,3 L I bx. 1-^-a, l-k2-a J
(3.6.6) i,4 r ,in>2’ C1-"-3} 2" n 

G4,3 L I bl* i1"3] 2 J
/

Example 2 : Let r = 1, m = 1, n = 0, p = 0, q = 1, B. =1,
Jm

\
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From (3.6.4)

(3.6.7) f(t.)” i.

-t,(l+a) b, e 1 (at^) 1Yn(l,,a;t^)
n, 1-n-a

G- ’ - f a I b., 1-a1,2*
- J2,2

(3.6.8)

=' O * otherwise.

And the moment is given by

1,2. r . rn-ki’ ■ 1-krn-31
. G2,2 L I bl > i-V3 J

1,2 n,‘ 1-n-aG o f a • b,, ’1-a ^ | ^ 1

for tji O

3.7 By direct evaluation we get 
oof 7 -1 -t, m,n h

(3.7.1) I, - J V . 1 Hptq [rtx-1 -t, m,n h (a ,A)P P ] dt.(b ,B ) J i 1q q
m,n+l a (1-Yjl,h), (ap,Ap)
P+l.q 1 (\ Bq )

provided Y, + min Re ( b./B.) ^ 0, (i=l,...,m) .andJL « X JL 1
p qu 5 s A. - 2 B. ^ 0, h is positive number.j=l 3 3=1 3

i.
Now replace a by at2 in (3.7.1), multiply b6th the sides by 
Y«-l-t„

t2 e and integrate with respoct to t2 from O to gd to get 
I2« Proceeding in this way we get
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(3.7.2) I J
CO 7.-1 .

... / it {t/ : jj H
m,n

p.q

h .(a ,A )
,B ) 

q q

m,n•kt J* . (1-Yr,h) , (ap,Ap)
= H i ® 1

[■“v-v 1^1*1

p+r,q L 5 (bq, Bq) 

provided Yj + min Re(bi/B^)> O, (i=l, ...,m)(3=1,..,,r) 

. p. 4 °» h positive number.

Hence from (3.7.2) we formulate the pdf as

inivvj] H”;" [a(v..-t1)h 1 ;v>; ]
(3.7.3) f(tx......... tr) = „,,n+rr .(l-T^h) , (a ,A )

' Vr’q L ' <»„• V

j^ 0* (j^J-*•••

= 0 otherwise *.
*

1

The characteristic function for pdf (3*7.3), by using (3.7.2) 

is given by
00 00
f \ r iw t.

(3.7.4) 0(w^,.,. ,w^) — I ... J ^IT e ^ ^f(tj,... ,tj«)dtj^...dtj.

m,n+r
H

P+r,q

^ I(1-Y2fh) »(3p»Ap)

IT (l-iw.)h ■ (b ,B ) 
j=I J q q

.r „ Y. m,n+rTT [1-iw.] % . 
j=l 3J p+r,q

(1-Yr,h)f(a A )
•I <vv ^ I •
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Example 1 : In the pdf given by (3.7.3), let
• r - 2, m = 1, n = 0, p = 0, q = 1, =1 .

\ «

The H-function in numerator becomes
,h

H,
1,0 r h - b, hb, -a(t,t~)** f «7 + + ^ I . . i = r, 1 ' • ' 1 - 12[l ^ “^lV Ub,,!) ^ = a (tlV e

_h. h'
So that yye have the birariate pdf

bl+Yl,+hbl-1 +Y2+hbl“1 “(t1+t2+atit2 )
Cfc Xj^ X^ 6

H - a2,1 L
(3.7.5) f(trt2) =

I (bpl >
for t^, t2 y 0

0 otherwise.

And the characteristic function is
1. ____

H,
(3.7.6) 0(wlfw2) =

,2 r ...a |(l-Y1,h),(l-Y2,h)‘|
,ll(l-iwJL)h(l-.iv^?1 * (blfl) -1

Y, Y„ 1,2 7U.Yrh),(l.Y2,h)
[1-iwJ X[l-iw2] 2 H2>1 L a (b1#l)

Example 2 : ‘ Let r = 1, m = 1, n = 0, p = O, q=l, B, 

The H-function in numerator becomes

H.
1,0 b, hb, -at.,u r «+h \ - -i- „ 1+ 1 Z l,i [ ati 1

so that we have the pdf



(3.7.7) f(tx)
e
-ath1

11
Hi,i t « ' 3

i i

And the characteristic function is '

(3,7.8) 0(wx)*

m r a .
L (l-iw^)

h 1,1
l>iwlj Hl,l

| U-?i,h)
h I (blfl)

L l(b1,l)


