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CHAPTER -~ III

ON MULTIVARIATE PROBABILITY
DENSITY FUNCTIONS

3.1 We introduce here some naw theoretical jcint multivariate
probability density functions for-the set of r independent
stochastic variables (xl’...,xr). In e?ch case the joint Kth
moment has been calculated, The special features of these new
pdfs are (i) each of them is a function of r(r=l1,2, .;;) and
hence actually represents a family of pdfs and (ii) each of
them is an implicit function whereby separation into individual

densities is not possible.

It is well known that if xl....,x " is a set of r random

T
variables their joint cumulative distribution function is defined

as [32,ch,8]

Ly

(3.101) F(tl,-.o,tr) = Pi x1$. tl; seey xrstr} ,

and that their joint pdf is given by
(3.1,2)  £(t,0mesty) = BTF(tg,0at, b )AL LDE,

The function f(.) so defined is everywhere non-negative and

its integral over the entire range of variation of tl...tr

equals unity i.e,
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® op ‘
(3.103) ,( XX |;' f(tl’-... ,tr)dtlloo dtr = l .
- ® -0

Also, if k = k; + ... + k, the joint k*®  moment of
(xl,...,xr) is defined as

@ 8.0

T >
(301.4) f e +

-0 - 00

k
1 r
l e r f(tl|oo. str)dt ldtr .

o oo

1°*°

The characteristic function (c,f.) of random variable has
two-fold importance:
(i) it is an édditional mathematical tool for studying the
mathematical bahavibur of the raondom variable and (ii) since

the c.f. and its inversion are unique the random variable might

be specified either by its pdf or its c.f.

The characteristic function of the set of random variables

(Xl,...,Xr) which is governed by the pdf f(tl,...,tr) is defined
as [13,p.69]

ey s + x )
(3.15) # (wpyeey) =5 {8 L2 T T T

T F i( +w_t_)
' { J- w o..
= ' eee |} l 1 r’r
-~ v’ u’ f(tl’.‘.tr)dtl..dtr
-0 -0

in which E . represents the expectation and i =/ -1 .

We now state without proof the inversion theorem of c.f.



(3.1.6)
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Inversion Theorem

If ¢(wl,...,wi) is the characteristic function of the set
of random variables (Xl....,xr) is the characteristic function
of the set of random variables (X;,...,X_) with pdf f£(t;,...,t.),
as defined by (3,1.,5), then

ao
[ad r - , ,
1 { ' -l(tlw s .+'trwr)
(2n)r ') ve e ! e ¢(Wl,...w )dwl...dwr
- Q0 -

f(t110°i!tr) .

The theorem can be proved by using the following two
properties of the Diroc delta function s(t) :

o o]
(1) ) fslxyiay = [ £(y)sly-x)dy = £(x)
and. -
(0] .
(ii) ‘%E ‘; e 1(x a)dw = G(X-a) .

3.2 Let us denote the 1ntegral (1.2, 6) by I, and replace
a by atg y multiply both the sides by t22 (l-t )B (a’B)(l 2t2)
and integrate with respect to t2 from O to 1 to get 12.

depeating the same process (r-l1) times we get
' 11

. _ T
(3.2, 1= [ ..
o o]

T Yy 8 (a,B)
Tty (1-ty) Py (1-2t4) ]

(a5,A,)

X 2,: [a(t ".tl) (b Bp) ]dt l-odt .

—— =

.
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- L. (-1)% P (B+it1) T b, m2r
ki p+2r, gt2r

’r- f("'yr’h) ’ (“"Yrsh) ' (avap) -
i a
|

(quBq) ’ (G—Yr""k,h) ] .(-l-B‘.Yr-k'hi‘ v ‘

where Re(B)>» - 1, h} 0, A) O, largaL(%—M\:,‘ p£LO,

Re(Y, + 1) + h min. [ Re b,/B, O(i=1, ...
(Y # 1) + bmin. [ Re by/B; 150 (4 =1, ..03),
PI(C“'B ) being the Jacobi polynomial

New taking limit v,

j — 0O, the pdf can be formulated as

T B (a,B)
}11[(l-tj) P (1-2tj) ]

(3.1.2) f(tl,,...,tr) = "(-l)KP(IJ'Pk'Fl)-"r
L k! -
m,n | toaot h (ap:A )
' Hpvq LCC( T l) { (bq,BZ) ]

‘m,n+2r o {(0’}{)31" {lehlf Gp’xﬁ) c
Hosar, qr2r L | (bgrBQ)  flatk,h)f - §(-1-6-k,h) 1 |

Taking the . pdf as in (3,2,2) we have after using the result

(3.2,1)
) Y

L P Vs
(302.3) )*r Ll W J . tj f(tl,oo. ,tr)dtlo.-dtr
o o' =1
p2r,qt2r | H(bg,B ), (e-Yptk,h) , (=1-B=Y~k,h)
a ’ , ’ >
1'11:;+2:c,q+21:' | (bq’Bq) , L(ai-lc,h)jr’ t(~1-8-k,h)} . k
G DALEG. ol LB

8YVAJI UkilvEsia ¥ PRERTT N2
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This gives after substituting Y, = kj(j=l,...,r) the joint

j
kth moment defined in (3.1,4) as
guni2r [ (=kp,h) 5 (a-kp,h) , (a,A)
(3.2.4) ptar,qrer _ 1 (bgBo),  (a-k tk,h) (- 1-3 k _=k,h)
s h>}r, fan)i,, (a,A)
H |a .
pH2r, qH2T | _ } (bysBy)s {(atk,p)i s $(-1-B-k,h) 3, i]

The conditions under which this result is valid are the same

as'in (3,2,1) with Yj replaced by kj

Example 1 : In the pdf given by (3.2.2) if we Lako
'w=1l, n=0, p=l, ¢=1, A;=l, B;=l, the H-function in numerator

becomes

Lo
1,0 h (a;,1) h,a
Hy'p [ et ty) | (Zl 4= 8 [e(tpeet) ) ]

On using the identity

b -1=b,+a

(L0 a; | _ z H(1-z) 171 ,

l 1 (Z ’bl - r'(al-bl)
we get

b hb, h,-l-k +a
l(t ces l) [l—a(t cee l) ] 'l 1
G D (altgenty) |b = I
r(al - bl)

Therefore the pdf can be formulated as

TTl [(1-t)) P( %1-2tﬂ) ]

. J=

(3.2.6) £(ty,eerty) = Pay-by) [( -1)% (a+k+l)]
kl
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b hb h =l-b.+a
1 - 171
q (tr' ..tl) l [l"a( tr- . ttl) _'

SR TC R ChD) P Ao P G
H1+2r,1+2:.~ l_ (bl,l), {(m+k,h)}r,{(-1-8-k,h)ir ]

for o.g_.tj s 1

= 0 otherwise.

If K=k +...+k, the joint k™ moment will be given by
1,2r < ("‘kr’h) ’ (Of"kr:h) ’ (alvl)
Hl+2r,l+2r(r (b),1),  (a-k +k,h) (ul-ﬁ-kr-k,h)]
3,2,7) SIS T I e me e s - - -
( )Hl’z” [ i(o,h)}, t(e,n)], , (a,1)
[+ .
142z, 1+2x (by,1) {(a+kyh)} {(-1-B-k,h)}

provided (ki+1) + h Re b; >0 (i=1, +o. 1) .

3.3 Let us denote the integral (1,2.7) by I, and replace

9)”/2 PY(t

) Y
a by atg , multiply both the sides by t22 (l-t2‘ 2)

and integrate with respect to t, from O to 1 to get I,.

Repeating the same process (r-1) times 'we get

1 1
[ T Y, v/2 m,n
= J(1-t2 4
(3.3.1) I.= | ... 'f ;21 [ tj (1-t5)  P(ty) ] Hy g
o o
i h,(a ,A)
[a(‘trco ltl) ‘ bZ,BZ) dtl. ..dtI.] .

(-1)7 [ (L4wk) 9 mom2r
= [2” T f‘(l-v-!-kT p+2r,qgtlr
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provided h>0, A>0, larga|< § A%, B¢ O, Re (1,))- 1,

Re(Y;) + hmin  [Re (b3/Bj) 1+ 150 (i=1, ..., 7) and
l$3$m .

is positive integer. Taking limit as Yj —3 O, the pdf

formulateg is '

T - z)v/Q vy
IT [ (1-t,) | P (¢,
(3.3.2) £(t),e00,t) = j=1 ) I; i’ ]
[(-l)” 1" L+v+k)
2l 1 p4k)
m,n ‘h . (2 A )
H a(t e.ot,) p' P
P,q [ et ] (b By

m n+,;r r {(1/2,n/2)3, §(0,n/2)} . (8 4A)
H ’ ‘ ’ e jum |
s L PN S Y

Now taking pdf (3.3.2) and using the result (3.3.1), we get
1 1 '
[ & 43
(3'3.3) [ PR jn‘=l tj f(tl,ooo :tr)dtl:o'dtr
o 0

h -Y
P (""2‘"}': i‘) ’ ( ..-.g., %) , (ap,Ap) s

SYptkey oy 1-Tp~v=-k ]
,Bq ) ] 2 ] 2 ) I} ( —""'"""——I 2 ,2

Hm,n+2r
p+2r,qt2r

. - [(1/2,0/2), L0h/2)} . (3 A) _l

04
2 ’ 2 ) - e Y
: PEmarEr g (bq-By? s i(“"kzv’ %)}r, L lz_v"'&"}él‘)}r ‘l

which gives after substituting Yj = kj(j=l,...,r) the Kth

moment as



Hm,n+2r l
proz,aver | (b B, (TR

- v vl v

W, b/2)} , Woun/2)), (a,A)
mynk2r h Lk b
p+2r,qt2r, '(b B ), 5(""‘2’ )}r {( i mall )}r

(3.1'3.4)

The conditions of validity of this result are same as in

(3.3.1) with Yj replaced by kj .

*

Example : In the p@f givén by (3.3,2), let m=l, n=0, p=1,

" q =1, A, =1, B, = 1, the H-function in numerator becomes
( l)
l [a(t .n.t ) ‘(b l) ]
1,0 . al

Gp,p [ altpeeet; ) b ]

b -1-b,+a
C\’. l(trn-.tl). l[l—a(tr...tl)h} l l

f‘(a1 - b;)

" Therefore the pdf can be formulated as

o [(1 tz)m () T

(- l) 7 (L++k)
I (a;~b,)
l l [2'V+l i) (l—?)'l'k) ]

(3'305) f(tl"" ,'tr) =

b hb -l-b.+a
1,.° 1 h 1'°1
a (trocotl) [1-a(tr°"tl) ]

1,21 { (1/2,0/2)} _, i(o.h/2)}_, (ay,1)
L4 4

H
1+2r,1+2r

Loy, 0 2B}, (s, By |

for ostjgl
= O otherwise.



If K= kl"' kr' the joint {th moment will be given by

- -k
- (Seay, P D T
Hl,2r a ' . |
1+2r,1+2r ! kol —lak.~v-
TR e, (TEEER (2T ny
(3.3.6) 2 2 2

t

1,2r M 1172, h/2)} L, (o, h/2}3y, (aprl)
Hl—.—2r,l-:-2r L ]

l(bl,n LES20F, Tk g |

provided (kivl) + h Rc(bl))vO (i =1, o) 1)

L

3.4 By considering the integral (1.2,8) we are in a position

to formulate the desired probability density function.

From (1,2.8) after taking limit as Yj ~1(ij=1,...,1),
- the pdf formulated is

(3.4.1)  £(t;,000,t)

I
T 12 m,n (2 A
}Tl [(1=ty) . Tny(2ts-1)] Hp,q[a(tl"' l(b )i
vF pantar flomb, H-1/2,m)F, (a5.4) . -

144
p+2 2 i
g q*' r‘ \bq!Bq), (-1/2"'nr’hl ’ ( l/zmr’h),l

Now taking the pof (3.4.1) and using (1.2.8) we get
1 1
r ’ T 'Yj..
s TT [ t-
o j=1 J

(3.4.2)

e

OJ‘ f(tlgvnc ’tr)dtl.‘.dtr
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M ynk2T « ‘PP
p+2r,qt2r L (bq,Bq), (1/2-vr—nr,h) , (1/'2_7r

e

Won)Y 1o H-1/2,0)} s (2 4A)) o j
(bquq)’ (-l/2-nr,h)., (-l/2+nr,h)

(l"Yr:h) ’ (1/2—Yr,ﬁ) » (@A) N
+ny1h)

Hm,n+2r
p+2r,q+2r

This gives after substituting kj = Yj-l, the joint kP moment

as , ) ' ‘
2T [“ l (<kpsh) - (-1/2-k;,h) |, (a;.A))
pt+2r,qi2r (bq’Bq) . (_1/2..kr-nr,h) ’ (-llz—kr"ﬂr;h) )

(3.4.3)=

—— -—
e | f(o.h)}r. 1(-1/2,n)} 1, (aA) |
p+2r',q+2rL (bq:Bq) ’ ("1/2"'“1.91'1) ’ (-l/2+nr’h)

The conditions cf validity of this result are same as

(1.2.8) with v, replaced by kg + 1 (3=1,000,1).

’

Example : In (3.4.1) if we take m=l, n=0, p=l, g=1, A;=l,

Bl=l, the H-functicn in numerator becomes

1,0 (a,,1) 1,0 h 21
h 1 =0 a (t seel ) .
b hb -l-b,+a
1 Nt h 1'°1
a (tr...tl’ [ l"‘a:(tr...-tl) ]

W g AV - e

Y—'(al - bl)

Therefore the pdf can be formulated as

w2
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,(30404) f(tl,-.. ,tr) = '

T -1/2 by . hby p -1-byta;
}Zl[(l'tj{ Tp3(2t-D e “(teeety) T[1-a(tp..at))”]
) —~ . 1,2r .~ {(o’h)}r!{(-l/zpﬁ)}r, (a,lgl) :
v H | « .
! l+2r,l+2rL '(bl'l) , (_l/z_nr’h) Y (-l/2+nr,h) 4]

for o-\{.'l'.j £1

= 0 otherwise.

If K= Kl + ave +Kr’ the joint Kth moment will be given by

1,2r [G l("kr’h) ’ (-1/2"‘krsh) ’ (al’l) —l
Mlsar,142el b 1), (<1/2-k ~n_sh) . (=1/2-kgnh) |

(3.4.5)

H
1+2r,1+2r

1,2r { f(ovh)}rfi("l/z’h)}rs (3_1 ,1) J
(¢4
(bl!l) ’ (“l/z—nr;h) ] (-l/'2+nr,h) J

with Re [(k, + 1)+ hb; ] y -1, (i =1,...1).

3.5 Let us denote the integral (1,2,9) by I, end replace a

Ty _t
by at multiply both the sides by t22 e~ 2 Ll(cc_)(t and

2’ 2)
integrate with respect to 1;2 fram o tc ©to get 12. Proceeding
in the same manner wé get
o Y

(3.5.1) I= _{

o

t. (0 ) m,n ’ (a A
- J y
JTTrt e‘ Ly (tj)]Hp,q[“ toeeaty) (bZ’B

ok._,,...‘

(—l)k r m,n+2r [d, l('Yril) "(O--YI’]:) ’ (a'p!Ap) ]

=[5~ ]H
kil FJ+2::',q+r L (bq,Bq) , (o--'rr.+k,1)
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where P40, and AHO, {argal £ Z% '

© by .
Re(Yj +-B-r-l-)> -1, (h=1,...,m), (j=1,...,T) .

Hence from (3,5.1) on taking the limit as Y]. -0 the

required pdf is
) r, =t, (o)

T e L, (t5) ]
(3.5.2) £(t;,0eu,t,) = IZF e

[ (_1),1( I

—_— ]

ki

' ' (a_,A)
m,n p*Ao
‘Hp,q [at'tro..tl ' (bq’Bq)
' HY 2T [“ l{(o'l)}r’{("’ WM. '(ap’Ap)::]
(bq,Bq), (o +k,1)}

pt+2r,qtr

for tjz,o (i=1,...1) "

= otherwise. '

Now taking pdf (3.5.2) and using the result '3.5,1) we have

o @ ¥
(3.5.3) } ( ¥r t j’(t
5. el I B HEpeeet)dt dty
(o] o) '

-~ v
Hm,n+2r o i("Yr’l) ? (c'-Yr,l) ) (ap,Ap) "
p+2r,qgtr ’(bq’Bq)’ ‘(o =Y. +k,1) | i

' F Mo, l)F L, Loy DY (a.AL)
Hm,n+2:r: a l .
This gives after substituting ‘Yj = kj the joint KJCh moment

in the form
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Hm.n+2r o ’('krvl) ’ (o'--kr.l) ’ (ap,Ap)
p+2r,qtr L (bq,Bq), (0=k +k,1)

(345.4)

goont2r [ r(°'1)1 1o D (a0A)
p+2r,qtr |.% (bq,Bq), {(o+k,1)} .

The conditions under which this result is valid are same as

given in (3.5,1) with v, replaced by k

J j°

Example 1 : In the pdf given by (3,5.2) let
m=1, n=0, p=0, Bl =1, r=2,

The H=function in the numarator reduces to

l 0 1 a.tlt2
[ cr.tltm(bl,l) 1= (atltz)

Sc that the bivariate pdf can be formulated as

- t b b, (o)
5 D P 7

(3.5.5) £(t,,t,) = -
172 1,4 [ o !i‘o}z, {o) 2

4,3 by, 1o +k] , ]
for t

G

l't2 > 0

= O otherwise,

The kth moment is given as
61'4 [“} =kyy =kys o=k;, 0=k, ] )
(3.5.6) 4.3 bys; o==k,+k, o=k, *k
.l 4r '{oiz. tol, }
b, fo+k},
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Example 2 : In the pdf given by (3.5.2), take
m=1l,n=0,p=0,qg=1, r=1

The H-function in the numerator reduces to
b, ~at
0,1 . (bl’l) )

So that the pdf can be formulated as

k =(1 t b
(=1) k¢ e( +e) l(atl) lq lLio-)1tl)

(3.5.7) f(tl) =T 1,2 "o, o _

G Q| ]
2,2 [ biso+ k

for tl >0
= 0O otherwise.

The moment is given by

3.6 Let us denote the integral.(1,2.10) by I;, multiply both

. -t, 1,1 .
the sides by e 2t2 2 Yh(l,a,t

2), replace o Py at, and
integrate with respect to t2 from O to @ to get IL,. Repeating

the same process (r-1) times we get

f Jr r -tj Yj-l ( )
= v e “t.,Y Y (l,a;t,
(3.6.1) I, 3 [ 55 Yp(lhast,

m
p"p° ]dt....dt



(l+n-Yr,l) ’ (2-'Yr-n-a,l) !(ap!Ap)
(byiBg)y (2-7=2,1) J

where. Re(Yimin'bj/Bj) 20 (§=1,.0.,m)(i=1,...,T)

m,n+2r
H a
.p+2I‘ I q+r

|arga|<g—n, A>»O0, pgO.

Taking limit as ‘Yj -~ 1, the pdf formulated is

(3.6.2) £(t;see0,t))

T --1:j m,n -
T[e Yn(l,a;'tj)] H Gt iesoty !

(a_,A))
j=1 Pyq * P

(bgsBy)

m,n+2r ° {(nsl)j—r, {(1-n-a,1)} o (ap,Ap)
H o
p+2r, qtr [ (bq,Bq) ,» $(1-a,1) 3 . ]

for tj?' 0
= O otherwise.

Now taking pdf (3.6.2) and using (3.6.1) we have

. @ @ Y
T j=1
(3.6.3) e | T (e t)dt L dt
o o 7
m,n+2r "(l+n—'¥r,l) ’ (Z‘Yr'n‘a)l) :(ap’Ap) —i
a
Hp+2r,q+r (bq,Bq), (2-Yr-a,l) J

m,n+2r {(n’l)}r ] {(l"n"a!l)}r, (aptAp)
H a 1
p+2r, gkr (bquq) ’ {(l“a,l)lr J

This gives after substituting Y; = k; + 1 the joint kth

moment as

42
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m,n+2r [ (n-k, 1) , (1-k rh=a,1) , (ap,Ap)1
H (by B ), (1-k_-a,1)
(3.6.4) —Dr2Ea QT
m,n+2r r (n, l)} , L(l-n—a l)Jr. (a5:A5) 7
Hovar,qre L 1(buB 3, (-8, 1) | ]

The conditions under which (3.6.4) is valid are same as that
of (3.6,1) with Y; replaced by kj + L.

Example 1 : 1In the paf given by (3.6.2) let r=2, m= 1,
n=0,p=0,qg=1, Bl = 1, then the H-function, in

numerator becomes

1 0 l—atlt2

Ho,1 [ t1tal(p 1) 1= (atyt)) e '
so that the bivariate pdf is given by

b

b, -(t,+t.+at,t
o l(tltz) le 1 "2 1

)
2 Y (1,3,t))Y (1,a;t,)

(3.6.5) £(t;,t,) = - PR sy
5a | by, il-aj, }
for tl, t2>0
= 0O otherwise.

.From (3,6.4) the ko

1,4 [ l kl’ n-kz, 1- kl-n-a, l-k2—n-a ]
b

moment is given as

G

4.3 1-k,-a, l-k.-a

(3.6.6) ' . 2 :
"L4 . {njz,glqhq}z -
u4,3 bl’ 1‘_1-31 2 J

!

Example 2 : Llet r=1, m=1,n=0,p =0, g = l, B, = 1.
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From (3.6.4)

~t, (1+a) b
e 1 (aty) Ty (1,85

(3.6.7) £(t;) = -—1,2 Eram e for t; O
.G2’2 l b ’ l"'a ]

O Yotherwise,

And the moment is given by

A

ik el -1."‘1'“'3] !
1

W b, , 1-k;-a
(3.6.8) =
‘ 1,2 !n, l-n-a ] -
G a '
f 2’2 b 'l-a

3.7 By direct evaluation we get

los)
Y,~-1 ~t, m,n h ( A )

.7 = {t,t el

(3.7.1) I i- 1 e Hp q a 1 | (b B ) ]

m,n+1 o (l"Yl !h) ’ (ap 9Ap)

H
p ,q (bq’ q )

provided Y, + min Re ( bi/Bi) ? 0, (i=1,...,m) .and

q
b = E A, - 2 B, £ 0, h is positive number,

Now replace o by ot} in (3.7.1), multiply bsth the sides by
—l-t
t22 and integrate with respoct to t, from O to ® to get

12. Proceeding in this way we get



5 o 3=  pig

Ag)

L,a(tr:..tl) ,(b ,B )

m,ne [ (1-v,,h) , (ap.ﬁp)
p+rsQL ! (bq’ Bq) ]

]dtl ceodt

provided ¥, + min Re(b, /8;)> 0, (i=1, ..u,m)(3=1,0..,T)

p£ 0, h positive rumber,

Hence from (3.7.2) we formulate the pdf as

r Ys -l t m,n
--1 Psq

F

nr A
T [t7 531 [a(t sty ](a p)

(bgsBy)

|
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(3!71:?) f(tl"."tr) = H ,n+1‘ a (l'ﬁﬂr,h) ] (ap’Ap)
p+r!q [ ! (b ] B )
°q q

J

for tj> 0, (j=lyees,r) .

O otherwise

The characteristic functioﬁ fecr
is given by

(o 4]

_ ((p f T le j
(307'4) ¢(wl’000:wr) e ; ---j j;l_'r e f(tl’o..,t )dtl .odt

o o
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In the pdf given by (3.7.3), let

-

The H-function in numerator becomes
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And the characteristic function is
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Example 2 :
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