CHAPTER 1

DEFINITIONS AND STATEMENT OF KNOWN RESULTS

ABSTRACT

In this introductory Chapter 1 we state the several
definitions which we are going to use during the course of
investigation. The 1list of relevant references is cited at the

end of the chapter.



SOME DEFINITIONS

Definition : Let U= { z : 2z is a complex number and |z| < 1 }

Definition : A complex valued function £(z) is holomorphic in a
domain D in the complex plane if it is differentiable at each and

every point of the domain D.

Definition : A function f(z) holomorphic in some domain D is said

to be univalent in D if f(z;) = f(z,) implies 2z, = z, for all 24,
2, in D.
Definition : A domain containing the origin is said to ke

starlike with respect to the origin if the join of any point in
the domain and origin lies completely in that domain. Starlike

with respect to the origin will be refered to as simply starlike.

Definition : Let S denote the class of all functions f(z), which

are holomorphic and univalent in U and normalized by £(0) = 0 and

£'(0) = 1.

Definition : Let f(z) be holomorphic at z = 0 and satisfy

f(0) = 0 and £'(0) ¥ O there. Then the radius of univalence is
defined to be the 1largest value of r such that f(2) is

holomorphic and univalent for |z| < r.

Definition : Let f(z) be holomorphic at z = 0 and satisfy

f(0) = 0 and £'(0) ¥ 0. Let ) be a real number satisfying
0 < A < 1. Then the radius of starlikeness of order ) , denoted
by S,X is defined to be the largest value of r such that f(z) is

holomorphic and Re { z f'(z) / f(z) } > A\ ; for |z| < r.



Definition : Let f(z) be holomorphic at z = 0 and satisfy f(0)=0

and f'(0) # 0. Let ) be a real number satisfying 0 < ) <1l. The
radius of convexity of order ) , denoted by KA , is defined to
be the largest value of r such that f(z) is holomorphic and

Re { 1 + 2f"(z)/f'(z) } > ) , for |z| < r.

Definition :

n
Let P(z)=am(z - z;) be a polynomial of degree n, where n is a
k=1

positive integer, all of whose zeros lie outside or on the unit
circle. We denote the set of all such polynomials by Q(z).
For starlike and convex functions we make use of the

following definitions.

Definition : Suppose f(z) is holomorphic in U and

f(0) = 0 and f£'(0) = 1, then f(z) € s* if and only if

Re{ zf'(z)/f(z) } > 0, for z € U.

Definition : Suppose f(z) is holomorphic in U and

£(0)

0 and £'(0) = 1. Then f(z) € K, K denotes the family of
convex functions if and only if

Re{l + zf"(z)/f'(z) } > 0, for z € U.

Definition : A function f(z) € S is close-to-convex with respect

to the convex function el¢ g(z), where g(z) € K, and 0 £ «a <27 if

Re { f'(z) / eY* g'(z)} > 0, for z € U. We denote by C, the

subclass of S of close-to-convex functions.



Definition : Let f(z) be holomorphic at z = 0 and satisfy

£(0) = 0 and f'(0) ¥+ 0. Then the radius of close~-to-convexity is
defined to be the largest value of r such that f(z) 1is

holomorphic and close-to-convex for |z| < r.

We note that the function satisfying the close-to-
convex condition, the starlike condition or the convex condition

is univalent.

The following is the result due to Kaplan (6] for the
close-to-convex function, which 1is often considered as the

definition of close-to-convex function.

Result : Supposse f(z) is holomorphic in U, f'(z) $ 0 (zeU),

£(0)

0 and £f'(0) = 1. Then f(2) € C if and only if
e
2
z f"(2) .
Re { 1+ ——— } de > -1, ( z = rel®

£'(z)
8,

for any r, 8, and 8,5, O<r<l, and © €8y < 8, £ 8y + 27

Note: We observe that the following is the inclusion relationship

that holds good for the family of functions, K,S*,C, S;

K Cs* Cc Cs
Definjtion : A subset “A' of linear space L is convex if and only
if for all pairs of points of A, their convex combination is
also in A. i.e. for @y 20, a, 2 0, with @y + oa, =1,

alxl + a2x2 € A.



A point “a' in a convex set "A' 1is called an extreme
point of A if and only if a cannot be expressed as a convex
combination of any other two distinct points of A. More
explicitly, we shall say that a is on extreme point of convex
set A, if and only if
a € A and a = tx; + (1-t) x%x,, with o < t <1, X,,%x, € A implies

that a = x; = X,.
Ext A will denote the set of extreme points of A.

Definition : Let Aq ( g a fixed integer greater than zero )

denote the class of functions

o0
f(z) = z9 + 3 akzk which are holomorphic
k=q+1

in U = {z: |z| < 1}.

A function f € Aq is said to be g-valent starlike of order a and

type B if the condition

zf' (2)
(—— - q)
£(z)
<1
zf'(z) zf' (z)
28 ( ——— - a) = (——— - q)
£(z) £(z)

is satisfied for some a, B ( 0 S a < g, 0 < B < 1)

and for all zeU.

We note that for specific values to a, B, g we get the following

subclasses studied by the several authors.



(i) s*; (a,B) = s™(a,B)

*

q
considered by Goodman [5].

(ii) S*q(o,l) = S is the class of g-valent starlike functions

.. * %*
(1ii) s q(a,l) = S q(oz).
(iv) S*l(o,l) = s* and S*l(a,l) = S*(a) are respectively, the
well known class of starlike functions and the class of starlike

functions of order a introduced by Robertson [10].

Such type of <class was introduced by Kulkarni-
Thakare([7) and various interesting properties were investigatad
for univalent functions. Padmanabhan [9], Eenigenburg(4], Ram
Singh [11] McCarty([8] and Wright [12] also studied such type of
class with same modification and made an authentic contribution

in the study of univalent functions.
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