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CHAPTER - II
STARLIKE NORMALISAT IONS
ABSTRACT

. - o

vmane s

{) Let E = {z | z.IL |tbe the unit disc} Let S

desxgnate the family of holomorpbic univalent functions

with normalisations f (0) = 0 = £ (0) = 1. Let S*()

denote the class of functions L

3 =2 n
S(2 =z+az” + 5 az

which are holomorphic, univalent and starlike of order
o » ( 0&x<1) with second xﬂissing efficie@ Putting a

e

e i e =T

to use this class, results related to regions of
//univalence are the lines of Causey and mrkes.[s'_‘]
The Class Va (<, p), the class of functions f(z) having

Taylor Series expansion

OO n
f(z) =2z + S agz s which can be expressed as
2 U

f(z) =Y¥2 | 9(z) + 29'(2) | where g (z) € S; (<,B), has been
discussed from the point view of radii of Starlikeness. (ﬁ CQB )
Yover o

The Class D( < , B, § ) studied by Kulkarni 3.R. has been

generalised to D («, B, Cals A ) pacifying the condition

£'(z) =1 <p

26 [£(2) =4(1-2) Cos A 0™ (51 (2)1)
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with afpropriate restrictions ono(“:} Bs §, Y, A has been
looked into from the point view of negative coefficients -

and varieties of results pertaining to linear combinations,

radius of convexity etc. have been attempted.
/",' o

In section III this idea of region of univalence

has been int%tven via Gupta - Ahmad litW [- 7
. . . [l ) \

ran? "

e
s sy e
R —— i W T 3

The univalent functions with second missing coeffi-

cient have been extensively used in generalising the results

of Kulkarni - Swamy.C 7

In the concluding section IV, some novel results

le ading to the reglons of univalency have been obtained

for the class S(«, B, § ) introduced by Kulka’f]

satisfying

L -
Zf /£ 1

<P
[263( Zf'/f -x) = Zf'/f "1)]

B € (0,1), }'2\<§~g 1, 0 L oL L 725 >§ /O

Particular cases and sharp results are listed

wherevey plausible.
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STARLIKE NORMALISATIONS
ECTION I

1.  INTRODUCTION 3 %
Let E .-.:{z s |zl ¢ 1} and § (< )class of s
N

o £ 1o
(=) = 2+ az> + eee » Starlike functions of oxrder

-~ univalent starlike functions of order «(, O

o , with second missing coefficients/ were first introduced

by M.S.Robertson [1 61

Yo have the following definitionsj for our investiga- / Q

tions.

Definition 1,1 Let S*(« )denote the class of functions

\ oo
\\) W=25(z) ==+ a23 + 3 anzn, which are holomorphic, |
Q o 4?

@%)‘“k\?“miva“m and starlike of order « , for |z|< 1,

£f{ =
- Re [ _E'(;TL ] >y for lZl < 1, where 0\<4< 1.

vl 4
Let s* denote the class of functions [(C\ D'}eiQ z
L0 oy Tt

Derinition 1,2

o i‘.:c" T
W= f(z) =2 + az> + 4 anzn » which are holomorphic‘h:
= colet © ¢
o

and univalent for | z | { 1, onto a starshaped domain. /
}

'
re [ ZHl&l-]> oforfzl<c 1., zeE



The functions in s (o) are univalent in E. ‘
J.S.Ratti, has/attained/in [197 the discs of
univalence for ‘certiin classes of functions f(z) holo-

morphic in E. Some of his consequences required that

either

Re {-—9-(231- > O or Re {%}) Y2

be satisfied in E, where Re { f(Z)/g(z)}> 0. Causey

and Merkes [s] obtained such types of result . /Jh‘
replacing the expression g(z)/z= by g(z)/s(z) e

s(z)/g(z) where 5(z) € s ( < ), defined above.

In the second section of this chapter we have
continued the same discussion on Starlike normalisations,
for S(z) belonging to the class v, (< 5 B)y we define
this Class Va(e( » P) as follows 3
Let p (&, )= qz)=1+qz + q2z2 “ eee

qlz) -1

(2B-1)q(z) + 1-2« B l

~~~~~~~ TR
for 0 {1, 0ZPgH, {z:lz|<1,},j>

Let P (<, B) = q(z2)€P (o<,;3) : q (0) =2 ap(1-4),0<ax!1

'

zf
z

Ve W

B S ——

Sa (4;}3) = f(z) =z +2 ap (1-°()zz+ ceoy

Os a$1 .
The class Va («, PB) consists of the functions f£(z) which

can be expressed as
| L)

€P_(«, B)

f(z) = Y2 |o(z) + 2 g (z) |, where g (2) €& s, («,p
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The following Lemmas we require during our course j
‘in research, . """ T \ @C°[>
I L c a”

AP
Lemmal.2,1 If h(z) 1is in P (« ). then a

Re {h(z)}) 1= U-2I{{ | =z | )\ ‘
z

@ from the fact that )(
1 1=2) z @ (2z)

This readily

h(z)z ——— ’
1 +z 8 (2)
where @ (z) is holomorphic and |@ (z) |< 1, in E.
Lemmal- If h(z) is in ® (o), then
~h (z) -2 | z|
e {‘m"' 2 2
e - |z|
{”' This i3 follmq ,,,,, from -Lemtia 2.1,
Lemmal-2. 3 Let h(z) be in (P (¥2). Then

Re{’.‘h:.(l) _LZ_J._ for 2 € E.

h(z) \<1-|z|' / O

This can be found in [ § ] >\

o0
Lermmga]-2, 4 If f(z) = =z + a23 + 2 4 a, z" belongs to
n=

ST (e )y
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then

Re {E.ﬂz)i» (1-«) + ajz] = a(1=29 |z|2-(1-2: (1=x) |2}
£(z2) j/ (1=) + a |z] + alz]2 + (1=% |2]3

O0£ag1. This result is sharp for the functions

oy,
201==)

3(1==) =a

(1= =% —-, -

‘Fﬂ,ﬂ(Z) = 2 —

(+42) V™[ (1=9 2% (1ms=a) 2 +(1=%) ]“’j

wherever e \<.>1‘>)\ /O
This can be found im [5 ] > / O

1-3. REGION OF UNIVALENCY FOR STARLIKENESS :

Theorem}3.1 Suppose f(z) and g(z)

n

belong to A, where A is /
a.z , holomorphic in E,

the class of functions f(z) = Z +

s(z) € s*(=), pacifying the condition ,

Re i{-i)l} >0, z€E, then f(z) is univalent and
z

Starlike, where the radius of Starlikeness is given by the

expression
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r [(1220 (1= ] +r*[=4(1-2) +a(1-24)] 423 [=4a=(1-29 (1-4)-a ]

+r2[=4a=a(1=20) =(1=9)] +r[-4(1-=) +a] +(1-4) = 0 >\ / @

Proof  The hypothetical condition Re [ g(z) /5(2) ]> 0

implies that g(z)/s(z) = pl(z) ie. g(z)‘s s(z). p,(2)
and Re [g{-ﬁ—))o g—é{-ﬁ- = pz(z) i.e. £(2)

= Q(Z) . p2(2)0

Consequently we can express :
(3.2)  £(z) = pyl2) . Pylz) . S(z).

Logarithmic differentiation of (3.2) yields,

Re{%i;;)—} _ Re{zpi (z)} . Re{ 15, () |

p,(Z) pz( Z) J +

. Rex ;(;(:)} >\ /&

Application of Lemmas 2.1, 2.2 and 2.4 bring forth

ae{:_f,(%l} y =2z, =2z \,g\\p& b

1=p? er

, Q-+ ar = a(1-2«)r2~(3-§-<)(1-“) = 7 0 )\ /@

(1=<) + ar + ar? + (1=«) ©,

f'"‘"‘w
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Hence f(z) 1is starlike, the radius rp of Starlikeness is

given by equation.

2 [(1-29(1=9] + *[-4(1==) +a(1-20) ] + r°[=da=(1-24) (1- <)~ 3]

+ rz[-‘la-a(1-2°<)-(1-°<)] + r[=4(1=<) + a] + (1 -«) = 0) /@
we notice that f(o) = (1 =) > O and \\ E«W %

A

£f(1) = -8a = 8(1 =«) < 0 , which evidently

shows that T, lies between O and 1l. // NLJA_, \S 'K-o

L3

The result 1s sharp for the following functions.

2
g(z) = Z__U_-f_;}__ £(z) = Z (1 + 2) ,
_,)3-2« (1-2)% = 2%
(1 Z) ( o(1ea j
3 (e & )
(1 owytm (1= )=a
s(z) = 2

(14z )1~ % -2 [(1 e )z2a(1= % -a)z +(1—e()_-l1"‘

wherever a/(1=«) £ 1.

Particular Cases : For = 0, we get the radius of starnke-/
ness for 2nd missing coefficients. /




2 -t {a=4) - 3 (5a41) - T (53+1)

+ t(a=4) + (1 =«¢) =0 O

Theorem!3.2); Let £(z) and g(z) be in A, S(z) € 5 (« ),

alz) £ 0
0L «< 1, IfRe{s(z) > Y2 , Re {5&}— 7 0O

Z€E E/then £(z) 1s univalent and starlike for |z| < r »
where r, 1is given by the equation :

O (1=o ) 4+ar - a(1-2°()r -{1 - ”°<)(1 -« /I‘ I r
(1 =) #ar +ar> +( 1 =of) © ;z-‘cz) 1+r

%4

Proof :

The factfge { ..9.‘.-). > Y2 implies that g(:z)= P@-S@)

where p1(z)€ ® (Y2)>7also 9

Re{ S(z)}> O means that

f(z) = p,(z). g(z2), where p,(z) € (p (D).

Therefore combining these two conditions we obtain,
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f(Z) = 91(2) . P2(2) « S (z)t

Differentiating logarithmically, we achieve,
e{zf“} z Py (z)}+ae{ng(z)}
f(z) P, (z) pz(z)

{2t /\ /O

Making use of Lemmas 2.2, 2.3, and 2.4, we get,

Zf'z -
£(z2) 77+ 7 ¢

(1 =)+ ar =a( 1 =2x) 12 = (1 =2 )(1 =  )2°

+
3

(1 =) + ar +ar? + (1 =) 1

Hence f(z) is starlike, the radius r, of which is given

-

by the equation.

H(r) = (1=« )+ar =a(1=2)r2 -(1-2°<)(1 «)r> or

/0

(1 =) 4+ ar + ar2 + (1 =) r (1-3:2) 1+r—
SO —e()+ar-a(1-2a{)r —(1-2=<)(1 <)z _ _or
zf(Z - —= -
RE{-ﬁﬁg} (1 -%) + ar + ar® + (1 =o) = (1-r2) 1+

The result is sharp for the following functions.

: )/@

é‘?



2 €1-<)
T - 3¢-V-a
S(2) , (1 =)
zZ] = .
(1-»2)1'"'("'al [( 1=at)z2=(1=x=a)Z +(1 —0(31'"(
P (z) = -:‘--1—-7 é\/ O

Particular Cases = for « = 0, we get the result of /

et et ~ -
radius of Starlikeness for starlike functions having second /
missin/gcoefﬁcients and can be Testated as follows : %O*J

s
'

Corollavyys
Let f(z) and g(z) be in A, s(z) € s* (=)

If Re {g(z)/s(z)} > Y2, Ra{ f(z)/g(z)}> 0, Z€E,
then f(z) 1is univalent and starlike for |z| < r, where fr!

3 -
is given by the equation. 1+ ar = ar2_ LN & = - f =
1+ar + ar® + o 1-r° *r

Theorem :1-3.3
Let £(z) and g(z) be 4n A, S(z) € S (X ),

If Re —SS-E-)- >0 and ‘2{.::.} -1 l<.1, for Z & E, then
s(z) glz

f(z) is univalent and Starlike, the radius of starlikeness is

given by the equation,

(1=«)+ ar = a(1 = 2« )22 - (1= 2¢) (1 =) 3
3

H(r) =
(1=o) +ar+ar2+( 1 «) r

- . LI o o0
(1 =) (1 =Y) >\ /@




Proof rx

We first note that | /g -1] < 1 if and only if /{ ‘27

Re { o/£}>¥2.  Re { 2 }>o implies that,
z

\

g(z) = Ss(z). Pz(z). where pz(z) € ® (0) and

Re {'g/f}y7 Y2 implies that g(z) = f(z). P1(Z)a

where p, (z)e P(Y2).

Hence these two conditio ogether yield,
S(z) « P,(2
( .'L( )

91(2) .

f(z) =

Thus, differentiating logarithmically, we get,

Re § 2£ (2) 2 (2) {;ZQ_A#} re § 2P, (2) Pl
v f(z) S(z) ' -

p2(z)

wﬁ%ﬁ%/@

In view of Lemmas 2.2 , 2.3 and 2.4, the above expression

reduces to

' 1- -a(1- 2.(1-2 -« )3
Re{ z£' () T, (1= + ar-a(1=2« )r“=(1 e():(31 )r

£(z) (1 =)+ ar + ar§ + (1=X) r

- 0
(=D~ G 7 ° >\ /

~y
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fdence f(z) is starlike and the radius of/!tarlikeness is /ﬂzwh*

given by the equation H(r) = 0, where

H(r) = (1= %)+ ar = a(1=24) 12 = (1=2)(1 = )r> _or

(1-r2)

(1 =af) + ar + a2 + (1-«():3

'('f'-:-'r)go>\/{9

%e can easily verify that H(O) > 0 and H{1) < 0, hence

we assure that the rcot li2s between 0 and 1.

The result is sharp for the following functions.

2(1-0()/3(1—4)-a

(1 !
(142) 7Y [(1- )22 ~{(1=a=a)Z #(1=<)]

pylz) = /(1=2) , p,(2) = "'1':':"" >\ /0

Particular Case ¢
~ g B S /
For o/ = 0, we obtain the radius of %tarlikeness rEAT :

o~ ’
W
for the starlike functions with 2nd missing coefficient. ANE ¥

5(z) = =

Corollary :
Let £(z) and g(z) be in A, S(z)€ s", If S/
G \#\v{(} ;o
z) - = .J-‘a{z{;'
ae{S§zf 70 and | f(Z)/g(z) 1| <1, for ZEE, then X

f(z) is univalent and starlike, the radius of/%arlikeness:‘ /éwN‘-M
is given by the equation, /



{+ar =arlers _ 20 _ _x =o>\ /O

2
1+ar+ar2+r3 (1-x%) (1-x)

Theoremi-3,4

Let £(z) and g(z) be in A and S(z) be in § (X ), If

Re Q.S.Z.L.>,, and l—ﬂz)— -1] <1, for =€ E, then

s(z) g(z)
£(2) is univalent and starlike the radius of which is given

by the polynomial, K(r) = 0, /as stated, )

,,,,

me/(r) = r2(1=2 ) (1= )+ £2( a(1=2 )=2( 1=w))

- 3(Ga + (1=2) (1 =)+ 22( a(1-24)=3 ( 1= o()=2a)
+ T (a-2(1 --())+ (1=).

Proof :

By the aforesaid reasoning as in Theorem 3.3,

g(z) = £(z) p,(z) where p,(2)€ ® (y2) . Also
g(z) = s(z). p,(z) where p,y(=) € (Y2). Hence by lemmas
2.3 and 2,4 it follows that

Re {E_ﬂ.zl} ﬂ:_"s)_t_éi‘:_a.(‘:gﬁ)rz- (1'?..5.).(1-@-?3

£(z2) (1) + aT + ar? + (1=o) T3

/

gomae ) [0

1+ {=r

Hence f(z) is starlike, the radius of starlikeness, is given

by the equation K(r) = 0, where K(r) is
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K(z) = 2(1-2 )(1 =)+ r4{ a(1-24)-2 (1 =)}
-1 {3.—; + (1-2R) (1-4)}4- rz{ a(1=2« ) =3(1=«)- 23}
rr{a2 (1=} e (=) ) / |
Again we have K(0) = (1 -«) > 0

and K(1) < 0 /\ /O

Hence confirming that the root lies between O and 1.

This result 1s sharp for the following functions.

2(1=x)
3(1-0(/)-a

1-o
S(Z) a Z [ (1 -’()
(142)1 -a[ (1-)z% (1=« =2)z + (1-«(}-}('“’()

p1(zj = 1/(142)

Y /0

pz (2) = 1/(1 Z)

Particulgr Cases ¢
For o« = 0, we get the radius of starlikeness of

£f(z) but for 2nd missing coefficient, wnich is not found in

literature.

K(r) = 2 + (a=2)r? = (3a +1)r° = (a43)T

+ (a=2)r + (1 = «)
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we continu; .c;u;:{ééussion of finding the regions

of univalency, particularly that of starlikeness, within

the same frame of Causey and Merkesr-s). Here we obtain

these results for the Class Va( o , B)» the Class of functions

f(z) which can be expressed as

£(z) =¥2 [ glz) + 29'(2) ] where g(z) € st (x , P)

0€°<<1! O<P\€1, and 0\§a<1.

A ('2p -1) q(z)+1-29(B- )\ /@ |
v@/{crog«<1. 0CPS1 andz€D= {Z’ }>\/]

P T~
-

Let P (X, B) = { alz) € P(«K, B) : g(0) = 2a B(1 ~<)

Osaé1}>\ /9\

*(°(’ﬁ) {f(2)=z+2a}3(1°()z + oees o

2£(z) ~
- P Er(ap 0 }>\ /O

We necessitat@the following result for our discussion of

region or univalency. This can be found in [19])\ / O




Theorem

Let f(z) € Va (°( ’ P)v then
zt 201-28) , _1_ 2 %‘
i ' OV

Bl 1 -«) B(1-ot)  (1-r?)

[\f(«p +p) (1 = ((psp - 1)rz))__(‘vﬁ—s—z«ﬁ)(x-r3+1-(2;3-1)2r2]

~ (1=(2B=1) (X B4+B=1) rz], when Ra  R”
[1-0-4-( Bar + (20(52 (o +1) a2 + B(5at =) -.2)1‘2

+ 2a(14) B (2«B=1)1> + ( B + P=1) (2«p=1) ’-‘4]/

(1 +zal XB+p) +( B + p=1) r?) (1+2a Br + (2 p-1) r2)

whenﬁa?,a*
1+ (o« +1) Bar + ( o B+ B=1) r?

1+ 2 Par + (2B-1) r2 ' /0

At eV (X4)(1=(X B+B = 1} T2
2 (2=« + (o =2 B) r?)

where Ra =

4, SOME THEOREMS :
Theoremi4d, 1
Suppose f(z) and g(z) are in A and Re { g(z)/s(z)}>0,
z€E, 3(z) € Va(x, PB). If ae{f(")/g(z)} > 0, =€ E, then
’ H
£f(z) is univalent and starlike in |z] £ r_([ /“nere T, is {; A
(¥

\e,

given by the polynomial



-$ 23 = 9/

5 /)
Hiz) 2) %) ¥ ( L) (x

[ Vi B+ p) [1- (xp+p-1) 2] [(4 Pp=1-2&P)(1-r?)

+1=(2p=1)2 22 ] - [1-(2;3-1)(-<p+)3-1)r2] =0 \/‘/\

j (et e e )

AW JL\W .&\A-( s awe a2
%’6\0 V‘/\ z"(/f Coni

Proof :

, al(z) (z) .
My Rl il

v T
T

P

ooo g(Z) = P.‘ (z?,. SSE)—

R

f f
ae[g-(—g-)-im ga | o)

f(2) = 9@ e pyia) ) S O

Hence f(z) = p1(2) . pz(z). s(z).

}.
v an

Logarithmic differentiation and application of relevant/47 ;j?bé,

¢ Lammas in Section I and in this section we obtain

2r _2(1-2 B) 1 L =2
e { £(z) (1-:2) (1-22) B ( 1=9  pl1-x) " (1)

Vo («p+p) [1= (& psp = 1) 2]

[(4ﬁ -1-24?)(1-:2) + 1=-£2 p_.1)2 2] Q

- [ 1-12p-1) (xpap-1) 2]/
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=2 - 2r 2 2 - 1Yon) el
and z-:% - (1‘]:2) + {1 + 4~ par +(2°(§ (X +1)a ‘+,B(5°( 1) 2\:

+ 2a(1 +)B (2B=1)1> 4+ (A B4P 1) (2 B=1) %)/

(1+zal (pep) + (o pep=1)r2) (1422 Pra(zp-1)r?)

when %2 R*o

Hence f(z) is univalent and starlike in |z| < r4 where r, is
- ;o 18 Y
given by the equation H(r) = 0. /J N(\A )»a() ﬂm S e X

T e e o e

Theorem]#&,2 |
Let f(z) and g(z) be in A, S(z) € Va ( o ,B) >\/@

If Re {9(2)/5( z)}>y2- RG{ f(Z)/g(z)}7 o, /eg, z—/ anall

Thenf(z) is univalent and starlike for |z] < r..

o
~where I, 1s the root given by the equation H(r) = 0.

- +[;+ 4% 3AY + {2ep™ (<410 a 2B (5=i)=2) 7" /
- A ) 4 . ’ .

+1a (i+ap (14{5-*77"\C"‘fhﬁ“‘3(1«'33”“7”;/("*"“(j“fiﬂﬂ !/

& (NreBey ) czapra(2B-070)
Proof : Arguing exactly on the same lines as in section I. /

and using the appropriate lemmas and thejm we arrive at

ae{.z_z'_L;)_},>__z oz, 2028
£(z) 471t g2 B (1 =)

1 2 §
B (1=%) (159 [/ (xB + B) [1 - (2 B+ p=1 ) == .

[(4 p=1 = 24p) (1=r?) + (1 = (2 p-1)2 :?]

- [1-(@p=-1(ap+p-1) 1 J_/

»
Ra g R



and?:—%s— -E%;ﬁ [1 + 4« par +(2-(p2(,(+1) a2 +

B (5« 1)) =2) 1% + 2a(1 +)p (2 & B-1)1° +

( B+ B =1) (2« B=1)¥Y

(1 +ra(XBP +B) + (B +p=1) r2)x
(1 +2apr + (2 p=1) 2) when Ra 3 R".

_—
Hence f(z) is univalent and starlike in |z) < r, , where r, is

given by the equation H(xr) = 0.

TheorempP4.3 :

Let f(z) and g(z) be in A and s(z) € Va («,B) >\ / 0
If Re{s;z; }>Oo and l ";%'zz% - 1 '< 1, fOr/z/e E, then Z_/?“"O\\

£f(2) is univalent and starlike for |z] < rq where r_

is iven by the equation/ T
g Y qua ﬂ)\_/
N '\/U{.

H(zx) = 0

Proof :

Proceeding exactly on the same lines of Theorem in
Section I and using the relevant lgmmas, we obtain, finally

Re{..z_f__m_>___2_;_ , 201 =2 .
£(z) " (1-r2) (1-r) B(1=d B (1 -) (1..

[VXp«p [ - (<psB-1 2 [((45-1-%(}3)(1-r2)+(1-(2}3-1)2r2]

= [ 1=(2 p=1)( p+ p-1) r2]/ Rag R

|
-

e{r 21
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=2r 2r 2 2
and « —=L— . [1+ 42 Bar + (2oBS(« +1)a” +
7 (1-r®) (112 [

P(S« =1)= 2) 12 4 2a (14«) B{ 2« B=1)1> + («B + B = 1)

(24 B=1) =%/ (14zaltB + B) + (A B + p=t1) r°)

(1 +2apr +(2p-1) 2]

whenRa>/R* }/C

Hence f(z) is univalent and $tarlike in |z| £ r, , where rx/ AR
is given by the equation H(f) = O.

Theoreml4.4

Let £f(z) and g(z) € A, S(z) € Va («, p). /
1f Re { L&-b>y2 | f(2)/9(2) -1 |21, for pez, AT

Then £(z) is univalent and starlike for |z| £ ry

r« 1s given by the polynomidl H(r) = 0 % / Q

Proof : Carrying out 2xactly the same procedure as in

section I, we write down, th the help of relevant lemmas.

e s

Re{zf'g~)}>/ =z, 2 (1 - 2B)

£(z) - =T l+r B (1 =)

1
B( 1""(). (1—!2) [\/(qﬁ + B) [ 1 = (B + =1 )er

| (4B =1=2 « B) (1=12) + (1=(2 ﬁ'ﬂz r? ]

= [ 1=(2 B=1) (< B4p-1) rz]/ﬂa$ R / )/
k)

BARR. iLS3608 RYORDEKAR LisrAN
QhlivaJdi CuIVERSITY. LOLHAPYA,
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and

> Z-;L) - (: * [ 1+ 4 par + (2 B2(« +1) a2 + B(5ef -1)=2)x?
- Y

+ 2a(1 +=2) B2« p=1)1° & (X B+ B = 1)(2 B =1) ¥/
(1 +va (XB +P) + (B +P=1) ) x

(1 +2a pr+ (2 p-1)r®] when Rajp R+ .

e T
o
/

(3 /
/ijjzj::f(Z) is univalent, and starlike for |z| « ro » where rds
" [ U /
given by the equation H(r) =0

e e ettt - -

The results stated in all these theorems are new it////

literature, however these results are not sharp.

i

()



SECTION II /L e

- Kulkarni, S.i’t.{:1 0] ‘has studied various properties

of the class D(« , B, g ), which he defined and introduced

as follows :=-

D («, By §) is the class of holomorphic, normalised
univalent functij in the unit disc in the complex plane
satisfying the conditione.

£(3) =1 2B
L4 (f)-<)-(£ (2) -1) ] ; /

were PE€ (0, 1), Y2 <6< 1 0 .< &< Y2f \/O

This class has been generalised in the following way

D(%, By § V., A ) is a subfamily of S of ZJ

normalised univalent functions f that are holomorphic in

the open unit disc E and pacifyiDq the inequatity /

o

‘ f.(;i) - 1 : 1(’3
29[ f(z) = ¢« + (1 =Y) cos)x.e"n;!-(f (z) = 1)
0LY<K 1, = A R L A the remaining restrictionssame ,//
— M;

as above stated,

T e

We shall specialise our considerations for those
members of D(«, 3B, G » VY, A )that have negative

coefficients. Thils motivation to conduct such a study deve=- ‘
lops from the recent investigations carried out by Silv rmaan 7;\
7y’

Gupta and Jain[ 8 ]

s b*‘e ’/
Ces 24 |

i

\ ]
| A
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Let T be the subclass of S holomorphic functions in E

that have the following power series representation,

o0
f(z)=2-2:213nl2".

Our putting restrictions of non-ne

coefficients results in getting rather( ple®asing conclusions,.
Thus for those holomorphic functions which lie in both
families D(x, B, G,V A ) and T we obtain several refined
results. We see that the family P (o, By G , ¥ » A ) =
D(« , B, G 2V s A )Y T gives us a setting so that the
results assume very pleasing forms. We shall see how nice gare
the results concerning coefficient bounds, distortion theorems

and radius of convexity for members of P*( K Br» & y s A
e

Let us bepin with a profound characterisation of members of

2 (X By G .Y,

). —
o e

R
" Sy .
e e e st b -

THZOREMS : Theorem25,1

A holomorphic function

£(2) = - % .—’ an‘ fn 1§ in P*(o(, ﬁ,j o ,?\ ) if

and only if

o0
z" ‘an‘{ 1+ Bl25 =D} < 2p§ (1 =0+ 28§ (1-) cos ) e™22 /@

2:5.

This result is sharp.

Proof : Let |z| =1, then

[ £'(2) - 1] - B [{25 (£'(2) =) + (1 =) cos ) e~

< £'(2) - 1)} \

vy
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=] «%n 1an‘ 7 | -B , 29 [1-znlan| 2"l o s
(1 =V) Cos). e~12 53 nfa, | Zn'11

=z nlal - B l 2¢ =2¢ % nla | - 26+ 26 (1 - Cosh. e~iA
+n a| I

=z nlay] {1 + (2§ -1) ﬁ} -2 B (1e() = 2 B§ ( 1=y) cos)\e'i>‘

é 0 , by hypothesis.

!

;

X nla| { 14(2¢ =1) ;a}g 2501 -« + 2 BG(1-2). CosA .e‘m/\/;j

Thus by maximum modulus theorem,

FED (4, Py G s ¥ HA)

f'gr the converse, let us assume that, /

-~

%(l £(z) =1 | <p ’}

2‘}{1"(2) - + ( 1=V) Cos2 e"‘“}- (£ (z) = 1)

or |zl<1. since | Re (z2) | < |z|, for all z, we have

~choosing the values of/ﬂon the real axis, so that f'(z)/j.///%/gw&k

is real. Letting z 2 1 throughreal values we get

Tal a2 Py (1 -0-B (25 -5 n Jan 42 Byl 1=Y)cos ) ei4 {O

=

The result is sharp and the eX*Iemal sypction is
given by -
-1A
2 B¢ (1 =x) + 2 BS(1 =) CosA .e

1/ ) ’7{' n(14+(26-1)8).




We state, below some sgpeclal cases,

Putting V = | , A =0 we get the class D(o(, B,G!
studied by Kulkarni@[w] >\ / S
Corollgry 1

A holomorphic function
\ oC
£z) =2 - > | an'\< is in P*(x , B, § ) if and
2

only if

o0

Z nla { 1 + 5(29-1)}\§2§§(1 -)

)]

The class D(«¢ ) = D( 0, x , 1, 1,/0) is preciscly the

class of functionyin E, studied by Captinger/ . We state
coeificient inequality for this class. #//

The holomorphic functions which are in D(Q( ) and T

are characterised ,ﬁmm - T *%\ -

gorrollary 2 ¢ e
A holomorphic function f In T € D(x )=D(Q,p» 1,

1,0)

0o S
if and only if 5 n | a, | (1 +x) £ 2« /\ /

2
The characterisation for members of T D (<, ;3),
where D (£, B) is the family investigated by Juneja-

Mogra [ 9 y
—

Corollary '3

e

ra T

// \
NS h“;‘*,’vj;!

A holomorphic function f\i&r\eo (%, PBYED(X, By 1, 1,0)

is in TN D(«X, B) if and only if —

(-}
= onlel § 1+B}<2B (1 -,
2

‘*/
g‘ /,/ /



\

The motivation is found from the study by Gupta M"S_—‘“m
1.

and Jain, for §

o0
Corellory 4 : A holomorphic function f(z) = z - Zz | a, | 2"

is in P*(X, B) if and only if.

o‘f;nianl(1+ P 2P (1-a<)>\ /O
2

we shall further, see the sharpening of our considerations
for megpbers of P*( « 5 By ‘f- s Y, A). We have in the next

result bounds on | f| and lf'i.

Theorem 2-5.32 3

If fe PX(=x, Py § ,V,A), then for |z| = |
0L <1y, we have

PG(1 -x) +PG (1 =V) cosh e 17,

(i) r - el £f(z) |
14-)3(29 -1)

+ﬁ§(1 —a) +ﬁ5(1 -l) cos ) 3“17\ ) /

r
I+ B (2¢=1)

b o

I\

2BG¢ (1=o) + 2 BGC (1 =) cosx e”i?
— 1 +(2¢ -1) B

r £ Jf@)
- <1 2BE U= +2B5(-V)cosae
Proof : (1) - T '\W§’>h$i‘rgr~\\l + B(2G-1)

e

-

A
Y

~.
...

[ e

e

BG (1= + B§ (1=V) cos ) /3'17‘
1+ (2§ =1) //
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2 o
Hence | f(z)] ¢ r+° T | a

2
L+ BG (1 =) +BE(1 -¥) Cosr.e™t? .2
1 + B (26 =1)
-'?\
BG (1 =9 +pgG (1 -V) Cosn e™™
- 2
e | f(Z)’)I‘ 1 +B (2§ =1) T
lf'(z) | £ 1 *‘rilanl
| £'(2) | < 1% 2 pyl 1 "’(? + 2BG (1= V) . cos Ae” iA
h T
1+ (25- 1) B R

and {f'(z)l>/1 - eranl

2 BG (1 =) 4+ 2BG( 1=-2) cosh e'”‘/:\
1+ B (26 =1) 4

7 1-

]
The bounds of f {(z) are sharp for the function

£(z) = %_B? (1 = +B§ (1=V) cos?\e'i?‘%z >\ / EWZ/ /(jﬂ

1t +p(2¢ =1)

//11)\ /@
! We state some particular cases.

Replacing of =0, G =1 and p replaced by % , v by 1 and
\= 0, We get & result of capdinger [47° | |

o b

o

Let f be holomorphic function both in T and D( ). W



Then for! Z‘:Aro 0L rJL1,

=< 2 %
(1) r- = glflg 4 prorally

(1) 1-=22-c <1 L1 57 =

Further, D( « , 1, B) is the family D (<, B) investigated )
g /

by Juneja - Mogra_for that we have, (,,a”v\,»fé'”?"“"'f"fj s
Corollary 2 ¢
Suppose«feD(« » BN Tj§ Then for lz] = ¢, we 0

have 2 2
r-(1=-x)r¢lflgr+(1-x) 15

1-2( =) gl flgte2(1-«)r.

Cogpollg: 3 :
0o
A holomorphic function f (z) =z — 5 | anl "
2

is in P'(o( y PB) Then for | z | = r.

B (1-«) (1 -«)
(1) 1- ot 22 £ gl & 4 2
(14B) l+3

11) 1 - 2BLA=%) . ' 1 2 B(1-x)
(1) 1 +B <l§\$+ 1 +B

This is due to Gupta and Jain[g}‘
gollary 4 :

a0
A holomorphic function f(z) = z = L:,l an l z"

1s4nP (&, Ps§ )= D(, PoG)N TThen for | z | = r,

0< 1,
Be( 1 =) T <
(1) r= Ll el £ oo+
1+p(25-—1)

B¢ (1 -<) 2
1+P(2§-1)
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2BpG (1 =) ' 2ps (1 =-«)

- f
(1) 1 1 +p(29-1) P& lrigry 1+;3(23-»1)I

" This can be found in Kulkarn@[‘l o) >\ / O

We now concern ourselves with the problem of detemining
e

the radius of Convexity for members of P (  , B » G 2V, ) >\ /O

Theorem 2,5,3
XX If/FEP “(< s By $,2,A) then f is convex in the disc
ll<r=r(°(’ﬁ,59ﬂo>\) %/ \\/
where | w
‘g 1 + B( 2§5=-1) '

1‘(‘*9}%3:”97\)= e
n aznp§(1-°<)+2nﬁ§(1 -)) cosn © 6}/ {/’j

Yhe result is sharp and the extremal function is
iA

€2) w2~ 2BG (1 =) +2BG (1 -V) cos A e )\/O

n{1+(2§-1) pl

Proof :
To prove that f is convex, it is sufficient to prove

l Zf"/f. | <1, forlz | < 1.

L
" n (n=1) | | z =1
< Z 2

ra
1 =3nla | 2 n=1

f

cemnln-)] ayl 12I™' < 1= snlagl |z| ™
s n? ] a, 2™ <

10 U&AJ\
Now from Theorem we have |
w ' Theorem ave

Z'_ n | ay, | { 1 + (25-1) }3} < 2?}3( 1 =) +2ﬂ3(1 -2} Cos)\.e'ﬂ



= | al < 2BG (1 =«) +2B§ (1 =) Cosh omiA
n{'1 + (2§ -1) p}
, /”ff ’n-1< n {-:1 + ( 2¢ =1 ) B}
-iN

o st z] &
2B =0+ (1=2) cos) e

Ne1 1 +B (2% =1 )
lz | < -
2n}3§{( 1 =) + (1 =) Cos).e™ }

7
1 +B (26 1) (n-1) /G
=i )\

2n BGS(1=x) + (1 =3) Cosh .e

s [/ further proceed to account special cases of this
N ———————

result involving radius of convexity. Wwe first state for /L’ A B

~ ‘y’\,ﬁ AN

members in T [) D(e«{ ) and the ‘esulting conclusion seems

e R B

+0 be new.

e
Coroilary 1 :
Suppose that f € T N D (X)), then £ is convex

in thedisc | z|<r=r(0,«, 1, 1, 0) where

1/(“"1) H ‘
Inf( 1+°() N n=2, 3, ooo>\ /O

The result is sharpe.
Equivalently, we also state a result for those holomorphic

functions considered by Juneja and Mogra[9 ] and that have
negative coefficients. This result is also not found in the

literature. // T

. Eaa
oA K4 :

Gotollety 2 : N
The holomophic function f€ T
.n the disc |z| <. r =% («, B, 1,1, 0) where

D (¢, B) ), then f is convex
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1/(n-1)

r = Inf n=2,3’.oo‘)ﬁ
n n(1 --O}
the result is sharp.

We have the following known result originally due to Gupta
and Jain [8] .

Corollgry 3 :

Let £ & P*(o(, B), *hen f is convex in the disc

| z]<r=r(«x, B, 1, 1, 0), where

1/(n=1)
r=Inf{ 1+ B } /\/@
n 2 Bn (1 =«)

This last result can be found in Kulkarni

Corpllary 4 :
If feP" (a2, Bs§ ) then ¥ 1is convex in the disc
| z '<1‘=1‘(°(’ﬁ.f , 1, 0) where

- 1/(n-1) |
= Inf 1*(29 1) p } /O
n 2n B§ (1 =) |

Ne now explicitely show that the family

* (L, B § sV, A ) is closed under the formation of

arithmetic means.

Theorem 2.5.,4

=f suud{ I £(2) =/- | a, |
WIS =/ L /M

are in P" (£, B, G Y ,A) then

re M8 n[\’)g
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/ .
h(z) = /z/ - YzZl an + Byl 27 1s also in ot Y sl

P (X, By Gy A )e

Proof :
Since f&gep*(x, ﬁ,? +Ys A), we have

Zhl ani {1 + (29 -1) ﬁ}gZﬁ? (1 =) +255(1 -Y) Cos\ 'e—i?}
and ¥ n[bnl{ 1+ (2§ -1) ﬁ}g 2p¢ (1 =<) + 2 B§(1=V) Cos)e-i‘?\A/O

For h to be a member of P*(d ’ p,g SV, A ) it is adequate

to show that,

Y2 Z{ﬂ [1+(2§ -1) B ]} | ay, + byl

L 287 (1=x) + 2p§ (1 =2) CosA. e~1A

which follows immedistely by the use of the above two

inequalitiese.

e

E/smh Therefore hi(z) = z = V2 & (an+bn}£n is also in P (L, By G,¥,N.

As special cases, we note that the arithmetic means of

function that are in TN D (a ) are again in T N 3 (« ).
Ihe same statement holds for functions fn T N D (2, PB)
P« » P) and p* (o, By ¢ ) ... The first two consequences

seenms to be new.

Coroll
)
gwu/ Geold Let £(z2) = /— T | an | 2" and g(z) —/-?, | by 2"

wed be in D{(« )N T, then h(z) = z-Y2Z|an+bn]f is also in
D(« )NT

Corollary 2 3
|2,

4 o ol
Suppose f(z) = Z - = | apn] z" and g(z) = 2z = 5 | bn
el
2 3 }
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o0
be in D (<, B) N T, then h(z) = z - ¥2 Zz‘an+bnlz"

is also in D (&, B) N T,
gorollary 3 3
Let f(Z) =7 - Z l anl In) 3(33=Z’Z‘ bn‘ Zn be

in Pw (oL 5)9 then h(z) =z - ¥2 2 l ap + bnl 2" is also in

P («(, B) f\/O

Corollary 4
Let f(z) =z =5 | apl 2" and g(z) =z =5 |bpl2"
be in P*("( » ﬁ,? )

then h(z) = = = Y2 T |an #+ bnl| 2" is also in P*(o<_, B,g)} /0

Finally, we show that the convex linear combination of
members of P ( o , ByrG sV, A ) is again a member of
P'(« , B, ¢ ,¥,A). Thus we show that the family P*(o<,5,§lu,7\)

is closed under the formation of convex linear combinations.

heorem HeD ¢ .
2B¢ (1 =) +2B5 (1 <y) cos A ST

b1 +(2¢-1) p} ’

Let fﬂ (2) =

For n = 2, 3y eee

Then f£€ P*(« , By ¢ ,,A) if and only if it can be

expressed in the form

£(z) = z = ZTdnfn (z) where Apny O,
(n = 1,2’. ooo) andz>\i.n= 1.

Proof : Let us suppose that
£(z) = z-ZA fy(2)

%J,;x f_ X2 B @-«) +2B¢ (1 -y) Cos) e"”‘Ahzn)\/O

n~[ 1 +p(2§—1 )J




o (n (1 +£(26=-1) B) An
Then 5 { -i3
, L2Bg(1=x)+2BGg(1-2) Cosh e

283 (1 ~o) +2B¢ (1 =2 Cos A e'i?‘}<;/ y -
, < /fé/ 2/

n [ 1% (29 =1) B ]
S;LDLQ

/@( )Zy coefficient inequality theorem, we conclude that
m
» ’
f € P (X, ﬁtg s U,N .

Conversty, let us suppose that £ € P (<« , Br§sV,A).

Therefore, we have in view of the coefficient inequality

2pg (1 -x) +2 BG(1 =v) Cos7\e-i>‘ )\/ O

n(1+(2¢-1) B)

lahl«é

Let us set >\n= n[1+(2§-1) B .

‘a“l
2BG (1=«) + 2 p5( 1 =) Cosp.e™t?
>C n=2’31
then we have b AnSh )n > 0
. n =2
Al =

22
that we have £(z) =2z = = A\,fn(z) and the proof is
2
omplote.
We enumerate a few special cases while caming to end to this
section.
With « =0, P =«, ¢ == % and )= 0, we shall get a
corresponding result for holomorphic functions that are in

(<) N T.
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gorollary 1 :
2L n

Let f,,(z) = AT Tx) *Z D=2 3 e Then
feD«)NTif and only if it can be expressed in the

}: }\nf,n (z), where )\,\7 0, { n= 2.3..)>\A

2. Ay = 1. This result appears to be new.
1

form f(z) = z -
o

Next we have aresult involving holomorphic functions

zhat are in D (% H) N T. Thus we have a new result,

namely
gorollary 2 :
-
Let £(2) = ——=.:", n=23 .. Then fe

D (« B )NTAif and only if it can be expressed in the form

flz) = £ - X Avv fn(z) , where @'/ /
2

o

Anz 0 (=12 .....) , 2 An = 1.
4

Gupta and Jain [8 J. For S=1 =V, 2=

s vie ldsZ?

Corollary 3 : p ,
Let £ (z2) =20 =X) an . _5 3.,
n(1 +p)
Then f € P*(o( s B) if and only if it can be expressed in =
the form

o)
flz) =2z~ 2 A fo(2) , A 20 ,n=1, 2.4,
0 2 " 5 antn”
d‘.Z’A‘nzf
o



-

J

[
i

Finally, we have the

Kulﬁarni, S.R. [10 ] s Obtained by replacing V =1
and 7\ P 0 ‘

Coxollary 4-
2 (1 =9)
Let £, (z) = P3 . 2"

n{% + (2q -1 p}

n=2 3 ... Thenf€ P¥, P, ¢ ) if and only

)
if it can be expressed in the form f(z) = 2 = S ), f.(z),
2

where )\ 2 0

o
( n= 1, 2, 3, ssse ) and Z)T\ = 1l
1

- i 5




ECTION - 3

Let S denote the class of functions f holomorphic
and univalent in the open disc E = g A lz; ' 1} and
normalised by f(o) =0 = £(0)-1. L;t s*(o« ) designate
the set of starlike functions of order < ( 0<x<1) in 3,

Irn this eection, we have generalised the results obtained

by Gupta and Ahmad ‘:‘7];

T

we need the following defini tion and lemma for

S
our investigation.
Definition :
n ,
Let p(z) = a T (z =-z,) be a polynomial of
k=1

degree n, where n is a positive integer whose all the n

zeros lie outside or on the circle with centre at the

%igin and radius R ( >/ 1). Here a will always be a

constant to be appropriately selected so that the functions

involved turn out to be normalised and we say that p(z)

€<€(n ,R)o

Lemma 3.1.1

Let z = :r:ej“9 and Zl=-—Re"L P where O < r < R, then
-7 Z T
R-rsRe{z-z1}‘<*R+r>\/®

Equality holds in the first inequality if

and only if z = _Iri" z, and in the second ineguality:

if and only if =z = -»J:‘/R Zy.




Let R>( and pE P(n R)« Then allowing

r —>1, w2 have

goro'll ary

ie

Ifz=re » ‘z1'=R.ei¢, where O<L r <1, and

R >1, then

il Pl A X3 h O

R -1

2,  SIATSMENTS OF THE RESULTS :

Theorem 3,2.1

Let f€ 5"(x ), the starlike functions of order « ,
* *
0Lt <1, 365 (A)y, hE€ 3 (V) and F be defined by

RO - .
3} & C —— 1 a N 1'}
/‘ (z)’= =A=E { n(t) £( %) [\’}2 | at
L//./’/ gl Z) 0 '
dy C € :" ‘_"_.
wnere 4(z) and I(z) be the polynomials belonging to Q /Q
{

Plmy 3,) and  P(n, R,), with  m3y1, a3 0 and

A A sy s

'R‘, R, > 1,°V'is a fixed non negative number,

’

Then F belongs to S*'{B). for |z} <& r,» where T

is given by the equation Ar?' +Br +# C =0 where

A = b(1=aB) + abd + by(“‘/a1 -1 * N/R2 o)
B =2#aB(14b) «+ a(bid) = b +¥(1 + b)

C=V(WR1_1+N/32+1)+8(1-ﬁ) >\ /O
0040



Proof @

yA
' a C=1 a Mt 4
Je have F (z) = ;L(i—)-‘-c’- { h(t) f£(t) [Té‘ig' ] dt.

| ! ' Cw a 4
T/(/‘)P/herefore aEf(z)  Cca() _ (asx) h(z)c 1£(2) [M(d} /\/C

F(z) g(z) F(z)3%q(z2) Nﬁz)

Hence F(Z)a. Gj:-c) [azfz’ + c z-g'é-;"l] =

zh(z) €1 f(z)"a 4

’ \
: L k - ;.

By hypothetical Conditions f ¢ S"(X ), g¢ sT( );D

', w ———
hence i——-blf P (a{ Mf7t€e/stat of positive realpﬁ
flz

(
havinc real par‘t grea’q.er than %
axt gsester than < m%

29'(2) . Y e

By a1 well known representation formuls we have
’ { £¢ 2) O* a (=31 1 =bw(z) §». o
(a +¢) f(z) EALT 1+ w(z)

where b = a2& = 1) +c(2 A =1) /\/O

a +¢

o Gtan® « AT [T [ pestay )f O

Logarithmic differentiation yields, ,




#EL) |y (e 2R, 57,-,(4 e f/w

e i) x i /

1 +wlz) 1+ bw(z)

Therefore

Now 1«

2L v, ., //4" 1 +LL-1) w(;l} . [ 1 +(2a=1) w (z)]

a - +wiz) 1+ wiz)

-C/a[ 1 + (22=1) w{z) +U/a[=?‘::1+ N ]

1+ w(z)

L L1=b)z wi(g) >\ /O

a[1+w(z)] [1+bW(Z)]

o )[ 1 + (20 =1) w(z)] [ 1+ (2o =1) w (2) ]

a

1 + w(z) 1 +w(z)

- SES—

a

c 1+ (2A=1) w (2)
[ 1 + wiz) }

[( =) v (20 1) w(z) (E22) ¢ 1+ (24 =Dwl2)=c,,

H'W\z)
—c/y (22 =1) w (2) ] )
1 c / e
- [(c/a = ¥a + 1= /) + w(2){ (2V-1) (La )+(2 =1) [ Ewad
T+w (z :

- S a-n}] >\/O
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= )[ (1 fa)s MEL(20a1) (e-1) + al2<=)=c(22=1)} ]
+W\ 2

= A (1-va) 4 Owlz)

14l 2) Lo w(z) '
where d =@(/2:1) (c-t) + a(2a( =-1) .:cﬂwgwgmz -13)“\ N

ZE(E) 4+ (1= dw(z)
F(2) ’ ITRD® oy /
Lo N ]+ (1-b)z w (z) , /
toa Ry=t 7 Ry al 1+w(2)] [ +bw(z)]

implies that

zics) -P =Tarn [1Feasaw (] -p+va

SO - f/ﬁf{' - ﬂ
6[3_1 +R2+1]\3 s \\8‘
1, S — \/\\ . P Q}, kz

(1) 2z w'(2) P \West

al #+u(2) ][1+bw£z)1 / /\
Re {_Z.P__(.Z)_ p}>o, for FE S (P) \ C

F(z)

LN
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1/,

N
(1—1-_&-) [1-Ya+4df] =B +7Ya +-l;—[R—:‘:7+§;:7 /
r/

</

+ (1"b oy 0
a{1+r) (1+bx) -

= z*[b(1-a8) + abd + b¥ (VR,=1 * VR4 1) ]

+ T [2 =3B (14b) + a(b+d)= b+y(140)] + [a(1-p)

pu (Yaar * N/RZ+1)] > 0

= Ar2+ Br +C = 0 where
‘ M
A = b(1=3B) + abd + bV ( /31_14- N/Rz+1 )

B= 2«38 (1+b) + a(b+d) = b + v (1+b)

c = vr-t * Npetd va-p).




Thus F € S*(p) for |z] ¢ Tor where z, is given

by the root of the equation Ar2 +Br+C=0 >\ /

Specigl Cases ¢

r~ w—
For =0 we get the result of Gupta and Ahmed| 7 _
— =

gorollarx :
Let f< s*( ), g s"(N), hes"(v)

and ¥ be defined by M /&

z = a
F(z)2 = &t Bf h (t) £(t) dt, a,%.: N.

0

)

(M

a(z)?

Then ¥ belongs to s'(p y foOr lzl < Ty where T, is given

by

(1 + C=5=AC) + (§ =1-C + cA)2 - (2=C-ap) (ap=-2§+2¢A=L))

apP -2§+27C-C

when ap -2§ + 2AC - C = 0 /

(2-c=aB) - c -
2(1%_‘(:?\-55 when a B - 2§+ 2) C=
| when§=ax + ( C-1)V >\ /O

Theorem : 34¢2.2

Let FE S"( % ), g€ S (A )y he (V) and £
be defined by

F(z)2 = &%C f SOLUOMIR ¢ ]” dﬁ\

g(z)c 0
Then f belongs to S'( B) \/\ / 0
(\\)
eed3 /
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Proof

Rl &2 ghm"“‘ (w2 | -H} at, /
/

1&'_(12' = f( )a M
= F(z) * g(z) F(z)? g(z) [WFL]
f(z)a - P(Z)a g(z)c [ -%5%‘] [az F (Z) N i g;(z) .‘} ) Q
z(a+c) h(z)°! (2] ,

Fes™(«), g&£S5T(N)
SN

= =7(-§-)ep(a<\ .-.g_L‘al.éi (2 ).
}'/ [é_z_.f_.(zl ;/_.(3711.)_ _ 1+bw(g)
(']+C) 1+W(Z)

where b =__§___L2'<-1) = c (22 -1)

(a +¢)

L H2)? 92 a7 ! [\* (z) “z”[1 + bwiz) 1)/ 7
£f(2)° = Z M(z) | L1 +wz) v

Logarithmic differentiation gives us

1 ' . '
az £ \{z azf (z) o3
az \Z + Zc . + {1 =¢) zg\z -1
£(z) F(z) :

', ] . t ]
vz Nz _uzMS:*,; bz v - zWSzz
* * 1+bw%z)

N(z) MW z) 1+ w(z)

- 1+ w(z) ] 1 + wiz)

d) . [1 + (2= =1) w(z)] . [ 1+ (20 =1) wl(z) }




~ 14 (2V =1) wl(z) (1=-b)zw’ (z)
e ) [ 1+ w(z) I- [1+ bw(z) J[1+w(2)]

/
M N g e
- V[R1 - + 821- 1] \_’//’/ o

' ]
z £ {z) _ oo 1o dp 4 —=7-p = L2=b) 2w (2)
£(z2) P (1 +w(z))[ TS } P & [ebw(z)] [1+w(z§

L) X/
- Ta [RF:E * R2§1 ] >( , /’C/

e « Re %zf7f -P}>/0 foz: fes*(p)

L [1+dr+VaJ-P-(1'=g)—z-w—m——

T+3 a " (14br) (141)

Y M

- - -1"";'1-2-:1-]20

Where d = (2« -1) +Ya [ C(2)=1) + (1=c)(2V=1) ‘1]/\ /@

. . £(z) is starlike of order ;3, ‘the radius of which is

given by

rz[abd-apb-bv(ﬁ-;f‘f—,wg;%; )]

+r{atd '+ ab + b ~ap(14b)=(1=b)=V(14b) ( 'ﬁ%:" + ﬁg—;—f) ]

+ [a+1 -aP-)J( M/R1-1 +N/32+1 ) ] 2 0 >\ / O

Special Case :
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Special Case

Puiting = a we get the result lved by

Gupta / and Ahmed {7] /\ / 0

Corollary @

Let FE s*(« ), g€8 (A ), hES (V)

and f be defined by the relation,

Z

F(z)® = i—(%:- g ()Y £(2)? at /
gz 5 |

Therefore f € s ( B )» for |z| < r, where r is the

P s
root of the equation,

.

a (1-}3) bDr? 4+ [ 1-b=a(1-B)(b = D) | r = a (1 =3) =

) /
where b L a(2x-1) +f0/(22/-1) ]/ (a+c)

i

2 =] d=-pi/ (1-p)
- d =(2« =1) + 75,{‘)2A"1) +(1—}1/) (2 V=1} =

Lastly, we nave

theorem 3,2,3 :

Let €5 (% ), 9e S(A), he 37 (v)

and f be given by

|

ve46



Flz)? = &2 fffm)a [-}%‘ﬁ-]n

z )

v
Mt
[ NUt ] dt.

Then £(z) € S ¢ B ) and the radius of Starlikeness is
M

given by

M‘t

Y A ]
r? [ abd + b (¢ =1 - ap) - > ( 2 + R:L:TT' ) ] }

a R, -1

+ r[(bn+ad) + (bs1)(c=1=ap) = (1=b) = -Z= (140)( & 4 &

R1~1 R2+1
Y M * N S
+ (n4c=1=-gp) = — ( + ) = 0 Yy

Proof :

Differentiating and arranging the expression,

we obtain
Na _ F(z)a.zf/'1 h( n N{;;-U
(z)° = (a+C) [ g(%_] [Mz .l
. aZ F'
[ o) + é}

FEs' ()2 Emfl€ P (x)

"’(a-i-c)[aZFz ""’/]"(;4—::)

{a [ 1+Lg;<-1) " (z) ] .,_c}

+ wiz)
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2 =1) aw (2z) +[Z+cw(_zl]

- -1 _a +
(a+¢) {: 1+ w(z)

Lt bw , where b = —23%= % +. C

= 1 + vz a+

Hence

n
f(z)a = F(z)a. A cq[M] [%JU

g(z)
[ g ]

Logarithmic differentiation yields.

L ]
£ (5 ,:"'5’:v\+ UL['U g {th ~za(z)

£(2) =(2) /3 a h(z) g(z)
. _?,!""( R GIE-) z w (z) . ‘
Mz - a [1+bwiz)] |1+ -o:(z)}

In view o7 the Lemmas, this expression m=duces *o_.

”'/‘. n/ +dW(Z) f\/1 T -
S TEL I R SR
f(z) 1+ w(z) / 1 i)

(1-0) ~w (=) an_
- = (2« =1 (¥ =)
a 1+bw(z)] [1 + w(z) ] =) +3

- for f € 8"
f(z) p} or f € S (B)




f(z) 1 +w(2)

. :}e{z f'gz) ) ‘B}Z n/a + dw (z) . C;l B - //
i/
o/

__)J/ M N _ ‘1 - b! -z W (;_)_
e g e N Frwa e

N
ﬂ[g-.&-dr C -1 N
T+ T +L~/a -B-V/a [R *Rv 1

L )/
a (1+b)(1+) b’

Thus f{z) is starlike of order B, the radius of which is

il

civen b the equation

Vb N N .
( R1-1. + R2+ 1 ) J

')
r“[abd + b(c=1=ap) -

+ T [(bn + ad) + (b+1) (C-1=a B ) = (1 = b) =

Y/a (1 + b) ( R?ﬂ +R2N+1 )]

+ -1 - by L 2oy o
- (n+c=1 = aB)= Y/a( 1 +R2+1)"'°'
1
For M = 0, we get a special case of Gupta-Ahmad Uj& / i

Corollary :
Let FE 5*("( )y 9E S*() )s h € S*(U)J

b € P(0) and f be given by

b4 n
F(z) X g £(t) [-g-g—l-h(t) ] p(t) dt. n)

*
Then £(z) € S(B) for |z| £ r,. where T 3¢ the smarlest



positive root of the equation,

AY3 +BY2+C'T+ a' = 0,

-b'[a(2«=1) +2n (¥ =2) +C =1 =ap)]
b [2a (x=1) +2n ( ¥+ =2) +1]

where A

~a(2«=1) =2n (VY =A)=C+ap+2

¢ =a(2x-2 + b':+2n(21+)\-2) + b(C-2-3B) -3,
t f\ ?
___M = - -1.
b 3 + C s a 3(1 B) + C 1

e carry on the discussions of functions with second L

B T v o b

missing coefficients, to obtain the discs of univalence and

starlikeness for certain classes of functions, We are

tempted to carryout such research work from Kulkarni-3wamy ) ;

Here we enlist our results for different conditions.

rec,uire the following Lemmas for our discussionse.

Lemmg Je2.1 %Shah 19;:':3 If p(z) = 1+ 82" + b, 2"Te ..

is holomorphic and satisfies Re( R(z))>« 0&x o1, For
\‘*-—-num.. [P ,)- S 3 o S

|z, <1, then we have for |z|< 1

b

ey

1

‘ zp (2)i on |z| ™ 1-) % /
P(z, ‘»‘S v
1 - lzlﬂ ) (1+ (1=2%) |2zI™

Lermma 3.3.2 :@ah 1972 -~ Under the hypothesis of Lemma

above, we have for |z| £ | , .o~
, N - 1,10
e { P(z)/:;}’ + (2« =1) |z| 3 /0
1+ |z]”° |
5 V)

.
o
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Lemma 3.3.3 : (Shah 1973} If B (2) =1+ d2Z dpyq 27400 is

holomaphic and Re § (z) >, 0 for lz| < 1, then

[1aal ¢ (2 1)7€ 01 = 121™/ L= 120™ =x1eizl™]

_¥n
for lz[<[ (1 =X)Y / (1 +2) ] , where Og<M<1.

We prove the following results.

Theorem 3.4.1

=Z+b

g(z) .
Mand h(z) /{#4- an zn are holonorphic /gf ;-uuu ~
7 WA

for | z | < 1.

Let Re <( % )?,)O for | z | < 1, where S1(z) is
S5 (z “
starlike of o*de} By 0&BLK 1, h(z) 4is starlike of

N e -

$ z £(z) for jz| < 1 Ql
If Re iﬂ N (z)}»>o z /

z f(z) + (1 =) g (2).

then f(z) is univalent and starlike / The rzdius of starlikeness is /@
"""" ‘given as in the Proot.

Proof : \m_ o et /

Let ¢ (2) = =& 1(z)
Az £(z) + (1 =2N\)g(z)h @)

Then @ (z) is holomorphic and Re %-¢ (z)})O for |z|< 1. Now

W INEYS

ordexjafmth second missing coefficxen Dgx< 1,




[1 =Xx¢(2) ] zf(z)=(1-?\)Q(Z)h(23¢(z)/\/@

Differentiating logarithmically and multiplying by

o We get

2£(2) _ zh'(z), z4'(2) , 29 (2)/ ¢ (2) __1>\ 0
£(z) h(z) g(z) 1 =20 (2)

This equation is valid for those z, for which

1 =X (2) # 0and |z| <1, Since 4)(;)(...1‘._13_‘..

T1 - e

Yn :
I+ ?J

1 =29 (2)# 0, in particular if |z] £

Let p(z) = g (z)/ S,(z)
Hence yA g'(z) . p’(zz . z 31 (z)
g(z) p (z) $,(z2)
therefore equation takes the form as V\B\Af\/‘/(‘
> f’(Z) z h'(z) Z s:\Z) Z p'(Z)
= +
£(z) h{z) S,(z) p (z)
z 0 {z2)/ ¥2) /} /6
+
1 =29 (2)
'Y ' h" ,- S }
e ;{e{ z £ (2) 5 ae { z \z)} z lxz)
f(z) h{z) Sl(z)

z0'(z) / & (2)
1 =20 (2)

z p'(z)

p(z)

“‘/K@

Using lemmas we obtain.,
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2 3
(1 =) alz]l =a (1 =2d]z] «(1«2x) (1 =)]z]

7

(1 =) +alz] +alz]®+ (1=x)]2]3

n
1 +(2p=1) || 2n |z

" 1= (z|®

1 + |z

mt /0

(1= 0zl2=201+ |2]™
Yn ’
Provided that, |z| < [—L—:—l] )\
1 + A

o « Simplifying we conclude that

] .
§z £ {z) -
Re ¢ ==—————— > 0, the radius of which is given by the

L £(z) J

equation H{ v ) = 0.

ForX = 0, we get a3 result for the radius of starlikeness

which is new in literature.
_which s new =R
Corollary :
n4+1
Suppose that f(Z) = Z <+ An+1 . 2 + ceee

4+ oo and

n

9(z) =z +b z
3 =
h(z) =z +az” + I an z are holomorphic for
y:

n+1

l 2] <1,

Let Re {g(z)@z)}>0 for |z|<1, wherf

tarlike of order 0L B <1, h(z) is stas
2nd missing coefficient If



i
o8
W
O
o*s

H]

Re i Z $(z) })0, cor | 2 |<1,
Az £(z) + (1 =N g (2)eh (2)

then f(z) is univalent and starlike, the radius of which. is

given by the equation

Reg
L £(z)

' 2 3 n
z(f(z)} alzl=alz]-1|2z] 1 + (2B=-1)]z]
2

1 ralz| +alz]?+ 2] * 1+ |z|®

n
2n |z| _2n! z -1 =0
1= |z|2" (1 - izllj) -al 1 + !z{n )2 /L/O

Theorem 3.4.2

e

Suppose f = ' 2
o], (z) z + a z +an,, + o

g (z) = z""bq*‘ zn+1 + b pA + ceee and

n+i n+2 ,
h(z):zq—Cn“z +Chyn 2+ e

tet  aes 2Lzl o5 >\’ ..

‘— 1\‘-‘)

§

for [z| <1, where s {: - az> 2" .
21 <1, h2) =z razhe nzz4 #n® are holomorphic

for |z|< 1, and Re{_rl(i.)_._}> 0, for |z|] < 1, where

Sz(z)
3,(z) is starlike of order B, 0 < B < 1. If
z £(z) :
Re > 0, fOr ZI < 1,
Azf(z) + (1=1) g (z). h(z)

/

then f(z) is univalent and starlike, the radius of whictf #

given by the equation



-t o1 e

2
(1 +«X) ayY = a(1 =2«)Y = (1 =2)( 1 =o)Y
r— +

(1 =) + arY+ av 2+ (1=-&)7T

n n
t+(2p=-1)y _ 27T  ony"?

+ > -
P ey I
- /O
- 1 = 0
n 2
(1 =2 =N 1 +Y) >\
Proof :
Let p (2) = q(z2)/ 51(2) and q (2) = h(Z)/SO(z}
vence 292 2P(x) oz s () Vhad 27
g(z) p(z) s,(2) ’ . e ?
. i?f.} h \”)x)gz
z h (z) z q (2) z Sé (z)
h(z) = = e T

a2 sy s

° '(z)‘:
o -3 q l
ez f(Z) } " 5,(z2) v e { S, (z\ .}

. 7~
20 /() | /&3
1 -0 (z) !

In view of the Lemmas, the above equation transforms into

l 2 p () z q (z2)
p(z) q(z)

3¢
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2 "3
(1 =) alz| -a(1-2e<)lzl-(1~goe) (1 -«) |2]

7 3 3
(1 =) +alz]l +alz] + (1 =) |z]
n n n
1 +(2p-1) |z 2n |z| 2n |z}
* 1+ z® | F =1z ® 1= 2P
n
2n | z|

' 2n -1 =0
(1= |z )=A0 + |z] ).

\
Yn O
provided that, |,/<[ (1 =2)/(1 +2) ]

)
., 205 the radius of which is gi by
=
@ /() \

For £ = 0, we get a result for starlike function with

the equation

second missing coefficient, which is not found in the literature.

Corollary :

- n4i n+2
~ose flz) =
Sup-ose f(z) Z +a, 32 +a, .,z Foee
~{ =Y n+i
9(») = Z + bTH‘" 2 + eee and

_ ~ n+i n+2 v
h(Z) = Z + bn +1 A + Cn+2 % 4+ osee Let

g (z)
Re{——-(—z-y} > 0, for [z|<1, where

Sy(z) =z + az> + I a, z" are holomorphic

for |z| ¢ 1, and Re{—-ll(—Z)——}yo for |z|<1, where
S,(z) /

52(2) is starlike of order B, 0SBK 1 . If

i
{
i



R { z £(z) > 0 for |z]¢ 1
¢ Az £(z) + (1=2A) g (2) n(z) } ’ .

then f(z) is univalent and starlike ,/‘e radi@is of which is
given by‘}:‘”equation.

SR 3 n i

alz] - a lz]%- ! z | 1+ (2 B=1) |zl
H ——
N\/ 1 +alz| + alzl + |z |5 ¥ 1+ |2|®
n n n
2n |z| 2 n |z 2n )z | ,
= 3n = 2n 2 " =
I P Bl L (1=]2] " )= A (4] 2|™)

Theorem 3-4.3

Suppose that f(z) = z + a’ n+1 n+2

n+l z <+ an+2 y4 +oeee
- n+l n+2
%/9\»0\\‘ 9(z) =+ by 2 +b 2 + eeo and
3 o0
h(z) = z + az” + }':'4 anzn are holomophic, for [z|< 1.
Let Re {g(z)/ﬂ(z)} > 0. For |z]< 1, where S,(2)
is starlike of order B, p < 1, o If
| z £(2) |
-1 <1
2z Hz) + (1=2) g (2) h (2) ' "'"\

,,,,

for |z|<1. Then f(z) is univalent and. starlike, the radlius ,
of which is given by the polynomial P (
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2 3
(1 =) av =a(1=2a)Y =(1 =2 (1 =47 g3
2 3 *

(1 =) +av+ a7 + (1= )7

n \! //’!

1+(2B=-1)Y _ 2nx® _ _ny" . 0/,, e

1 +7" P (1 =) (1 =2=20) " v
Proof : -
/ N
Let y(z) = —2-ifzl o /0
R Nz £(z) + (1=)) g (z) h (2) >\ / v/

By hypothesis ‘¥(z) is holomorphic, | Ww(z) |«1 for
|z} <1. Hence by a result of Goluzin(1945) we have for | z <1

n-1 2
nlzl (1 =3wv(z2)])
2n
(1 -1zl )

. n
and by Schwarz' lemma for |z| < 1 | ¥(z2) | €| z |
%/ém the defined relation of ¥(z) we have
wl(2) [ 2zf(z) + (1 =X) g(2) h (2) ]

= z2f(z) = Az £(z) - (1=2) g (z)h(z)

| ¢(2) | £

zf(2) [ 20w +1)=1] ==(1 =2

T

[atz) hiz) (1 +¥(2)] >\ / L//

e o« Logarithmic differentiation yields.

2 £ (z) - z h'(2) . z g'(z) . z\t‘.(z) 1
f(z) h{z) 9(z) Crew(z)] [1 =A-2K2) ] / A

L X J
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| | §
' S
SR STIRRR I BN L)
f(Z) | h(z) 31(2)
_p zRia) | oo —2xfa) | -1
p (2) (1+w(z) Y( 1 =n=2y(2)
2 3
(1 =e) alz] =a(t=2«)]z| =(1=2x)(1==) |2}
7 > 3
(1 =) + alz]l+alz]+ (1==)] 2]
n n
te(2p=1) lzf 2n]z]|
) 1+‘z‘n 1-| zlzn

n 2
nijz] (1 =]y (2] )

- : -1

2n
(1 =0z ) (1t +w(@@)° ) | 1=ArA=2A¥(z) |

2 3
(1 =-x)alz] =a(1=2«) jz] =(1 =2«) (1 =) | z|

2
(1 =) +alz|l +alz]l + (1 =x) | z|

n n
1 +(2p=-1) |2 2n |zl
¥ 1 + | zlﬂ 1 - |z|2®

- nlz| \/“
(1 -1z M ( 1-7\-7\%1) // L/




Thus f(z) is starlike, the radius of starlikeness of which
is given by the equation.

2
(1 =«) alzl =a (1 =2) |2] =(1 =2x)(1=<) |2
(1 =xX) +alz] +a Izli-t-( 1 -fd) |2]3 |

n
1 +(2p=-1) |z on 1z|M lL | /
- _,_.L_Jj 1 0/ /~
1 (=lzl™ (1 =a a1z /Y

1+ |z|" - |z|

Special Case

For « = 0 we get the result for starlike funct Z;} di th
2nd missing coefficient. |

Corollary :
n+1 n+2
Suppose that f(z) = z + I 2 +ap,o Z + eee
oD
g(z) =z + bn+1 z A+ + ese and h(z) =z + a23+Za z"

are holomorphic, for |zl|<1. Let Re§ -3-(12-—:}7 0, for |z| < 1/\,«7

where s,(z) is starlike of order B ,a¢Bgl, If

-

|
2. f(z) -1} <1, for
Azf(z) + (1 =7A) g (z) h(z)

lz]< 1 » Then f(z) is univalent and starlike, the radius
of starlikeness of which is given by the equation,

alz| = a)zl? - |z|3 1+(28-1) |z L 0
+ -
220 12° - |z

»1 + alz|+ aj 1+ lzln 1

njz|® (1= ]¥() |2 o

= 0.

(=121?) (11 +(2) | ] 1 =% =a2) | %
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Lastly we have
Theorem 3.4.4

n+i n+2
Suppose f(z) =z + a, 4 2 + 8, 2 4 cscee

g(z) =z + bm_1zn'"1 + bn+2 "2, ...
and h(z) =z + Cn_’_1z“',"1 +Cho zn+2+ coe .
Let aez( o(z) 5 0 \ -

r z| £ 1, where

51(2) = z & az® + Yy a, z" are holomorphic for
|z] <1 and Re{——-b-L for *|z| « 1, where S,(z) is

z £f(z) 1
Starlike of order B, O0LPp <1, If Re{
rffz) + (1 -»g(z)h(z)f

> 0.
For |z|]< 1  <then £(z) Qunivalent and starlike, the
radius of starlikeness of which |is given by the equation

(1 =) ar =a (1 = 2«) 22 =( 1 =2x) ( 1 =)z

+
(1 =) +ar & ar24+ ( 1 =) ©°
y o0
1+(2p=1)r 54,0 2n " nz® |
n no n n -1 =01/
T+ 1-r 1 -7 (1-::)(1-) Ar") o

Proof :

Let p (z) =g (2) / 54(z) and

4(2) = h (2)/ s,(2)
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Henca zg'(z) z p (2) z 51'(2)
= +
g(z) p(z) s,(z2)
and z h'(z) _ z 52'(2) . z q'(z)
L(z) 52(2) q (2)
o Re{-——-—-—-—z £ (z) 7 Re{ z Sl(z ) (2)
f(z ) Sl(z) 52(2)
z p (2) ‘ z q (2) ‘ z 0 (2)/ 6(2) _
T q (2) 1 =20 (2)

(1 =) a lz] =a( 1= 2e)jz 1% = ( 1=2<) (1 =) |z|3

7
(1=«) +alzl +alzl2+(1-x) |23
1 + (2 pB=1) lzln 2.n |z|” 2n |z|”
L E 1= 2"
- n|z{"

(1=]z]™ (1 =a=2lz|®

A
alid for |zj <[ ( 1=2) / A ]/ﬁ

Particular Case :

For = 0, we obtain the new result not found in
the literature for starlike functions with second missing
coefficient and can be stated as /
Corollary :

Suppose f(z) = z + an .1 z“"'1.;.am_2 2 + cccos

n+! ne+2
g(z) =z + bpy 2 +b, 2 coe /




n+l +C z1'14»2

h(z) =z +C ne2 4+ ocee

net 2

g(z)
Let Re{ >0, for |z|¢ 1, where
sy(2)

pd n
S(z) =z + a; + Z ap? are holomorphic for zl<.1
1

ad starlike, and Re{ h(Z)} > 0 for z]<
S,(z)

where 52(2) is starlike of order B, 0. B 1.

,«~/.’
/ -
% z £ (2) , 1, for |zl
1 Re - }< ’ or {(zi<L1,
Az f(z) + (1 =}) g (z). h(z)‘
then f(z) is univalent sta 1ke the radius of which is
given by the equatiof P(r) = 0 VV/ D{Y’}

P \ \;\\,\ g\x’ -5‘3 \;9, e

ge § 2 £'(2) }> alz| -2 lzl2- |z (ZP - 1) lz|®
{ f(z) 7 1. alz] + a lzl§+ lzls * 1+ |2|®

S N W N VP
1 - |z 1= |z|® (1=1zI™ (1 =A=n)z|™)
—
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SECTION = 4 % |
\ .

Lastly, we the study of starlike normalisation
by considering the Class definéd by Bhargav - Pandey. [3]

results, on Yni ncy, / ,Wj;
ever credibie.

Let S(m, M) and K(§ ) denote the sub classes of S

We come into possession of

with particular cases

N

and satisfying the conditions

|(z £ (2)/ £(z))- mf<m z€&€D(mpm)E E,

E = {(m,m) : |m=1]< Mg m} and

f"
Re { 1+ zv((:) }Z é y Z € Do 0$6£~.1;
' f (z

respectively, Let p(.ui)denote the Class of functions p
holomorphic in D having Re { p(z)} > M, z€D, 05 ML
and normalised by p(0) = 1. Let V( § ) denote the class

of functions g given by

*

o(z) = V2 [ f(z) +2z£(2) ], f€s6 ), ze0,

0<4 < 1.
4, #e call for the following ignmas which are used in

our discussion.

Lemmg 4.4.1
If £ € S(m,M and |z|]< r <1, then

{1 = ar zf (z)
G&l(r)z '1—+—-§;\<Re __________Stfo-ar

Y-
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where a ( M2 - 2 4 m)/m, b = (m=1)/M, (m,M)E.

Equality occurs for the function f(z) = z/(1 s bz)@ *‘b)/b

This lemma is due to Silvermanf{qg9 J°

Lemm§ 40402
If pefP(u) and |z|] & © <1, then,

P (z) 2r ( 1-4)
z z -
Re{ } $ = 91( r,.)
p(z) J (1=x) 1 + (1 =2x) ]
Equality occurs only for the function,
1 +(1=24) €2
p (2) = , |€| = 1
(1 -€2)
This lemma is due to Libera[13 7.
Lemmg 4.4.3
If 9(z),, € P (§ ) and |z| € r <1, then

3 zg(z)<1-2(25-1)r+(26-1)r2
° { }\ (1-2)[1 - (2§ =1) £ ]

= 8 (1'96 )
g(z) 2

Equality occurs for the function g(z) = z {1 + (26 ~1) }/(1 )
- +z

This lemma is due to Libera [13]

Lgmmg 4,4.4
If ge V(6 ), then |z| = r, 0L <,
Vo T 2
'Re{zg(z) $‘1/+2(1 -2§)z + §(2§=- 1 )r e 6 )
g(z) (1-r) (1=§1) |

——TE5

BALL ASIRIE LeanpEvAR ¥ FARY
oSl BN H
SNival; CNIVESSITY, KOLHE‘!;‘
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Equality occurs for the function g(z)=z (1=§ z)/(1=z2) >\/@

This lemma is due to Singh and Goel [2.0] >\ / g/*

5. Statements and Proofs of Theorems ¢

Theorem : 4,5,1
Let F € 5(°(;ﬁ’5 ))99 h € S (m, M), PG(?(M)

a, by, ¢ >0, then the function f defined by
a+ F (£)7"
a 1 a g
F(Z) = z Of f(t) [.___} p (t)c dt,

h(t)
is starlike, the radius of which is given by the polynomia

P (r) = OM" ,
. b(1 = ar ) b (1 + ar) 2 cxr (1 -a) 9
CNY) = 1 + br 1 = br (1 =) {1+ (1<24)x ] ,

ap (1-29a) - B (29 - 1)
T al1ep(1m2g)T ] +[1-pC2G-1 1)

L p2g-n 2 [1-p(-29)r ]
1 -p(2¢-1)r 1 +p(2¢=-1) 1

i
o

Proof :

We have from the integral operator,

oozt § L1  [EY hes ;/

eren D
after logarlthmc differentiatian and by use of lemma .
(02 5 F@n)" [, e (1-2¢) | z\r/ ]
7 g(2)® p(2)® ast 1 =-p ( 2G = 1) |z|

oo 66
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az f'(z) az F'(z) . bz h'(z) bz 9'(3) cz P'(Z)

22 7 £(a) h(z) 9(z) p(z)

ap (1 =2Ga) - B (2¢ =1)

+

.
al1+pi-2g) 2zl ] +[1-pC2g =)z ]
B (26 =1 )
1 - p(2g - 1) |z
. az f'(z) bzh'(z) bzg'(z) cz p'(z)
e £(z) 4 h(z) ) g(z) ) p(z)

aB(1=29x )= B (2§ =1 )
a[1+p(1-2gx) |z| J+[1=-B(2g 1) |zl

=
d
p(2g -1 1=-p(1~-2¢x) [ /
* * + B (2¢-1) |2 ( >& ;\_/

%

1-;3(23-1) | z| 1

o » Using the lemmas stated and taking the real part

obtain, | .
a Re{z f’(Z)}> b (1-ar) b(1 + ar) C2/r (1 -4
H2) T e 1 - br @(ij

B (1=2Gx) = B (2§ =1)
+
a [1+p(1=2¢x)]z 1] + {1- B (29 -1) |z]]

B (2g-1) a[1=p(1-26) |2| ] \/ :
T g (o] T 1 +p(26-1) |z >/°//« [~

Thus f(z) is starlike and the radius of starlikeness isg~iven :

by the equation,
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b( 1 -ar) b( 1 + ar ) 2¢r (1 - U)

1 + br 1-»5:“: f(1-r)[1+(1-2u)r]

ap (1 =2¢«x) = B (2¢ =1 )
+a[1+}3(1-29-()YJ+[_1-}3(23’-1)::]

. B (29 =) al[ 1=-p (1 »26) 1]
1 - p (26 -1): 1+p(2G =1 )r

/-

¢ = 1, we get the class of starlike functions /
z

Replacing PB
Corollary :

Let 7€ S"(«), g, he s( m M), P& pl 1), ab,ec //
then the function f defined by

\/\\!

z
a b c
(2% &L for ) [=2 1 o) a
z ©
h(t)
is starlike, the radius of which is given by the equation

b{ fear b(1 + ar) 2cr {1 -n

(1+br) 1 = br (1=r) [ 1.+ (1=2d)x ]

+a(l = 2x) =1
a[ 1+ (1 =24 ] + [1-12]

R | . a(l = ( 1=2« ) 1) _ 0 ?
(1 =-1) 1 +r B ./
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% X
This result is ng e -

Also putting & =0, § = %L%___ we pet the class

| studied by Lakshminarsimhan[127], denoted by S (o, p,-ii-) )M/(j)

Corollary :
Let Fes(0,p, 1), g, h € s(m M be Pl )

as b, ¢ > 0, then they function f defined by

Z b
F(z)2 = &l £(t)" [ () p(t)C dt
5 h(t)

is starlike, the radius of which is given by the equablon,

e —— AN e ., e s S

b (1 = ar) b( 1 + ar) 2cr (1 = )

1 + br 1 = br (1=-o)[1 + (1-21) 1j

ap ( 1) =p ()

+
all+py J+ [V-B)TY ] =

. ﬁ’( + a[ 1_pr] > . ,,.;,/.*"P
1 =By 14+ By 7 C/

This result is also new and not found in literature.

Lastly replacihg P by 1 and § by B, we get the class
studied by Juneja - Mogra[9] .

Corollary
Let f € s(«, 1, B)» g,h € S(myM), pey(u)/ &/

and for § = Y2, we have this
Y;




b(1=-ar) _ _br _2¢cr (1 )
1 + br (1-x)log(1-r) (1-1) [1+(1-24) 2]

a (1= 2«4p) = ( 2B =1)
" [1+ (1=2& P) |z| J+[1-C2p-1DIz]]

(28 -1) . a[1-(-2xp)r ] S ~
1 - (2p=1 )z 1t +(2p=-1)r

D
/If FE S(Xxy, B, q), geV(S), hes (m 1) Pep(u),

a, b, ¢ > 0, then the function f defined by F(z)? = IZ £(4)2
(-]

b
[ g(t)/h(t) ] p (t)c dt 1is univalent and starlike, the

o

N\
SO
O
"
<
N

radius of starlikeness of whicp is given by the equation,

b(1ar) T e201-28)rx F85(28=1)r°

$ + br (1 -r)(1-§1)

—2cr (1 -u) +3P(‘-3?°‘3*ﬂ(2§-1)

(1 =) [ 1+ (1=2u)r ] s[1 + p(-29<) v J#[1-p (29 -1y ]

;ﬁ(z%—n +a[1--;3u-2<;o<)r ]:o /")
1=pl2g 1) 7 1+ (29 -1) ¥ (/

<

Proof := The routine CalCUlatiodband applications of the

appropriate lemmas yield, T

2 £ (z) \ (2 h'(z) (z g {z) 3
Re > b Red ————! _kae< mmmat {
y { £z) J 7 { n(z) } o)

_caeizp'(z) L 2 PU-26) - B(25-D
p(z) Xl a (1 +p(t-2q)z)[1-pl2g 1) |z| ]

K




B (2= 1) a [ 1-p(1=2¢«)lz| ]
+
"1-p (2g - Izl 1 +p (26 -1) | z|

b(1 —ar) 1 +2(1=2§) 1 +&(28 =112
D/ - b
1 + br (1=-1) (1 =47)
-2cr (1 -u) aB (1 -26e)=p (2§ =1)

+
(1 -r) [ 14+ (1-2uwr ] a14p(1-26a)z| ] + [ 1B (2= 1)]|z] ]

B(2G =1) al1-p (1-2ga) |2] ]
3 -p (2g-1) |z| T +p (29 =1) |z|

Particular Cases :

For B = G = 1, our class S( <,P,% ) yields the family
of Starlike functions of ordercx,s*(c( ), Then we have the

following interesting particular case.

Corollary 1.

let FES (&), g €& V(§ ), hes (m M)
pe€ P(M), a, b, c > 0, then the function f defined by

b
t
F(2)2 = ? f (t)a —E%;;—- ] P (t)cdt is univalent

and starlike, the radius of which is given by the equation



- 78 -

b(1 = ar) b1+2(1-28)r+5(25-1)r2
- 1+ br ) (1-:)(_1-51:)
2Cr (1 =) | L alt-2) -
-.(1-1') [ 1+ (1-2U~)r] a[1+(1-2=()lz|] +{1-]z] ]
, . a{1-(1-2e<) | z| /\/O
(1-1z]) 1+ |z]
Next we have a corresponding result for these univalent } 4

holomorphic functions investigaged by Lakshminarsamhan [12.] /* 0

Corollary :
If Fes(o B, B1-), g€V(§), n€5 (m M)

Pe P(u), a, b, ¢>0, then the function F defined by

Z b
a a g(t) c
Hz) = é f(t) [ ;"'(*3- ] p(t) dt

is starlike, the radius of which 1s given by the equation,

b(1=-ar) X 14 2(1=28)r + §(26§ v 1) 2
1+br (1 =) (1-=41)
-2 cr (1 =) a P -«B
— +
(1er) [1 + (1=2M)r ] al1+p 1zl ] + [1 -xp lzl]

al 1-Blzl ] /J
1--<B|z| 1+ P |z] )‘

/&éfgt the usual substitutions, namely B =1 andg replaced by B,

we obtain a result on these lines for those univalent holomorphic

functions studied by Juneja - Mogra[ 9] .
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Corollary

1f Fes («,1, B) , 96V (8 )y heES (m, M)
pe P(u) , a,b,c, >0, then the function f defined

by b

F(z)2 = | #£(t)® [ 91-9——] p (t)€ dt is starlike
o h(t) -

and univalent, the radius of which ¥ given by the equation /

b(1=-ar) " 1 +2(1=2f) v+ §(2§ -1 )_ri ‘
1+ br | (1=x) (1 =-§ r)

_2cr (1 ~w) + a{1=2a B) = (2B = 1)
(1-x) [ 14 (1=2)r ] a(1 + (1-2 B) |z] )4fi-2p-n]

+(2p=1) ,+a[1-(1-2o<ﬁ)lzl] > o %/O

1 = (2p=1) |z| 1 + (2 B=1) |z]
All the above results a ~fiovel ‘relsults anpd not found
in the literature. \ u
.

Eheozenm 4.5.3
Let Fe S(ﬂvplg)' —g-il}-—e‘_p(é Y hes(m, M),

pe P(M), a, b, ¢ > O.Then the function f defired by

F(2)2 = a+ 1 z g(t) b c
z - foewe] ] a0

is starlike and the radius of starlikeness is given by the

| equationj
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S b(1-ar) b [ 1-2(26-1) ¢ + (2§ 7-1)_ r2] _ @ (1= p)

T abr (1 -2 [1-(25-1) ] [1+(1-20)x ]

ap (1-264) = B ( 2Get )
a[1+p (1=2¢«)r ] + (1-p(25-1) r]
p(2g -1) al[1-p(1-2¢x )r]

+
* | - p(2G D)= 1+p(2§-1)r

- e "%‘“ "
— \W{N( \«’

Proof : By the custemary calculations and using the lemmas,

we arrive at

¢z £flz) } b( 1 - ar ) b [ 1-2 (2§ =1)r+(25=-1)17]
%

Re 3 -
2T f(z) 1 4 br (1-r){.1-(25'4) r}

-c2r (1 -1 a;a (1-244) - B (2§ =1)
+
(1-n) [1+(1-20)r ] a[ 1+ p(1=26« ) |2z| ] + [1p(2g-#)|z| ]
N p(2§-1) al1=-p(1-2g«) jz| ]
t-pi2g-t) 2l 1 eB (240 lal

Ve note the following known cases -

coroll

Let FE€ ST (X ), 9(z)/, € p (§), heS (my )

pe (ML), ay, b, ¢c>o, Then the function f defined by
z

- 1 s b
FHz)®%= 3t ) f(t)a[ __E__:_:_;_____J . p(t)cdt

4 o

is starlike and the radius of starlikeness is given by the

equation,



b(1 - ar) b [ 1-2025-1) = +(26-1) 2]
1+ br (1 = 1) {1- (25-1)::}
- 22r (1 =) al =2 ) =1
R + - ] - N .
(1=2) [14+ (1=24)r ] a [+ (1=2x) 2] 3+ [ 1=1 2z ]
1 a [ 1- (=2} iz} ]
+’ ‘ , + = 0.
(1 =3z1) 1+ |z}

- - . s e - " 1 +
Suovpose that F is holomorphic in E, then F € 50, B, 2 )
]

-
a clascs studiec by Lakshminarsimhan [323 we have

corollzry

Lzt F € s(cC, E, _J_:’Z.’.‘.g(._)’ giZ) € PLSs )’

he 3(m, M) pe P (M), a, b, ¢ >0, Then the function f
defined by

- z a T + b
F()f = 2L | £y L-—;’—l&}-] p ()€ &t

]

is starlike anc the radius of starlikeness is given by the
equation.

b (1=ar) b [1=2(28-1)zr + (2§ -1) r2]

14+br (1-:){1-(25 -1):}

-2cr (1 =1 a(B)-<«p
(1=1) [ 1+ (1=2.4)z] * a [1 + ) lzl] + [ 1= B |2]]

« B al1-pd |z|]

+ , + = O
1 -4B |zl - 1 +o B |z]

Lastly, we have the following particular case for the

+

univalent function> onsidered by Juneja-Mogra[g 1.



Corollary : .

Let F€ s(et, 1, B)y g(z)/z € P (&)

h e s(myM), pe P(ua ), a, b, ¢c>0. Then the function

f defined by ‘ _
Fz)? = &b f(t) [ 175 (0° at

1s starlike and the radius of starlikeness is given by the

equation : W(\" T Pe ]

b(1=ar) b[1-2(26 1)1 + (26 ~1)r2 ]
1o+ obr (1-1) $1- (26 =)z’ \
" 3 \\
2 cr (1 -u) a (1-2«B) - (2B = 1) |
* : ¥
(1-1) [ 14(1=2.4) = ] a [ 1+(1-2apB)|z] ] - [1—\2;3-1)131]/;
, (8-1) - al1-G-24 p) lz| ] /
+
1 = (2p=1) |z] 1+ ("’;3 -1) ivl L
. a, by ¢ > 0, then the function £ defined by
a : a oaly) c
Mz o= AL og(e) } s(t) dt is
= 0 £ on(t)

Starlike, ther adlius orf which is given by

b(1 = ar) b5(1+ar) 2er (1 =)

1+ br {=-0T (1=r) {(1+(1=2U) 1)

a(1=2« B) - (2B - 1)
al 1+ (1=2«p) |zl ] + [1-(2p=1) iz ]

+(2p =) al[ 1 = ( 1=2«48) 2] ]
+
1 =(2 p=1) |z| 1+ (2B =1) |z

This result is not found in the literature. /
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Theorem 4,5,4

Let FEeS(y Bs ? )y gk h€ S (my M)

P ¢ p(u), ayb, ¢> 0, Then the—function f defined by

z (t) qb
15-'(z)a = 3-3.;‘—‘- off('c)a [ > ) (p (-t))c dt

h(t) 0

AW/

is univalent and starlike, where radius of starlikeness \J“.C \\W
is given by, the equation = Gﬁmw’.’\?"‘\' .

b( 1-%:2 _ b(26=1)r : r (1 - 24, |
1 + br (1 )2(! 6)!"1 - (1~I)28-1] . (T:“r)[.-‘*{.‘_zu) r:l ‘
aﬁ(1~2§o<)-}3(2§-1)

+
a[ 14p(1-262) 1t ] + [ 1-pl26-1)x ]

N P (26 1) Lalt -pli2gr 1 (. |
- (2¢ -1)r 1 o FN2G-1) = i

b(1=ar) b @'1 - )

1«1-brr - (1-1‘)1%5(‘:-1'} TS Ty (1-2 AT ] }
ap (1=2G«) =B (24 -1) B (2 g =1) [

T2 x 1+ M- PGy T Y {0 p(2g -)r |

+ _al 1- B(1-29])z _
Proof : 1+ pl2g-1) r for & = Z\ /O
edin

Making use of Lemmas stated above and proc

exactly on the same lines as in above theorem, we can write

down,

z f,(z) Z h'(z) z g'(z)
a Re {—-——-—-—-—-—} p b Re e = b Re i____ —_—
£(2) %. h (z) } | o{2)

- C Re{z P (z) } L X ap(1-24x) - B (2 ¢ -1)

p(z) a[14p (1-262) |z| ] + [ 1-B (2§ -1}]z] ].
B (2g=1) | 1 -B (1-26¢«) {z|
+ + a
-p (2¢-1) |z] [ 1+p (26 -1) |z ]
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b(1 - ar) b (2§ -1) r

>/ 1+ br B ‘ (1-!)2( 1 =5) [1 - (1-1?)26 -1]

1-r){1+(12.0 )r ]

ap ( 1-2G«)- B (26 -1)
+
al[1+p(1=26)T ] +[1-p(26=1)r ]

B (26 -1) +a[1-ﬁ(1-2§o&)r] 50

"3 -p (2g 1)z 1+p@2g-1)= —
e e

for § = Y2, we can have, thi.s.

R z £ (z) N b(1-ar) br
2 egl £(2) } 1 +br  (1-r) log (1-r)

4
”@2: (1= u) ap (1-2g«) = B (2¢ =1)
+ :
WMof) [1+1-200r ] a [14p1=2ga )y ] + [1-B(2G -1 )y, ]

B (2g =1) al[1-p (1 -2g«)r]
. —
"1 -p(2g-1) = 1+pl2g-1) T

7/0 (fOI‘é = Y2)

Thus f(z) is starlike and the radius of Starlikeness is given
by the root of the equation P( Y ) = O . Ve list the
particular cases of the above result,
For B = ? = 1, we shall obtdin a result which seems to be
new, -

_—

-

—
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Sorollgry 1 :

Suppose that F& s*(« Yo 0l <1, gekK (§8),
hes(im,M), Pepl(u), a,b,c>0 Then the function

f defined by
z
a a+ 1 g a g(t) 1b ¢ ;;}Z////
F(z) =—3 f(t) —RTET— | p (t) dt
is univalent and starlike whose radius of starlikeness
is given by the eauatlonjj

b(1-ar) br 2 Cr (1 =u)
1 + br (1-r) log (1 =7) ) (1-r) [ 1+ (1=2u)r] '
a(1-2«)-2 . (
a [ 1+ (1=2« )y J+[1-r ]
i ./"
1 a [1-(1-2x) 1]
+ + 20, for § =
{1 =12 1 +1r

for § # V2, the radius is given by the equation

b(1 = ar) b (2§ -1 )r
1 + br ( 1-r)2“"5 )[_ 1= (1-r)2é -1 ]
2 cr (1=u) | a (1-24) =1

" (1-1) [1+ (1-24)1] ¥ a [1+ (1-X )‘r ]#- [1-T ]

: 1=(1=2«)
-, 2l nRLE (§$£ ¥2)

1 + 1




1+
Foro{= 0, 3: 5 and B unchanged we shall get

the region of starlikeness, that involve univalent holomor-
phic functions studied by Lakshminarsimhaan; needless to
say that the result appears to be new and it would be

given,

Corollary 2 -

%
Suppose £ € S( o, B, 2+ X ), gek (8 ),

he S (my M), PepP( ML ), a, by ¢ > 0, Then the function
f defined by

a 1 z (t) ¢b
F(z) = "’: f f(t)a[ g—;;—-} (p (t)) at

is univalent and starlike, where radius of starlikeness is
given by the equation 1
b (1 - ar) b (2§ -1) r ~

+br (1-r)2U =8 ) 1 - (1-r)28 1]

-

2 Cr (1= A)
(=) [+ (120001

ap - B %P
+ + +

a[1+By J +[1-par ] 1 -« pr

a [ 1-pr]

0 2

¥ 1+ «Br 7 5 A7

] b(1-ar) br 2 cr (1=-u)
an - -

1+br (1-r) log (1-r) ( 1=r) [ 1+ ( 124 )1 ]
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/

///// ap-«pB R‘g « f\

el

e

f

Y oalepr  J+[1-<pr ] -
o B 1 -

+ +a[ pr];zo;ér5=3/2
1 =XBr 1 + < PBr

r'/’ ]
o /
- !

In the same manner for «-urichanged, B replaced
by-1-and fs»replacéd ’by B, we have the region of
Starlikeness; studied by Juneja - Mogra[gj

Corollary 3 :
Suppose the F € s(a, 1, B), geK (6 )
he S (my M), pep (M) a, b, ¢ > 0, Then the function

f defined by

a a+ 1 z ar g(t) b c
F(z) = ("'-'—z—'—) g f (t) [-—m-:a- J p (t) dt /
| |

is univalent and starlike, where radius of sfarlikeness is

given by V | ?f\ M !

b (1-ar) b (2§ =1) r S

- b - 201 = 28 =1
/ i+ br (1_r) ( 6)[1_(1-1-) § ] \
/" 2Cr (1 -M) a(1-2xp)=-(2p=1) \
!;’ (l0) [0 + G-2a)r] & al 1+ (1 - 28BIT - ] +
\\ | _' [1-@p-T ] /

\‘\ (2 B ~1) al1-(1-2B)r ] ,
W fT-@pur T 1+(2p-1)r >/° 2.
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