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STARLIKE NORMALISATIONS

abstract

Let E sb ilillhtz. | C. jibe the unit disqi Let S

designate the family of holomorphic univalent functions 

with normalisations f (o) * 0 a f (o) - 1* Let S*(«< ) 

denote the class of functions

S (z) a t. + az‘
*0
L. V

n»4

n

which are holomorphic, univalent and starlike of order 
<< , ( o4»(.<l) with second missing ^efficiently Putting 

to use this class, some results related to regions of 
univalence are^ga^d^o^ the lines of Causey and Merkes*[s*J 

The Class ( °< * ft)» the class of functions f(z) having 

Taylor Series expansion

f(z)
oO

Z + n22 anz“, which can expressed as

f (z) a V2 ( g(z) + zg‘(Z) | where g (z) & S* (a<J p), has been 

discussed from the point view of radii of Starlikeness* /) Q 

The Class D( , p, j ) studied bv Kulkarni 3.R. has been 

generalised to D (<* t p, f , u , 7k ) pacifying the condition

f‘(z) - 1

2 5 [f’(z) -X+(1-v) Cos* ••_iA]-(f'U)-1)



-X 7 l >^tA

with appropriate restrictions on f") p# J ^ has been 

looked into fxom^he point view of negative coefficients 

and varieties of results pertaining to linear combinations, 

radius of convexity etc. have beenattempted*

In section III this idea of region of univalence

Vhas been interwoven via Gupta - Ahmad C
The univalent functions with second missing coeffi

cient have been extensively used in generalising the results 
of Kulkarni - Swamy.^

In the concluding section IV, some novel results 

le ading to the regions of univalency have been obtained 
fbr the class S(«K» JS, J ) introduced by Kullcarni1; S.R^fo] 

satisfying

zfVf -1_ _ _ _ _ _ _ _ _
[2«i( Zf'/f --<)-( Zf'/f -1) ]

p € (o,D» ?2 « 5 < i, o ^ <4 < y25

Particular cases and sharp results are listed 

whereve
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STARLIKE NORMALISATIONS

SECTION I

1* INTRODUCTION 8

/

Let E a ^ z S |z| < 1 j. and S ( •< )/£re class of 

^ univalent starlike functions of order ^ «< < 1 •

S(z) * 2 + az + ... » Starlike functions of order

«*< , with second missing coefficient^were first introduced 

by M.s.Robertson Oj.

We have the following definitionsJ for our investiga* 

tions. I

Definition 1.1 Let S*(«<) denote the class of functions

oo

\ W = S(z) * x + az + 21 anz , which are holoraorphic,
's-o n«s4

vlnivalent and starlike of order «( , for jz|< 1»

Re j” ] > o< , for |z| < 1, where 0^-< < 1.

Definition 1.2 Let S* denote the class of functions
oC

i
W = f(z) » z + az + a_.z , vtfiich are holomorphic

n - 4 rl

and univalent 

The clas

| z | 4 1, onto a starshaped domain.

Re [ 1 J > 0 for |z| < 1 • » z e E
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The functions in («<) are univalent in E.

J.S.Ratti, has/attained/xn the discs of

uni valence for certain classes of functions f(z) holo- 

morphic in E« Some of his consequences required that 

either

Re ...J > 0 or Re | Y2Xi -------- \ Z
be satisfied in E, where Re £ ^zVg(z)|>®

and Merkes obtained such types of result 

replacing the expression g(z)/2i by g(z)/s(z)
S(z)/g(z) where s(z) € S*( •< )* defined above.

In the second section of this chapter we have

continued the same discussion on Starlike normalisationst

for S(z) belonging to the class V (•< » p), we define

this Class V («< , /3) as follows s

Let p ( * ) - q (z) = 1+^z + q2z‘
q(z) - 1

(2p-!)q(z) + 1-2*p
4 1

fr*

for 0 ^o( < 1, 04^41, \z i l z| <1,
Let Pq( «■< y p) s q (z) £ P ( o<tj3) : q*(0) « 2 ap(l-«0,<Ua4l 

# •
Sa (ol,p) s f(z) = z + 2 aj3 (1-o<)z2+ €Pa(«<, jB)

0^a^1 •
Che class Va («< , p) consists of the functions f(z) which 

can be expressed as \ f^T^)
f(z) - Y2 Jg(z) + z g'(z) |, where g (z) € Sa ( <* , p) *



1*2. some,lemmas ,
<2V\

The following Lemmas we require during our course J) 
Ofjresearch,---- __----------------~........

'C\ 1Q ?
Lemma1«2»1 If h(z) is in {p ( K ), then VNdr "

Re; h(z)> 1 - <'-><) l.«I

This readily (succeeds/ from the fact that
h(z)r 1^2I=LlL_£_115L. .

1 ♦ z 0 (z)

where 0 (z) is holomorphic and |0 (z) 1, in E,

If h(z) is in (P (o), then

Re
f -h*(z)1
(_ h(z) j

1 - |zj2

oo
Lemmal-2.4 If f(z) » z. + az3 + Z

n «4
a^ zn belongs to
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then

Re C 1- •<) + ajzl

(1—0 + a U|

- aC 1-2*0 H2-(1-2»0(1—OH3

+ *|x|2 + (1—0 lzl3

0^a^1. This result is sharp for the functions

•f0M(z) * z

2(1-*Q 
3(1—0 -a

( 1 -V ~

(1-K-a) Z +(1-0 ]1-,(

V3. REGION OF UNIVALENCY FOR STARLIKENESS s 

Theorem1-3o 1 Suppose f(z) and g(z)feelong to yv, where A ia
fuO \

the class of functions f(z) * Z +| T_ )a„zn , holoraorphic in E

S(z)€ S*«),

Re < ^ of
I S(z)J

Starlike, where the radius of Starlikeness is given by the 

expression «/

\2 J

pacifying the condition , 

z. € E, then f(z) is univalent and

i
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r5 [(1-2*0(1 —0]+r4[-4(l—<)+a(l-2*<)3+r3[-4a-(l-2O(l-«0-a ]

+r2[-4a-a(l-2«0-(l-<)]+r[-4(l—<)+a]+(1-*<) * 0 \ I

Proof The hypothetical condition Re [ ^z^/sfz) 0 

implies that g(z)/s(z) * p^(z) ie. g(z) a S(z). p^z)

andae[fffH>0 ♦■§[3}-
g(z) . p2(z).

Consequently we can express i 

(3.2) f(z) a Pj^z) . p2(z) .

Logarithmic differentiation of (3.2) yields,

v*<arr

h (V 1 
ty

Re (?)
Tkz) = Re * pi (z)

P,(z)
Re z p0

— Ml *1±Ll +
P2(z) J

. o.J z s' ( 2)+ Re<—fra
Application of Lemmas 2.1, 2.2 and 2.4 bring forth

-2 r -2 r vSvjv' ^ ‘ i
1-r 1 -r

l-/\ .2 ( 4 t 4 —A

2 3(1—0 + ar +• ar + (1—() r ,



Hence f(z) is starlike, the radius re of §tarlikeness is 

given by equation.

[(l-2«<)+ r*[-4(l-««0 +a(l-2»0 3 + r^[-4a-(l-2«<) (1 - 

+ r2[-4a-a(l-2»<)-(l-°<)] + r[-4(i-«<5 + a3+(l-*<) = 0 ^

We notice that f(o) = ( 1 -«■<) > 0 and ,C>v3

f(l) s -8a - 8(1 -«<) < 0 , which evidently

shows that rQ lies between 0 and 1. y HUaV' is T,

The result is sharp for the following functions.

g(z) Z -(1-+ ■*)

(l-z)3”2*
f (z) Z (1 + z)

(1-2) 4 -
(

S(z)
( 1 -•<)

1- *»<

2C1-°Q
30v0-a

(1+z )1_* *a [(1 -•< )z2-(1- < -a)z +(1—<)]1_‘

wherever a/(l-°<) ^ 1.

Particular Cases s For •< = o, we get the radius of Starlike-L 
ness for 2nd missing coefficients.



r5 - r4 (a-4) - r3 (5a+l) - r2(5a+l) 

+ r(a-4) + (1 - V) = O

Theoremlg,^ Let f(z) and g(z) be in A, S(z) € 5*( «< )»

0 4 < < i. « »• { > V2 • R® { ffef-} > o.

Z€ EI then f(z) is univalent and starlike for |z| < r ^ , 

where is given by the equation :

(1- <V ;+ar - a(l-2°< )r^ -(1 - 2 <*) (1 - }r"

(1 - °i) + ar + ar~ r ( 1 - «<) r
2r r

J-e') 1+r

Proof ;

Ae
L s(z)J

f(z) a P2(z). «(*)» where P2(*)€ (J> (0)

Therefore combining these two conditions we obtain,
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f(z) * p^(z) . P2U) • S (z). 

Differentiating logarithmic ally , we achieve,

(1 -•<)+ ar - a( 1 - 2-<) r2 - (1 -2 «< )(1 - o< )r3
* ---------------------------------------------------------------------------------------------------------------->0

(1 _ ) + ar + ar + ( 1 — °0 r

Hence f(z) is starlike, the radius rQ of which is given 

by the equation.

H(r) = (1-°< )+ar -aO-2«Qr2 -(1-2q< )(1-Or3 
(1 - °<) + ar + ar2 + ( 1 - <) r3

Rete>( 1 +ar~a( 1 ~2$ ■)'«-"-C 1 ~2- *) r3

l ftapd -«) + ar + ar2 + ( 1 - «) rJ

2r _ 
(1-r2)"

2r
(1-r2) 1 +r >o

The result is sharp for the following functions.
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S(z) = z ( 1 -0
1 -oi

2. ft —0
3"Ci—0-a

_ (l+z)1~*"a '[( 1-°Oz2-(l-“<-a)Z +(1 -4

P1 (z) i hi
Particular Cases - for o< = o, we get the result of

radius of Starlikeness for starlike functions having second 

missing coefficients and can be restated” as follows :

Corollary:

Let f(z) and g(z) be in A, S(z) € S* (°<)

if a« ^9<z)/s<,z)} > V2' Re { f(z)/g(i)}> 0 ’ zeE’ 

then f(z) is univalent and starlike for |z| < r, where fr'

is given by the equation,

Theorem :1»3.3

1 + ar - ar2- r3
2 31+ar +• ar^ + r 1-r“ 1 +r = 0

Let f (z) and g(z) be in A, S(z) £ S ( o< ),

If ae | JSLklj.>0 and §£§} - 1 | cL 1, for Z£ E, then
Ls( z)

f(z) is univalent and Starlike, the radius of starlikeness is 

given by the equation,

H(r) - ar ~ aC 1 - 2«()r2 - (1- 2°<)(l -*) r3

+ ar + ar2 + ( 1 - °<) r3

(1 -r)(1 -r2)
0
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Proof s
We first note that | f/g “1| ^ 1 if and °nly if 

Re ^ g/f J > y2 . Re | > o implies that,

g(z) = S(z) • P2(z)* where p2^ ^ & (°) and

Re implies that g(z) * f(z). P1 (2)»

where Pj(z)£ (f(y2).

Hence these two conditioiy^ogether yield, 

f(z) *
S(zj . P?(l)
P, (z)

Thus, differentiating logarithmically, we get,

In view of Lemmas 2.2 , 2.3 and 2.4, the above expression 
reduces to

Re { S f'lzl
f(z)

0—0 + ar-a(l-2«t )r2-(l-2«Q(l
(1 *—0 + ar + ar2 + (1- °<) r3

«< )r3

2r
(1-r2)

r
(1-r) 0
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^ence f(z) is starlike and the radius of Jstarlikeness is 

given by the equation H(r) =* 0, where
! /

H(r) 3 (1- °0 + ar - a(1-2«0r? - (1-2«<)(1 - «<)r3 _ 2r

(1 -*0 + ar + ar2 + (l-<*)r3 ^1”r ^

r
TT=r)

» 0 (9
Vfe- can easily verify that H(0) > 0 and HO) K °» hence 

we assure that the root lies between 0 and 1.

The result is sharp for the following functions.

2(1-«K)/3(i-<() -a

S(z)
(1 --0 1-

(1-4-z)1"^ "a [(1-°Oz2 -(l-o<-a)Z +0—<31—<

Px(z) a 1/(1“Z) » P2^) 1-Z

1 +Z 0
Particular Case :
For «( a 0, we obtain the radius of j/tarlikeness ^

for the starlike functions with 2nd missing coefficient. / £ ;

Corollary :

Let f(z) and g(z) be in A, S(z)€ S*. If 

Lvalent and starlike, the radius o ^
>0 and | ^z)/g(z) — 11 <1* for^LCE, then 

f(z) is univalent and starlike, the radius of Starlikeness:

is given by the equation9
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9X4 _ m2 _31 1* flR r* mfty. .1!"*1 i «.------
1 + ar + ar2 + r3 ^“r ^ (1-r)

Theorem1»3.4

Let f(z) and g(z) be in A and S(z) be in S (°< )* If

Xalal
l S( z)Re i a-*-*'..>>■} L and | .f.Ui - 1 | <1, for n£ E, then
► ^ ’ g(z)

f(z) is univalent and starlike the radius of which is given

by the polynomial* K(r) - 0* /as stated^

(r) « r50-2«< )0-«*0 + rY ad-2®<)-2( 1-°0)

- r36a + (1—2®() (l -«K))+ r2f a(l-2»<)-3 ( i-o<)-2a}

+ r G-2(1 -•<)) + 0-*)

Proof :

By the aforesaid reasoning as in Theorem 3.3,

g(z) as f(z) p^(z) where p.j(2)£ (P (V2) • Also

g(z) a S(z) • P2(z) where p2(z) £'(P (y2). Hence by lemmas

2.3 and 2.4 it follows that

Re
(1--Q+ ar-a(1-2°Or2- (1-2 ■■<) (1-°(.) r3
(l-«<) + ar + ar2 + r3

r
1+r

— > o
1-r

Hence f(z) is starlike, the radius of starlikeness, is given 

by the equation K(r) m 0, where K(r) is
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K(r) at5(l-2«( )(1 - °0 + r4^ aO-2<K)-2 (1 -°<)j

- r3|3a + 0-2*0 (1-o()|+ r2| a(l-2«K ) -3(1-*) 

^a-2 ( 1 - *)J. + (1 - \ ^

Again we have K»(0) = (1 - ) > 0

and K(1) < 0 ^ ^Q

+ r

Hence confirming that the root lies between 0 and 1. 

This result is sharp for the following functions.

S(z) (1 -*) 1 —<
2(1—<)/ 
3(1—()•

(1+z)1"* “a[ (1-o<)z2- (1-* -a) z + (1-o<|(1^)

(z) = 1/0+z)

P2 (z) a J/(1-Z)

Particular Cases *

For °( = 0, we get the radius of starlikeness of

f(z) but for 2nd missing coefficient, which is not found in
\ ..............■ — ' "■

literature.

K(r) = r5 + (a-2)r4 - (3a +l)r3 - (a+3)r2

+ (a-2)r + (1 - *)
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We continue our discussion of finding the regions 

of univalency9 particularly that of starlikenessv within 
the same frame of Causey and Merkes^^. Here we obtain 

these results for the Class Vfl( p), the Class of functions 

f(z) which can be expressed as

f(z) -V2 [ g(z) + zg (z) ] where g(z) £ S* (, p)

0 <P 4 1, and 0^.a<1.

We consider the following class of function^

c ?
p(°< »p) » ^q(z) = 1+q1(z)+ q2(z2) + •••

'S

q(z) - 1

(2? -D q(z) + 1-2-<

or 0 < o( < 1, 0 < p ^ 1 and 2

/O

£D={Z! 1z 1 < 1}

Let Pa(.< , p) = | q(z) £ P(*(, p) : jj'(0) = 2a p(1 - K)

Sa #(«K 9p) a £ f(z) a z + 2a p (1-°< ) z2 + ... ,

^— 6 p («f,p)
f(z) a p

We^necessitate)the following result for our discussion of 
region or univalency. This can be found in [js] ^ / (p
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Theorem s

Let f(z) £ Va (**< » p)» then

ae f_£_Lizll. 1- lA. + —3— .
i f(z)Jy 1 -•<) p(1-"<)

.,,2___
(1-r2)

(°< p + p) 6 - Hp-»p - l)r2)J^p-i-2«(P)(t-r^+i-(2p-l)2r2J

- (1-C2p-1)H P++P-1) r2J, when Ra ^ R*

[ 1-hW par + (2<p2 (o( +1) a2 +p(5°< -l) -.2)r2 

+ 2ad-M) p (2 °<p-1)r3 + («< p + p-1) (2«p-l) d/

^1 +ra( «(p+p) +(«< P + p-D r2) (l+2a pr + (2 p-1) r2) 

when jia ^ R

where Ra = U +1) par + ( * P+ p-1) r2
1+ 2 par + (2P-1) r2

af =, V (^^1)(1-(^4P - Dr2

2 (2-«< ♦ (o< -2 B) r2)

4. SOME THEOREMS :

Theorem1«4,1
Suppose f(z) and g(z) are in A and Re ^ S^/sCz)}^0’ 

z€E, 3(z) € VaU_, p). If {f(z)/9(z)} > 0, -€ E, then

f(z) is univalent and starlike in |z| < r^ 

given by the polynomial

ere r. is

L
(T

18
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H(r) « =^0 -
(1-r2)

2( 1-2 B)____  _____ __________+-J______ . 2
(1-r2) * p (1-cX ) p (1-*)’ (1-r2)

[ >/(o< P + p) [l- (°<p + p-1) r2 ] [(4 p-1 -2«<p) (1-r2)

+ 1-(2p-1)2 r2 J - [l-(2 p-l)U p+ p -1)r2] =0 /

Ra ^ R UJ

4*

l Yl?
di\« y -I W s’ ^vvf> p ^

-to I '^tkSW Jrvt —•0IM /

Proof :

*[£?] > ■» -teb-i1'’l"

g(z) b p1 (z) . S(z>

fftf- P2Cz)Ref0

LciCz) Y
f(z) * g(z) . p0(z)

Hence f(z) * P^z) . p2(z). S(z).

Logarithmic differentiation and application of relevant 

e-/ Lj&mmas in Section I and in this section we obtain

Re Szf US]
\ f(z)7

2r + JBj + __i

r'rrX'sSy^C’*1 -n

(1 -r ) (1-r-1) p ( 1-*0 p(1-°$ (1-r^)

^ (°<p + p) [ 1- ( «K P4P - 1) r2]

[(4p -1 -2<Kp) (1 -r2) + 1-12 p-1)2 r2 ]

- [ 1-(2p-l) («<p+p-i) r2] /VRa^R1

and
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-2 t 2r
and^ (1-r2) ~ (1-r2)

+ [l + 4«<0ar +(2°(p2(c< +1)a2 + "1)“2^r2

+ 2ad + °<)0 (2o{ jJ-1)r3 + <*>< -1) (2«< B-1) r4)/

^1+ra(o<.p^) + Up^-I)r2^) 6+2a 0r+(^-l)r2)

when R .

Hence f(z) is univalent and starlike in |z| -4 r* where r^ is 
given by the equation H(r) =0. /) \J( | </>

Theorem1-&.2

Let f(z) and g(z) be in A, S(z) £ Va ( «*< ,B)

If Re {9(z)/sU)|>y2. a,{t(*)/g(z)}?o. ^et.

Thenf(z) is univalent and starlike for \z\ < .

where r ^ is the root given by the equation H(r) =» 0.
+ f i + v* -3 ar t i4<j.r M+1' 'i3' -*• [3 (cs-<-i ■>- 2-) t“ 

»•" * : ~ r ~ L / „
+ Ia + fa^fh-Or^- C^P + f3"0 -1 ^r'f/(i-t yaHB+J^ ^

(< r;-rfi- Pr ^ ^ ~ Y~ + (Hi - T*~^

Proof : Arguing exactly on the same lines as in section I.
I ^

and using the appropriate lemmas and therein we arrive at

a.{jaJ*LU-£
l f(z) J^1“r 1-

-J2t + -2..il-2P) +
£ (1 -«)

8 (1-°<) (1-r^)
/ (o<0 + 0) [ 1 - («< p+ 0-1 ) r

[(4 0-1 - 2o(p) (1-r2) + ( 1 - (2 0-1)2 r2]

[ 1- (2 0 - 1)(*0 + 0-1) r2 ]

fta ^ R*
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and^ -2r 2r [ 1 + 4«<par + (2KP2(o(+1) a

p (5 ■<. -1)) - 2 ) r2 + 2a(l + *)p (2 £-l)r3 +

( o< p+ p -1) (2«KP-Dr4/

(1 + ra ^ + £)+(°<'0+p-l) r2) x

( 1 + 2a pr + (2 £-1) r2) when Ra >/ R*.

Hence f(z) is univalent and starlike in |z)< , where is

given by the equation H(r) = 0.

Theorem>4.3 :

Let f(z) and g(z) be in A and S(z) £ Va (, B)

If Ke{s[l} '} > °* and I gff} “ 1 I < 1» forl/e E, then

f(z) is univalent and starlike for |z| < where ca
is given by the equation.

H (r) *0 *

0

Proof :

Proceeding exactly on the same lines of Theorem in 

Section I and using the relevant Lemmas, we obtain, finally/ ' ^ 1 ^
2r
.2

2(1-2 B) JL
) (1-r) p ( 1 - o() p (1 -«) (1- r2)

/
Lf(z) J (1-r

['/(Hp + [1 - (°O+p-0 r2] [((4p-1-2><^)(1-r2)+(l-(2p-1)2r^]

(/■

- t 1-(2 p-l)Wp+ p-1) r2]i Ra< R

1.21
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and >, “=^o---------- ~r“ + b+ 4< P** + (2°<B2(a< +l)a2 +
X (1-r2) (1-r2) L

p(5* -0- 2) r2 + 2a 0+«<) p( 2°<p-l)r3 + (« p + p - 1) 

(2»<p-1) r4/ (1+raUp + p) ♦ U p + £-1) r2)

( 1 + 2a pr + (2 p -1) r2 ) ]

when Fla ^ R
\

Hence f(z) is univalent and^tarlike in |z| 4. , where j

is given by the equation H(r) s 0.

Theoremf-4.4

Let f(2) and g(z) £ A, S(z) € Va (°< , p). 

If Re {-3$- }> I f(*)/9(z) - 1 I < 1, for 

Then f(z) is univalent and starlike for |z| 41 r^

€E, r aif

r^ is given by the polynomill H(r)

Proof : Carrying out exactly the same procedure as in 

section I, we write down, with the help of relevant lemmas.

aei z - -£-
l f (z) J x 1 ~ r 1+ r

. 2 (1 - 2 B)+ ............ ' +
P (1 -«)

,2\ p + p) [ 1 - (-<p + p-i )r2 ]p( 1-«) (1-rz)

| (4p -1-2 c< p) (1-r2) + (l-(2 p—l)2 r2 ] 

- [ 1 -(2 p-1) («< p+p-1) r2 ]// Ra
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and

>y/ (1-r) (l«*r)
+ [ 1+ 4«^£ar + (2«B2{h+V a2 + £(5*< -1)-2V

+ 2a(1 + «0 p(2o{ £-1)r3 + ( o< p - 0(2* £ -1) r4/

(1 +ra (*K p + p) + (o( J3 + p “ 1) r ) x 

(1 + 2a £r + (2 £-0r2 J »hen Ra R*

flz) is univalent, and starlike for |z| < r^ , where i^is 

given by the equation H(r) ■ 0

The results stated in all these theorems are new in 

literature, however these results are not sharp.



SECTION XI

Kulkarni, has studied |th€pvarious properties

of the class D( «< , JZ9 J ), which he defined and introduced 

as follows s-

D , pf J ) is the class of holomorphic, normalised 

univalent function in the unit disc in the complex plane 

satisfying the condition#

.fill)

0<5</CZ)-«O-(f'(z) -D ]
P

where p £ (0, ij, /2 C ^ 1, 0 4 o< < '/2f

This class has been generalised in the following way

0 ( °< » Pt ft V ., ?\ ) is a subfamily of S of 

normalised univalent functions f that are holomorphic in

the open unit disc E and (pacifying/ the inequality

<j[ f' (z) - * + (1-1/) COSA .©“^j-Cf’Cr) - 1)

0 ^ V < 1, - A 1< A the remaining restrictions same

as above stated,

We shall specialise our considerations for those 

members of D( o<, p, , u , )that have negative 

coefficients. This motivation to conduct such a study deve

lops from the recent investigations carried out by Silverman D-

Gupta and Jain £ g J
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Let T he the subclass^gf S holomorphic functions in £_,
^  —^    .......... ......—_____ "

that have the following power series representation
oO

f(z) Z-E|a.|Zn.2

Our putting restrictions of nonane gatlvi^ty on the 

coefficients results in getting rather(plerasij»g conclusions,. 

Thus for those holomorphic functions which lie in both 

families D( «< , J3> , D , "X ) and T we obtain several refined

results, We see that the family P*( , pt <j , U , A ) - 

D( o( , B, J , V » /V ) 0 T gives us a setting so that the 

results assume very pleasing forms. We shall see how nice are 

the results concerning coefficient bounds, distortion theorems 

and radius of convexity for members of P {<, p, $
Let us begin with a profound characterisation of members of 

( °( » B, _

2*5. THEOREMS i Theorem^. 1 

A holomorphic function

f(z) s

and only if

OO

- £ ,| a„| fn is in P*(=i, p, 5 ,x> ) if

£ n Ian| | 1 + p(2J -1)J- ^ 2pj (1 -•<)+ 2pj (1-V) cos > e“i7v

This result is sharp.

Proof s Let |z| = 1, then

[ f'(a) - 1] - p [| 25 (f'(z) -■<) + ( 1 -J>) cos ^ e-1*

-( f'(z) - 1 )}]

/
4.25
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Zn U I Zn-1 | - p 25 [ 1-£n|a l Zn_1- * +
“ n

{ 1 -2/) Cos*, •“i*+£n.{an | Zn“1|

2T n Un| - p | 2J - 2 J ^ n|an| - 2J«<+ 25(1 -i> CoS A. e‘iX 

+ n |an| |

-U

,n-1

n'

=■£ n|anl £ 1 + (25 -1) pi -2 0J (1-=<) - 2 PJ ( 1-y) eos> 

^ 0 , by hypothesis*

*°*I n|anl ^ 1 +(29 -1) pj^ 2^5(1 -«<) +2^5 (1-^). Cos A *e

Thus by maximum modulus theorem,

f €D* ( o< , J , V ,A)

for the converse, let us assume that,

| - - - - - lyizl. Z. . ,1- - - - - - - - - - - - - - - - - - - - - - - -  . •, . . . . . . . . I- - - - - - - - - - -  | <B
2f |f (2) -*< + ( l-^) Cos ?\ e~iAj- (f (2) - 1)

or | z| < 1 . Since i Re (z) | ^ |z|, for all z, we have 
choosing the values ofon the real axis, so that f*(z) 

is real. Letting z 1 through real values we get

e

-i A
•■j

n anl<- 2 (1 -0-p (2C -1)£ n |an |+2 PJ( 1-V>os^ e-iA

The result is sharp and the extremal function is 

given by

f(z)
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We state, below some special cases.

Putting V = 1 ^ % JO m get the class D(o< ^ p,J)
studied by Kulkami^Fp [loj

Corollary 1 i

A holomorphic function
f(z) *1-21 I an j is in P*( •< , p, J ) if and 

only if
| n |a„| [ 1 + p -•<) .

The class D(°< ) = D( 0, °< , 1 , Ij^O) is precisely the 

class of function^in E, studied by/^apiinger/ . We state 

coefficient inequality for this clab^»

The holomorphic functions which are in D(°( ) and T 
are characterised! ir+r:f '

4 ( f e 2)'
-

v.Corrollary 2

A holomorphic function f in T £ D(®< )=D(GL,®C? 1, 1,0)
oo

if and only if JT n | an | ( 1 +«<) ^ 2°<
2

The characterisation for members of T fl D ( «< , p), 

where D (< , p) is the family investigated by Juneja- 

Mogra [ 9

Corollary;3 s

A holomorphic function f\ irk T £ D ( °< , p) fe D( «< , p, 1, 1,0)

6tT\ :? b

is in T f) D(o< , p) if and only if 

ooz n Kl { 1 + p}< zp d -<)
U27
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The motivation is, found from the study by Gupta 

and Jain, for * 1.
90

Corollorv 4 : A holoraorphic function f(z) « z - 212
is in P*( , p) if and only if.

\1

zn

V/e shall further, see the sharpening of our considerations 

for members of P ( «( , jB, ^ , A ). We have in the next 

result bounds on | f| and |f j.

Theorem 2*5.2 :

If f e P*(«< , p* J , V , ^ ), then for | z| s r 

0 < r < 1 , we have

U) r -
P*j(1 + P ? ^ 1 -lO cos A e i A

1 ♦ p (25 -1)
l f(z)

e -1AP } (1 —0 + P} (1 -l/) cos A

I -h J3 (2J-1 )

2 P<; (1-q<) ^2P<? (1 cos A e"1^
r « If'fz))

1 + (2 5 -1) B
___________... ^ I ^ O-'-O j- -2.fi 9 (* ~ v) C°sA

W5 have v

£ f an P? (*-*> cos*

1 + p (25 -1 )

+ £(!$-!) 

-iA

r

e
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oO

Hence | f(z)| r + 51 I |
2

4 r + (1 -0 + P9 (1 -y) CosX.e
1 + B (25 -1)

-iX

and | f(z))^,r -
(1 —0 ♦ pj (1 -^) Cos X e

1 + M2j -1)

-iX

I f'(*) l^it 2 Pfl 1 * apjluv)
1 + (2J- 1) p

and | f'(z) | ) 1 - r Z l anl

cos 7\e- iX

> 1 - 2 p<j (1 -«Q + 2 P5 ( 1-V) cosXe'
7 1 + £ (25 -1)

-iX /" "\
r

The bounds of f (z) are sharp for the function

•iX
f(z) = 

or | z | = r

P<f (1 -*0 + P9 (1^) cosAe*
1 +p ( 25 -1 )

We state some particular cases.

Replacing o< = 0, J « 1 and p replaced by , y by 1 and 

’X* 0, life get e result of capiinger £4] *

CffiESfoEY ,1 :
Let f be holomorphic function both in T and D(o( )
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Then for | z | » r, 0 < r 1,

<i) *- -TTk r2^l f I 4 * + TTST*2

1 - -u$"r 4 lf‘l 4 1 + -Hr r'

Further, D( ^ , 1, 0) is the family D (°<, 0) investigated j

by June j a - Moqra for that we have. yt. I) ■">

Corollary 2 s
Suppose f £ D ( , p) H t| Then for |zj =» r, we

r - ( 1 - •<) r2<C | f l r + ( 1 -

1 - 2 (1 -<*) r < | f*| x 1 + 2 ( 1 - * ) r.

have

Corolla: .3 :
oo

A holomorphic function f (z) a : - T I a„| zn_ n*
2

is in P*(°< , J3) Then for | z | * r.

(i)
P ( 1 — °<) 

(1+0)
~2 ^ ifl ^ r +

P ( 1 -«)

1+3

(11) 1 - * Pi r <; If’U. 1 + ,i—1 .-<>
1 + 0 N i + p

This is due to Gupta and Jain^gJ*

Collarv 4 :
90

A holomorphic function f(z) =* z - XL I an | zn

is in P* (•< , p, 5 ) * D (a< , p,f) f) T Then for | z | « r,

0 < r < 1 ,
Pf< 1 -a 2 , . , , P? < 1 -°o a(1) r «* -------- -------- < f I X- 1 + ■' --------- r2
1 + p(2$ -1) v 1 + p(2j -1)
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2^5 (1 —() , 2J$ (1 -•<)
(ii) 1 ----------—----------- r 4 |f 1^1 + ----------;-----------  r

1 + p (2 J -1) 1 + j5 (2 } -1 )

This can be found in Kulkarn 103
(9

We now concern ourselves with the problem of determining 
the radius of Convexity for members of P*( , p , 5 , V, 7\) ^ / Q

Theorem 2.5.3

^ t P» $ » V » A ) then f is convex in the disc

iz|<r = r(o< »P»J * M t ) 

where

r( °t, p9 J , ^ ,7\) b inf *
1 + p ( 2f- 1 )

n L 2n^(l -o<) + 2n^(l -J$ cos;\e

The result is sharp and the extremal function is

f(2)
2 (1 -*<) + 2 (1 - v) cos * e' •i*

n | 1 + ( 2J- 1 ) fij
Proof :

To prove that f is convex, it is sufficient to prove 
| Zf"/f, | < 1, for \z | <1.

OO
f , . Z n (n_,) I an I z n-1

1 -Zn|s | Z n-1

• .£n(n~1)| anl Iz|n"1 4 1 -^nla^i |z| n~1 

E «2 I aJ |z|n"1 41.

Now from Theorem we have 

I n | ay) | | 1 + (2J-1) < 2 J £( 1 —<) + 2jp(i Cos]\«e
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i , . 2 PS ' (1 —<) + 2 0$ ( 1 -1# Cos* e
=? * an* -----------------r---------------------------- r---------------

4*

n-1
=> z n iZ i ^

n £ 1 +(2J-1) p}

n { 1 + ( 2J-1 ) p}

2 jB j[(l 0 + ( 1-*0 cos* .e

n-1 . 1 + B (2<f -1 )
Z I ^

2n 0j{( 1 -«) + (1 -^) CosTwe-1*}

i z | 1 + 3 (2$ -1 )
2n 05 + (1 Cos* .e"1^

1/ (n-1)

ve further proceed to account special cases of this 

result involving radius of convexity. We first state far 

members in T f) D(«< ) and the resulting conclusion seems 

*o be new*

Corollary 1 :

Suppose that f € T f\ D(°<)f then f is convex 

in the disc [ z | < r a t ( 0, «( , 1, 1, o) ’where

/ 1 \ 
r = Inf ( 2n o< / 

n

The result is sharp*

l/(n-1)
• ns 2, 3 f *.

Equivalently, we also state a result $or those holomorphic 

functions considered by Juneja and Mogra£9J and that nave 

negative coefficients. This result is also not found in the 

literature*

Soto11atv 2 ; £|

The holomophic function f £ T 0 (<* , B) )» then f is aonvex 

.n the disc | z\ <. r * "t ( •< * p, • 1) 0) where
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Inf
n

n(l —0^
1/(n-1)

n = 2,3 ,

the result is sharp*

We have the following known result originally due to Gupta 

and Jain £8] .

Corollary 3 :

Let f £ P (o< , p), then f is convex in th e disc

< r = r (©< , £, 1,1,0), where
1/(n-1)

r as Inf f —L-A-B— 
n X2 Pn " -0*

This last result can be found in Kulkarni/S.R rio]
Corollary 4 :

If f€P*(*^ , p, ) then-f is convex in the disc 

| z |<r = r ( «< , 0, J , 1, 0) where

(25-D p
r = Inf 

n f —
4. 2n i

!/(n—1)

Pf (1 -°<)

We now explicitely show that the family 

P ( o( , p, J , V, > ) is closed under the formation of 

arithmetic means*

Theorem 2*5.4

/

oo
- e i an 1 zn and

00
g(z) » / - t I f

are in P (K , p, 5 , 2/ , ) then
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h(z) Y2j~1 an + bnl is also in y
^*M/ ?/*?**it

P* ( •< , p, 5 , v , > ).

Proof :
Since f 4 g £ P*( < , p, have

2>| anl {1 + (25 -1) -<> +2^1 Cos^

and £ n|bj£ 1+ (2J -1) p}^ 2£J (1 -«) + 2 p$(l-lO Cos^e*"1^^

For h to be a member of P*( o< , p,^ ,V, ^ ) it is adequate

to show that,

e1*

V2 Z^n [ 1 + (2J -1) p ]t i a„+ b^

^ 2 pj ( 1-°<) + 2 ( 1 -2/) Cos^ . e-i^

which follows immediately by the use of the above two 

inequalities.

Therefore h(z) = z - ‘/2 X la-n+brJ^n is als0 in p*(°< » P> 9 * ^ •

As special cases, we note that the arithmetic means of 

function that are in ID D ( <*( } are again in T A □ ( °( ). 

fhe same statement holds for functions in T fl D (<»< , p)

P (<K » p) and P («><, p, ^ ) ... The first two consequences 

seems to be new.

Corollary 1 :
/ / OQ / OC „

Let f(:) . /- r | an | zn and g(z) = /- £. I b„ |zn
^ ' 2

be in D(°< ) fl T, then h(z) = z - /2 £ |a-n + b^ Zn is also in

D U )A T '

Corollary 2 :

Suppose f(z)
n 00
- I I an | zn and g(z)

oa
z - Z

t
bn 12^

/3 J >
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be in D («< , p) fl T, then h(z) 

is also in D («( , p) 0 T.

oO
z-F2 I| in+bj/ 

t

Let f(z) s z - 21 I an I *n> 3®=z-E| bn | zn be

in PW («4 , p), then h(z) = 2 - y2 I | an + bj zP is also in

Corollary 4 :

Let f(2) = z - £ | 

be in P*(®< , 0, 5 )

then h(z) = r - Y2 Ela^

aj zn and g(z) = 2 - £ |bnUn

4* b^ | zn is also in P*(c< M >
Finally, we show that the convex linear combination of 

members of P («< , p , ^ , V , /\ ) is again a member of 
P*( < , 0, J ; V, A). Thus we show that the family P*(°< , f>f 

is closed under the formation of convex linear combinations.

Theorem 2.5.5 : 

Let fn (z5
2 P's (1 —0 + 2 P5 (1 -V) cos A .e-1* _ n 

b + ( 25- 1 ) p}

For n = 2, 3, ...

Then f £ P*( , p, 5 ^A) if and only if it can be

expressed in the form

f(z) = z - (z) where 0.

(n s 1,2, ...) and I ^ yi = ^ *

Broof : Let us suppose that

f(z) = z-rAnf^(z)

Z2 P9 ) +2PJ ( 1 -i>) CosA e' ■iA

n [ 1 + p (29- 1 )J
Ay, Z.n
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r n (1 + ( 29- 1 ) 0) ■*_
Then S l -------------------------------------------------- **

2 0$ ( 1 -o() + 2 0<}(1 -J4 CosA e XA

cA

2B5 ( 1 - °<.) + 2 B<r (1-4 Cos A e"

n [ U (2J -1) 0 ]

ay coefficient inequality theorem, we conclude that

f € p ( K , 0, 5

Conver ,. let us suppose that f £ P ( °< # 0, ^ , l7, A ).

Therefore, we have in view of the coefficient inequality 
20<j(l-*<) +2 09(1 -v) CosAe"i>

I an I
n (1 + (2 <j - 1) 0)

Let us set /\ ^ 3 -..Lj—■* ^..ir.!j.."i'll.-. il-i.

20 $ (l-«) + 2 0 <f ( 1 - ^) Cos X .e
■n 

-iX

then we have H A ^ ^ 1, /\n ^
n s 2

n s 2, 3 ,

Al =

uhat we have f(z) 

omplote.

^ JO
= 2 “* ^ Yl ( z)

2
and the proof is

We enumerate a few special cases while caning to end to this 

section.

With o/=*0, 0 = °< , ^ v = % and A =* 0, we shall get a

corresponding result for holomorphic functions that are in

d« 5 n T.

• •



Qas&larf 1 :
Let f Y) (z) *s ^^ ^^ • z , n *s 2f 3» ••• Then

f £ D(®< ) H T if and only if it can be expressed in the
four, f(z) = z - ^ An f r, (z), where A^ 0, ( n = 2,3..)

H *X^ « 1. This result appears to be new.
1

Next we have aresult involving holomorphic functions 

zhat are in D («K ,£>) H T. Thus we have a new result, 

namely

Corollary 2 :

Let fn(2) =  . zn , n s 2, 3, .. Then f£

D ( o<, {3 )/l T if and only if it can be expressed in the form

n 1 -n

oc

We have the following well - known consequences, 

Gupta and Jain [8 ] • 5 = 1 = 1^ ^ = 0

s yields^

Corollary 3 :
Let f (Z) „ A. A A\ ■- « ? n

n' i n s 2, 3 ...
n(l + p )

Then f £ P*(o<, p) if and only if it can be expressed in 

the form

f(z) -
oo

Z - ZI fn (z) * 0 * n ~ 1» 2,...,
and Z =f 2 -A 971OO

f
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Finallyt we have the following known outcome, 

Kulkarni, [1° J # obtained by replacing V s 1

2 PS ( 1 - «)
<2^-0 fn > 1 +

2°.

n — 2 f 3 f • < Then f £ P*( o<, p, <[ ) if and only
©o

if it can be expressed in the form f(z) = Z - ]T An

where /S n > 0

cO

( n — 1» 2, 3 * •••• ) and <E- ^p, — 1 •
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SECTION - 3

Let S denote the class of functions f holomorphic 

and univalent in the open disc E = ^ z. : | z| 4 1 i and 

normalised by f(o) = 0 » f(0)-1. Let S (®0 designate 

the set of starlike functions of order «>< ( 0^«<<1) in 3„ 

In this section, we have generalised the results obtained 

by Gupta and Ahmad | 7 j »

r"~\
We need the following defxni lion and lemma for 

our investigation.

Definition :
n

Let p(z) b a TT (z -z,.) be a polynomial of
k*1 K

degree n, where n is a positive integer whose all the n 

zeros lie outside or on the circle with centre at the 

Origin and radius R ( ^ 1). here jt will always be a 

'constant to be appropriately selected so that the functions 

involved turn out to be normalised and we say that p(z) 

£<f(n , R).

Lemma 3.1.1

Let z = reie and z^Re* ^ where 0<r < R, then

Equality holds in the first inequality if 

and only if z = -i- z and in the second inequality:

if and only if z = -r/R
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Let a > | and q £ |p(n R). Then allowing 

r —> 1, we have

Corollary J

If z » r e*e , * R.e* where 0 ^ r < 1, and

R > 1, then

2* STATEMENTS OF TIE RESULTS : 

Theorem 3,2*1

Let f £ S (°< ), the starlike functions of order ^ ,
* *.

0 ^ ^ 1, g € S (A ), h€S(l^) and F be defined by

where .7»(z) and 'J(z) be the polynomials belonging to 

jHm, R^) and p(n, R,)f with ra^1r n ;> 0 and 

R,, R0 > 1 Vis a fixed non negative number.
I «£»

Then F belongs to fbr \z\ rQ, where rQ

is given by the equation at*1- + 8r +• C s 0 where

A = b(l-aB) + abd + b^(M/R1 -1 * N/R2 +1*

B =l*-a^(1+b) + a(b4d) - b +1/(1 + b)

c .*( «yRr i + “/i^ +1) +«< 1 -

..40
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Z;
0

He have F (z)*» 3-±-| J h(t)C Vt)® J dt

^JnTheref0re a F + C 9 (zl - (a+e) hU)0"1^)'
—7 F(z) g(z) F(z)ag(z)c

Hence F(z)a. ° ^

g(z) ..

zh(z)c~1 f(z) 

g( z)c

MLsl
N(z)

V

G

Logarithmic differentiation yields,

.41
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'Ll) = ’ ♦<»-') W - -CJ*

7
111

g(z)

j; j&4*i -
M(zJ

zN (2)

N(z)
+ -a.«i.s) . k..?■.JBLial

1 + w(z) 1+ bw(z)

✓O
\ j

Therefore

. -,a + 4i[ .1. j~ _1 4-(2*<»l) vs iz
1 + w( z)

*]

cl 9^l(

-c/< 1 + (2 A -1) w(z)
1+ w(z)

-] ♦ "/, II N
Rr1 ^+

1]

+ ( 1-b) x w (z?

>T 1 + w (z) 3 [ 1 + bw (z) ]

Now ( ■2--^—)
1 + (2 P -15 w (z) 

1 + w(z)
M 1+ (2o( -1) w (z) 

1 + w (z)

1 + (2 A-1) w (z)

1

1+w(z)

1 + w(z|
£ ( ) + (2 M -1) w (z) (•—^* ) + 1 + (2*< -l)w(z)-Cya

-c/a (2 A -1) w (z) 3 ,

---------- [(c/a - ya + 1- C/a) + w(z)5 (2J/-1.) (
1+w (z)

(2X-1)} ]

^ )+(2«-1) /

c.
a

. -1~——1
1 !
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1+w( 2)
[ (1 -Va)+(c-1) + a(2<-1)-c(2>i-1)|]

_1---- ( , _ ya) + -^Lzi ,
1 +"'(2) ,l*J«(z)

where d =/Va < (2f-1) (c-|t) + a(2*>(-l) -c (2A-1)^^

7. F ( z» 1
F(z)

+ ( 1 - Va)^
1 +

, Mil
1+w(z)

u r M
Ra-1 R,

JL-,] , (1-b)z w‘(z)

a[ 1+w(z)J fl+bw(z)]

implies that

t -> y
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(i«) D-ya + <nQ - p +ya +-i-Crrr+oT^ /// /
i /

i /

+ (1-b)r

a (1 +r) (1 +br)
^ 0

r2[b(l-aB) + abd + bJ/C^-l + N/R2+ 1) ]

+ r [2 -ap (1+b) + a(b+d)- b+y(l+b)] + [a(l-p)

+ u (“/a^i + N/a2+i^ ^ 0

3* AT + Br + C sa 0 vrfiere

A = b(l-ap) + abd + b > ( M/R^_1 + N/R ) 

8 = 2 - ajB (1+b) + a(b+d) - b + y (1+b)

C = V (“/R,-! + %2^ 1) + a (1 - p)

• • •
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Thus F € S*(p) for |zj 4 rQ, where ro is given
.2

r

by the root of the equation AT + Br + C * 0 

Special Cases :

For 1/ m 0 we get the result of Gupta and Ahmed jJ7 

Corollary :

Let f £ S*( * ), g € Sw( X ), h € Sw( v ) 

and F be defined by

F(z)a , a±£-
g(z) a

0
Then

by

. . when aB-2^t2^C - C = 0
2(1-tC-CA-J,j

when ^ = a o< + ( C-1) ^

Theorem : 3.2,2

Let F £ S*( o< ), g 6 S*( X )» h £ S*( V ) and -f 

be defined by



Proof s

F(z) = *£ fh(t)C-1 f(t)a [ $$ } *,
g(z) c j

o

^ aOiI +
f(z) 1 g(z)

kliZL . (a-K) hU)‘-*— f(z)
F(z)a gUY

-T U

Z(a+c) h(z)

alF'W / g*(z)
+ <* z “5nrF( z)

FeS#(oO, g €S*( > )

k)ep (o< ), p ( Pv )
5(z) g(z) c-----

( (l+C )
az F ,U1 #z„2-.UL

F(zj / gtz)
L _ 1 + b vy (z)

1 + w(z)

where b = •* (2 A ~1j

fCz)3
:(z)a g(z)c h(z) -c + 1 N (l) Y\ 1 + bw(z) 1

M Cz) J L 1 + wCz) J
,0
u

Logarithmic differentiation gives us

az r \z.
f( z)

az? Iz) + 
F(z)

uz m (zL, _ v sJLLil
N( z) M( z)

b* -v Cf) . _ „,W \z)
1 + BMz> 1+ w(z)

.ai.iLsl,
f (z)

1 + (2«< —1) w(z)l r 1 + »<z>
+ c

1+ w(z)

r
l 1 + w(z)

• •
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(1-c) r it UiLsO,.gtri ] . (i-b)zw* (z)..........
U w(i) [l + bw(z) ][l+w(z)J

z f’jz)

f (z)
p -3— r

(1+w(z))*-
1+dr + -l_]-p ( 1-b) Zw'(z)________

a [l+bw(z)J [l+w(z|

v r _m_
a [ R^a +

N
R2+ 1 ]

1
1+r

Re -pj^O

[l +dr+yaj - p- (

for f£S*(p)

i=£ ) __
a (1 +br)(1+r)

v
a

r mI- R,-1 + !i__ 1 ■> oR^l J V u

Where d = (2^ -1) + Ya £ C(2 A-1) + (1-c)(2 1^-1) -1]

o • f(z) is starlike of order p, the radius of which is 

given by

r2 £ abd - a £b - bvtj-^p + gH— )]

+r[ad * ab + b -ap(l+b)-(1-b)-i/(l+b)

+ [a+l - a/S - l/< M/Rr, + N/Ra+1 ) ]

Special Case s



Special Case

d;

Putting u = a we get the result derived by 
Gupta j end Ahmed

Corollary :
/

Let F£ S*< o< ), g£ S*( A ), h € S ( V )

and f be defined by the relation,

F(z)a = f (h(t)f_1(
g(z) o

dt

Therefore^f £ S*( ft )» for |z| < r, where r is the 

root of the equation,

(1-p) b D r2 + [ 1 -b-a( 1-j3) (b - D) ] r - a (1 - /i) = 0

/where b = [ a (2^-1) + y (211 -1) ]/ (a+c)

0=| d - p i/ (1-0)
d = (2.0, -D + .i^.SJLrL- t d-</) - A

Lastly, we have 

theorem 3.2.3 :

Let ?€3*(^ ), g e S*( A )» h £ 3*( ^ ) 

and f be given by



F(z)a ft .t £
_c

r q(t) in
L h(t) J

M
N

Then f(z) £ S*( p ) and the radius of Starlikeness is

given by

r2 [ abd + b Co - 1 - a^) - , ) ]

+ r[(bn+ad) + (b+1) (c-1-aB) - (1-b) - (l+b)( — + -A—-)

a R1 -1 R2+1

+ (n+c-1-a^) •*
L>
a

M

Rr1

N

R2 + 1
0

Proof :

Differentiating and arranging the expression, 

we obtain ,

a F (z)a. Z r1 - -n - -v
f(z)a =

(a + c)

■[ aZ + cJF(z) J

F £ S*(«< )=$ € P («< )

taz li'zF - csr; c)

H 1 4. (2«< -1) w (z)
l+wTzl ]+c}

/



54

- rfer a + (2 -1) aw (2) <1-
1+ w(z) /

+ c w (z)

1 4* bw (
1 + where b 2a°< - a + c

a+ c

Hence

f(z)
a F(z)\ 1

n
V

Logarithmic differentiation yields.

3 ^ QA-lL. + 1-Ji— f
?(z) / 3 3 l h(z) 2 9*. Lai 7

g(z) j

v
H z)

'• lzl 7 _ Lt - b) 
M( zv J a

t
Z W V 7)

11 +bw( z)j [l + z)J

In vie?/ p : the Lemmas, this expression educes tg

2 f lx).
f(z)

n/ + dw(z)3
1+ w(z)

- *A iVa0+i j

_ ii-fr).
a

=)ULi]_______________
jj+bw(z)] [1 + w(z) J

d = (2«< -1) + 32L. (y-A)3

Re { sLlzl
f(z)

for f € S*(p)



-I

p
n/a + dw (z) 

1 + w (z)

LL=J&1
a

-2 W*(z)____________

£l+bw(z)] [l+w(z) ]

_ lVs.-±J*£ ./Lz_J,
1 + r 6 a P -*Va r M 

L R.,-1 + jj___
r2+ 1 ]

( 1-b)
a

r
(1 + br) (1+r)

Thus f(z) is starlike of order p, the radius of which is 

civen b; the equation

r2[abd + b(c-1-ap) - ^ + g-f- ) J

+ r [ (bn + ad) + (b+1) (C-1-a p ) - (1 - b) -

+ b> < !7=t + r77t->]

+ ( n.+ c-1 - a P/a ( -&■ + ) * 0.
Rr1 V 1

For )J = 0,

Corollary :

we get a special case of Gupta-Ahmad [yj

Let F £ S*( o< ), g £ S*( > ), h 6 S*( )

€ P(0) and f be given by
2

F(z)a = -a t <= ; f(t)«

Then f(z) € S*(p) for |z| < r2. where r2 is the smallest



positive root of the equation,

AY3 + B Y2 + cV + a' * 0,

where A = - b' [ a (2* -1) + 2n (v-A)+C-1-a £)] 

Bab* [ 2a (°< -1) + 2n ( V + 3. -2) + 1 ]

- a (2 * -1) - 2 n ( V - PO - C + a £ + 2

c' = a (2°< - 2 + b** + 2n(l/+^-»2) + b(C-2-a£) -3

b' = 2a°t , a*= ad - P) + C - 1.
a t* w

:/e carry on the discussions of functions with second

missing coefficients, to obtain the discs of univalence and

starlikeness for certain classes of functions. ',Ve are

tempted to carryout such research work from Kulkarni-Swamy 

Here we enlist our results for different conditions.

ifsjeyrequire the following Lemmas for our discussions.

3.3,1 jj^Shah 197z] If p(z) = 1+ bnzn n-s-1
n+t

is holomorphic and satisfies Re( JjC z)) >* , 0^.^1, .-or 

l z \ 1» then we have for | z\<H 1

P (z)i . 2n |z|n( 1-o()
?TT) ! 177(1 - | z | ) (1+ (1-2*} |z|n)

Lemma 3.3.2 ; ^fshah 1972/ - Under the hypothesis of Lenina 

above, we have for |zj < I

3e ( p(z)'v.
' ^

1 + (2* -1) |z|!

1+2
o oOO



-S 57 *

Lemma 3.3,3 : jTshah 1972^ If 0 (z) = 1 + dnZn+ d^ Zn+1+.. is 

holomaphic and Re 0 (z)^ 0 for |z| < 1, then

[ 1-*| 0 (z) | ] ^ ( 1 - j z |n) / [(1- lz|n) -Xd+iz|n)]

r „
for | z l < L (1 / (1 +?0 J » where

We prove the following results 

Theorem 3.4.1

n + 2
+ an+2_ Z + *

+ bn . „ z n + 2.
n + 2

Let Re i" sLsl ? ^ o for j z J < 1, where S. (z) is
:s,(z)j' k 1

starlike of order p, 0-^.p < 1» h(z) is starlike of 
ordejojwith second missing coefficient 0^-<<1*

If Re A flzl >o
for | z| < 1

/\z f(z) + (1 -?0 g (z). h (z)

then f (z) is univalent and star like 1 The radius of starlikeness is
'"given as in the~proot.

Proof :

Let 0 (z) a_ z f(z)
Az f(z) + (1 -!X)g(z)hfc)

Then 0 (z) is holoraorphic and Re ^ 0 (z)l>0 for jz|<1. Now



— • oS ♦

[ 1 - X4) (z) ] z f (z) at ( 1 - A ) g (z) h(z) 0(2)

Differentiating logarithmically and multiplying by 

We get

z <(> (z)/ <|> (z)zf (z) _ z h (2) + z q1 (z) 

f(z) h(z) g(z) 1 - X* (z)

This equation is valid for those z* for which 

1 “X^ »z) ^ 0 |z| < 1, Since (J) (2 )<■—-■ i 
1 - U!n

1 -A0 (z) ^4 in particular if |zj < f1~ X
L t + a

Let p (2) = g (z)/ S1(z)

Vn

2 f (z)
f( 2}

z h
h( z)

isL + z St(z) z p (z)
+

Sx(z) P (z)

. le f (z)

z $ *(2)/ »(z)

1 -XM2)

S z h (z)

f (z)
>

h(z)
+ Re

z P* (z) z $*(z) / $ (z)

p(z) 1 - A4> (z)

Using lemmas we obtain



J-

s C 1 - * ) a Ul - a (1 - 2«0lzl - ( 1 - 2<) (1 -°Olzl
V , . » . . . . O , . . v , ,3(1 -•<) + a lz| + a |z|z + ( 1-°0 | z

A 1 + (2 p - 1) |z|n 2 n |z|
< . i _i n 4 i _ 12n1 + z 1 - i z|

2 n | z |
n

- 1
( 1 - iz|2n)- > ( 1 + |zin)'

Provided that, |z| < 1 - >

1 + >

yn

. Simplifying we conclude that

z f (z) -! 
Re <------ ----- ■>

l f(z)
^ 0, the radius of which is given by the

equation H( Y ) * 0.

For®< as 0f we get a result for the radius of starlikeness 

which is new in HtPTSt.nT»«»T------

Corollary :

Suppose that f(z) « z + 4^^ 

g(z) =s z + b

zn+1 +2 T

^ z ^ +••• and

h(z) as z + azJ + YL an z are holomorphic for
4

I z | < 1,

Let Re | g(z)^vz^> 0 for |z|<l> whe 

tarlike of order 0 ^ p < 1, h (z) is st

2nd missing coefficient If
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Re Z f(z) -j>> 0, for | z | < 11

>z f(z) + ( 1 ->) g (z)«h (z)

then f(z) is univalent and starlike, the radius of which, is 

given by the equation

L f(z)

2 3 n
a|z|-a|z|-|z| 1 + ( 2j3-1) | z |

1 i- a I z | + a \z\2 + | z j3 1 + |z|n

2n z
n

2n j z
2n

n
4r

(1 - | zj ) - 0\( 1 + | zf )
-1=0

Theorem 3.4.2

Suppose f(z)

9 (z) = z+b
^+1

.. n+1 n+2
n+i ^ n+2.

n+1 K n+2 ,z + b„^ z + »... and

h(z) = z + Cn + | z
n+1

Let Ser_2
i / \s^iz)

/

n = 4 are holoraorphic

for |z|<l, and RelJlLil----- l> 0, for |z| < 1, where
i s2U) j

$2iz) is starlike of order f> , 0 «C ^ < 1„ If

z f(z)
Re > 0, for | z| 1

Azf(z) + (1-\) g (z). h(z) 

then f(z) is univalent and starlike, the radius of whichas
given by the equationZfl

If
t

:*V



2 3
(1 +<) aT - a C1 - 2 «QY - (1 - 2 »Q ( 1 -opr

(1 -oi) + ar+ a T 2+ ( 1 -«<)T3

. 1 f ( 2 P - 1) y" _ 2 n-Tn _2n Y_n
n 2n ” 2n

1 + r 1 -nr 1 ~ T

2n T n

(1 -‘f2n) -*X( 1 +r)
n 2 - 1 = 0

Proof :

Let p (z) = g(z)/ S1 {z) and q (z) = h(z)/s ^

Hence z Q (z) 

g( z)

z h (z) 
h( z)

zp(:) z S, (z)
+ -— "'■■■ , and

p(z) S1 (z)

z q (z) z S2 (z)
II II I I + .......^ -  -

q( z) S2( z)

# h -»> A

o s» > Re C * S1(z) 1 C Z s„ (z)l f(2) ( * R < —^ > + Re ^ -----2
/ S,(z) S2(z)

z p*(z) z q (z) z ^ (z)/(J) (z) "'/I
p( z) q(z) i - 4> Cz)

In view of the Lemmas, the above equation transforms into
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2 ' 3
( 1 -*) a |z| - a ( 1 -2°<) | z| - (1-2*) (1 - *) |z|

, - 3
(1 -®<) +a |z| + a |z| + (1 - <=0 \z\

1 + (2 p - 1 ) l zl

1 + Jz|n

n
2 n |z| 2n |z|

1 - Ul4" 1 - |z|

n

2n

2n | z|
n

2n , n
(1- | z| ) - A(1 + |z| ).

- 1

provided that, |z|<£ ( 1 -A)/(l + A) ]
Kn

L f(z) 

the equation

radius of which is g by

For o( = 0, we get a result for starlike function with 

second nissing coefficient, which is not found in the literature.

Corollary :

Cup ose f (z) =s z + a n+1

g(z) = z + b.n+i
h(z) = z + C ~n+1

n + 1

n+1z +

n+1 z”" + Cn+2

+ an +2 z

and

Jn+2 
2L + • <

n+2

Let

^ 0, for |z|<1, where
r g (z) }

3S^z) a z + azJ + 21 an zn are holomorphic 

for |z| < 1, and Re ^ h(z) ^>0 for | z|< 1, wherei

S2(z) is starlike of order J3, 0 ^ p < 1 . If

S^z)
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Re \ ---------------------------------------------- ly o, for Ul<1,
\%2 f(z) 4* (l-A) g (<) h(z) /

tv

then f(z) is univalent and starlike jfhe radifcs of which is 
given by ^equation, /

H a|z| - a \z\*~ I z IN al*l " a I*!2- 1*1 1 + (2 B-1) Izl
^ i+.|,U.Ma + M3 1 ♦ I* “

n

_ 2n jzln 

1 - |z| 2n

2 n | z | n

1 - Ul2"
2n )z |

n

(1-UI2")- * (1+|z|n)2
0 V/ '"}

/V rj

Theorem 3~403

& \\

Suppose that f(z) =» z + a^+1 zn+1 + an+2 2 +»•••

g(z)^*^4

3 °o
h(z) * z + az + H anz are holomophic, for |z|<1.

+ bn+l 2 *1+ bn+2 2,11+2 + ••• and

n=r4

Let Re |g(z)/^zjj > 0, For |z|<l, where S^z)

is starlike of order p, 04 p < 1, If 

z f(z)
I - 1 | < 1

Tvz *f(z) + (1—»X) g (z) h (z)

for |z|<1* Then f(z) is univalent and/jstarlike, the radius 

of which is given by the polynomial P (
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2 3
(1 -=<) ar - a ( 1 - 2*0Y - ( 1 - 2*0 (1 -«flr

, - 3
( 1 -°() + af + aT + ( 1 - )r

1 + ( 2 b ■ i) r
1 +rn

2n rn nrn
1 -r’2n ' -------------- - » 0/ , / /

( 1 -V*) (1 7 ^

Proof s

Let y(z) f(zl
>z f(z) .+ (1-» g (z) h (z)

- 1

By hypothesis Y(z) is holomorphic, | 'f'(z) |z.1 for

|z|<.t» Hence by a result of Goluzin(l945) we have for] z ]<1

, ", , , ^ n 1*1 ( 1 - I V (z) I )
I Viz) | 4 ----------- --------------2n----------------

( 1 - M )
and by Schwarz' lemma for |zj < 1 j 'f'(z) | ^ | z

^y'/ron the defined relation of Y(z) we have

Y (z) f ^ z. f (z) + ( 1 ->0 g (z) h (z) ]

Zf(z) - * z f (z) - ( 1 -A) g (z) h (z)

f (z) [ > ( y(z) + 1 ) - 1 ] (1 -A)

t g Cz5 h(z) ( 1 + y (z5 3 j\ / 

• • Logarithmic differentiation yields.

^(z)

i /

i.illil . z h (z) z g (z)“ ♦ .«r*J..f(z) h(z) C 1 + t(:)] [ 1 -A-W(z) ]
- 1

„y
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* f< Czl

f(z)

zh (t) ^

h(z) J
+ Re*

z S^z) 

St(z)

- I
z P*(z)- | - | ■ ■■ ---------------------

p (z) (u'f(z) )( 1 - vxy(z)
I -1

>>

2 3
C 1 —0 a |z| - a (1 - 2-0 jzl - ( 1 - 2<){ 1 - «0 |z|

---------— - 3
(1 -«<) + a | z | + a | z | + (1 --<) | z |

1 + ( 2p - 1) |z|
n n

n
2 n | z |

2ni ♦ w 1 -1 11

n |z| ( 1 - | y (z) | )
- 1

2n
(1-1*1 ) ( i 1 + Y(z) *| ) I 1 -Ti-TS'PCz) I

2 3
^ ( 1 - «K ) a | z| - a ( 1 - 2 ) j z| - (1 - 2*) ( 1 -°0 ! z I
'//' 2 3 ' ..................................

( 1 -®0 + a |z| + a |z| + (1 -«0 | z |

, n n
1 + {2p - 1) i z | 2 n |z|

+ w | z|ti 1 _ 12|2n

n
nUl ___________________

( 1 - iz| n) ( 1 -*-*|/|)
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Thus f(z) is starlike, the radius of starlikeness of which 

is given by the equation.

2 3
(1 -«) a Ul - a (1 -2«<) |z | - (1 - 2«<)( 1 -«<) Iz|

ŵmmmmmmmm«m

(1 —<) + a |z| + a |z| + ( 1 lzl3

1 t(2p»l)

1 + |z|n
2n Ul" __nUL____________ .
1 - |z| (l-|z|n) (1 -A- /^|z|)

Special C,a,§e :

For °< a 0 we get the result for starlike function

2nd missing coefficient. A
with

Corollary :
Suppose that f(z) » z + an+1 z n+1 + aR+2 z n+2+ •••

*

g(z) =* z +• b ^ z n+* + ... and h(z) =s z + az^+^Pan zn

are holomorphic, for |z|<1. Let Re < 'l> 0, for |z| < 1,
pdz) j

where s,j(z) is starlike of order p If

----------------------------------------- 11 < 1, for
AzfCz) + ( 1 -^) g (z) h(z) 1

|z|< 1 o Then f(z) is univalent and starlike, the radius 

of starlikeness of which is given by the equation, 
a|z[ - a >z|2 - lzj3 1 ♦ (2 p -t) |z|n ^ \z\n

1 + a|z|+«|z|2+ |z|^ t+ |z|n 1- |z|

. n lzln ( 1 - !»(») l2)_________________

(l-Ul2”) (|1 +y(*) I I 1 -*Kz) |
1 0.
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Lastly we have 

Theorem 304«4

Suppose f(z) a z + af|+1 z n+1+ an+2zn+2 +

t \ w -0+1 . K -0+2,g(z) * z + bn+1z + bnj/) z + .n+2

and h(z) = z + cn+izn+1 + cn+2 zn+2+

Let ReJf—}>°
IsJ z)J

For \z\ < 1» where
oo

(z) = z + az + an z are holomorphic for
4

| z| 4.1 and Re?.- .\>0 for *|z| 1, where S0(z) is
l S2(z) J z

C Z f(z)
Starlike of order p, 0 4 1» If Re

A
for |z|< 1 "then f(z) Is 

radius of starlikeness of which

_*zf£z) + ( 1 ->Og(z)h(z\

>0.
J

univalent and starlike, the 

is given by the equation

( 1 ar - a (1 - 2°0 r2 -( 1 -2*0 ( 1 -°0r

(1 -®0 + az 4- ar2+ ( 1 -«<) r^

1 + (2 p - 1) rn 2 n r 2n rn
n rn

1 + rn n 1 - rn (l-rn)(l ->-*rn)
- 1

Proof s

Let p (z) « g (z) / S^z) and 

jj(z) s h (z)/ S2(z)
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Henc® zg* (z) z P* (z) z Sx (z) 

g(z) p(z) Sj^Cz)

z h (z) z S2 (z) z q (z)

h(z)
and

S0(z) q (z)

'• ** j — } ♦ Re(^
<“ f(z ) / l SjU) J \ S2(z)

Z p* (z) z q (z) Z <t>’(z)/ 4>Cz)

p(z) q (z) 1 - A<M*)

(1 —<) a lz| - a( 1- 2*)jzl2 - ( 1-2<) ( 1 -«<) Ul 

( 1-°0 + a |z| + a | z|2 + ( 1 -°0 |z|3

1 + (2 p-1) l z]
1 + U|n

- n |z|n

2.n |z|n
“Tip

2 n z n

1 - izp

, ( 1-izp) (1 -*-aU|n
1 Yn
alid for | z| < C ( 1- A) / 7\ ]

- 1

Particular Case :

For o( ss 0, we obtain the new result not found in 

the literature for starlike functions with second missing, 

coefficient and can be stated as 

Corollary :

Suppose f(z) » z + zn+Van+2 z”+2 +

g(z) = z + bn+, zn+1 + bn+2 zn+2 ...
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h(z) = z + Cn+1 zn+1 + Cn+2 zn+2 + ... 

■^>0, for |z|<1> wherer g(z) 
Let Res '

CS^z)

S (z) « z ♦ as? + Qnxn are holomorphic for Jz|<l 1
1 4 7

and starlike, and Ref-AisL..1 > 0 for |zj<£1
CS2(z)J /

where S^Cz) is starlike of order 0 ^ ^ <C 1

z f (z)

^z f(z) + (1 -^) g (z). h(z)
- 1 l <C 1> for |z| <1#

, •

inen f(z) is univalent andstaMike, the radius of which is 

given by the equation P(r>^£0
73 ^

a |z| - a |z|2- |zl3^ ~'T +(2^-1) |z|Re^ z f (z) j
f(z) .j 1 + a|z| + a | z|2+ |z|3 1 + |z|n

n

n n
_ 2x1 ^ 2n lz
" 1 - Uln " 1 - |z|n

- n|z|
n

(1-iz|n)d ~^-?\|z|n)
- 1



SECTION - 4

Lastly, wd Surjmisey the study of starlike normalisation 

by considering theUlass defined by Bhargav - Pandey. f 3]
We come into possession of^45«auti^Pui^ results, on j/niyO^ency, 

with particular cases

Let S(m, M) and K( $ ) denote the sub classes of S 

and satisfying the conditions w

I (z f (z)/ f(z))- m J< W, z € D (m, jv|) £ E,

•^(m,.Vi) :: | m-11 < M ^ m j. and

Re { 1 + ■ Zr ----------} >/ i , z £ D, 0^1 ;

L f (z)

respectively, Let p(xi)denote the Class of functions f> 

holoraorphic in D having Re | p(z) j. ^ ju. * z€ D, 0^ 1

and normalised by p(0) = 1 • Let V( § ) denote the class 

of functions g given by

?(z)= )^2 [ f(z) + z f (z) j » f G $ { & )» Z (■; D»

® S S ^ •

call for the following Lemmas which are used in

our discussion.

Lemma 4,4.1

If f € S( M) and |z|^ r < 1, then

G. (r) = - ■" .3r < } 1 + br Re zf (z) 

f(z)
1 + ar 

1 - br
Q2(r)

• *64
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wher* a ( M2 - m2 + »)/«, b « (m-1)/M, (a^r'OGE.

Equality occurs for the function f(z) *r z/^ ^ "^b

This lemma is due to Silverman9 Jm 

Lemma 4,4,2

If p g f (H ) and |z| r < 1, then, 

m P (z) ] y 2r ( 1 -.u)
Re

p(z) (1-r) [1 + (1 - 2 m ) r ]
Ga( r,-u)

Equality occurs only for the function,

P (2) * 1 + (1 - 2-“) 6 *

(1 -€z)
» I € | B 1

This lemma is due to Libera £13 J»

Lemma 4.4,3

If g(z)^2 £ p ( £ ) and |z| ^ r <1, then

z g (z)) 1 - 2 ( 2& -1 ) r + (2£ - 1) r2
Re ^ ' "r v> .... . " ...._ ' ' " " _ " as ©0(r,S )

g(z) 0-r)[ 1 -(2S -1) r]

Equality occurs for the function g(z) a z + (2£-1)z|/ 

This lemma is due to Libera £13 3 

Lemma 4.4.4

If g £ V ( £ ), then |z| * r, O^r <1,

(1+z)

Re z g (z)| ^ + 2(1 -2& )r + £ (2$ - 1 )r2
———> .....-...... - ■ — —  ............ ..-  ............ = n (r, £ ).
g(z) J ( 1 -r) ( 1 -Sr)

iH£B laiAHOEKAH LSWUIiv*jt umvmsiTy. kqluahSF
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Equality occurs for the function g(z}=z (1-£ z)/{Y-z) 

This lemma is due to Singh and Goel [2.0]

5o Statements and Proofs of Theorems s 

Theorem : 4.5.1

Let F e S«jB, 5 ) ; g, h £ S (m, M), P € (f( .U ) 

a, b, c >0, then the function f defined by

.b

3-2 £

F(z) * * 1.
z P (t)C dt,c Ht)a r

° L h(t)J
is starlike, the radius of which is given by the polynomia

P (r) = 0^

b(1 - ar ) b (1 + ar) 2 cr (1 -/j)

Y 1 + br 1 br (1 -r) ft + (1 -2 -M) r 2

a 0 (1-29*0 - 0 (29 - 1)
a [ \+p (1-29=<)r ] + [ 1 -p ( 2<f- 1) r}

p (2<j- 1) a [ 1 -p 0-2S«f)r ]
+ ....................... —. * ■■■ ....... +

1 - 0 ( 2f -Or 14-0 (29-I) r
=* 0.

Proof :

Yfe have from the integral operator,

?(z)'
a.±..I„ $ C 3 [ if!! ] p(t)C

after logarithmic differentiation and by use of lemma ^^4^0

1+ 0 (1-29«K) | | /f(2^a ^ F(z)# h(z)b j- a
^ c--------r- 1 —— •

c L a+1^ g(z)b p( z)' 1-0 ( 25 - 1) |z| 344 ]

• ♦ 66



a z f’(z) ^ az F (z) bz h*(z) b z g' (a) cz P (z)

f(z) 7 f(z) h U) gCz) p(z)

ap (1 - 2 54) - P (25-15

a[l+pd-25"t)|z|J+[l-p(25-1)|z| ]

P (29 -1 )
1 - p (2<j - 1) |z| *

az f* (z) ^ b z h (z)
... ‘ -----------------------

b z g (z) cz p (z)

f(z) ' h(z) g(z)

a p ( 1-2 5K ) - p (25 -1 )

p(z)

[ 1 + p O-25.O |z| ] + [ 1 - p (25 - 1 ) |zl j

P ( 25 - 1 ) 1 - p ( 1 - 2 }■<) !z|

1- p (25 -1) |z| 1 _+ p (25 -1 ) |z|

/ o • /Using the lemmas stated and talcing the real 

Sm obtobtain.

a Re
: £ (z)|
f(z) 'P

b (1-ar) b(l + ar)

1 + br 1 - br

ap (1 - 2 50;) - p (25 -1) 

a [ 1+p( 1-2^)|z | ] + C 1- p (25 -1) |z|J

P (2<j -1) a [ 1 - p O-25.O |z|]

1 - p (25-1) |z| 1 +p (25-1 ) |z|

Thus f(z) is starlike and the radius of starlikeness isgiven 

by the equation*
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b( 1 -ar) b( 1 + ar ) 2cr ( 1 - 14.)

1 + br 1 — br (1 - r) [ 1+ (1-2W) r ]

aft (1 - 2<j«<) - p (2^-1 )

a [ 1 + £ (1-2 5-O r J + [ 1 - M2 5 -1) r ]

+ P (25 “1)
1 -£ (2<j -1 )r

[ 1 - p (1 -r 25^ r] 

1 + p (2 J -1 ) r
= 0.

Replacing p = <^ = 1, we get the class of starlike functions^ /f^)
Corollary :

Let F € S*( °( ), g, h € S( m, M), P € P { M ), a,b,c > 

then the function f defined by

)

F(z)a= a_±_i J( f (t))a TiiiLtL-f p(t)' 

z L h(t) -*
dt

is starlike, the radius of which is given by the equation

b( 1-ar) _ bCl + ar) 2 cr ( 1 -4$_________

(1+br) 1 - br (1-r) [ 1 -+ (1-2-U )r ]

+ a( 1 - 2 * ) - 1_________________
a[ 1 + (1 -2°<) r) + [ 1 - r J

( 1 - r)
a(l - ( 1 -2«< ) r) 

1 + r
= 0



studied by Lakshminarsimhan £1 zj, denoted by S (0, /3, ^ * ■ )

Corollary :

Let F€ S(0, ), g, h, £ S(m, M) b£ P( jU )

a» b, c > 0, then they function f defined by
f(z)3 = a_±_l f(t)a [ -aiil "|b P(t)c dt

2 o L h(t) J
is starlilce, the radius of which is given by the equation,

b (1 - ar) b( 1 + ar) 2cr (1 - .u)
1 + br 1 - br ( 1- r) [ 1 + (1-2-U ) r]

aja ( 1) - p ( «K )
[1 + p -r J + [ 1 - p (•<) r ] 
P°< a [ 1 - p r ]

i - p«< r 1 + p«<r > 0
j

This result is also new and not found in literature.

Lastly replacihg J3 by 1 and by 
studied by June j a - Mogra£9j •

Corollary :

Let f £ S(®<» 1, p), g,h 6
and for £ = y2, we have this

p, we get the class
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b(j-ar) _ br 
1 + br “ (l-r)log(l - r)

2cr (1 - 
(l-r)[l+(l-2JU)r]

a (1- Zip) - ( ^ - 1)

+ a [1+ (1-24 p) |2| ] +[i-Ca./5-0/zI]

(2p -1)

1 - (2 M )r

a [ 1 - (1 - 2 * B)r ]
+ 1—r;.n1 ■;;-------------------»° 5= ^

1 + (2 p - 1 ) r

a# b, c > 0, then the function f defined by F(z)a = jZ f(t)a

b *
[ g(t)yh^tj 3 P ^ is unival®nt and starlike, the

radius of starlikeness of which is given by the equation,

b(1-ar) 1 + 2( 1 - 2 6 ) r +6(26-0 r2
---------------------b ------------:--------------------------------------------------

Is + br ( 1 - r ) ( 1 - £ r)
a p (1 - 2 <j°<) - £ (29 -1 )

- 2 cr ( 1 - /U )
0 - r) [ 1+ (1-2,u)r] ' *[1 + p(l-2f-<) r >[l-p ( 2<j - 1 )f ]

P (2 ^ - 1)

1 - p(2 -1 )

[ 1 - p ( 1 - 2 9-0 r ] 

1 +b (2 <j -1 ) r

Proof The routine calculation^and applications of the 

appropriate lenmas yield,

' 1

a Re
t f (z) ^ ^ ^ ^2 h'(z)

f(z) J
^ b Re l

-leRie
f 2 g (z) \

z P (z) 1 
- c Re<      '- >

h(z) J 1 g(z) 1
a P 0 - 2 <f«<) - (a-S-0

P(z) J a ( 1 + £ (1 - 2.54 )|z| -0 hi ]
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P (2.^ - 1)

1 - p (0.9 -1) |z|

a [ 1 - p ( 1 - 2$«t) M 1 

1 + p (29 - 1) | z |

b(1 -ar) 

1 + br

1 + 2 ( 1-2$) r + <S(2^ -Dr2
b --------------------------------------------------------

(1 - r) ( 1 -<$r)

- 2 cr (1 ->u) a p (1 - 2<j* ) - p (29 -D

(1 -r) [1 + 0_2Jui)r ] a[l^(1-a.9«()|2| ] + [ I -P (2-5 - D|z| ]

P(29-1)____________

1 - P (29- D | z |

a [ 1 - p (1-2 901) | z | ]

1 + p (29 -1) | z |

Particular Cases :

For p ss 9 s 1, our class $(•<,£>,9 ) yields the family 

of Starlike functions of order 4t S*(), Then we have the 

following interesting particular case.

Corollary 1.1

Let F £ S ( o< ), g £ v(& ), h £ S (m, M)

p € P ( M ), a, b, c > 0. then the function f defined by

g(t)F(z)a = j f (t)a [- 

0 h(t)

and starlike, the radius of which is given by the equation
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b(1 - ar)

1+ br

1 + 2 ( 1 -2£) x + £{ 2 & - 1) x4 

( 1 - r ) (1 -&r)

2Cr (1 -li) a(1 - 2 *5 - 1

(1-r) [ 1 + (l-2U)r] i[l+(1-2-x)|z|]+[l-|z| ]

a [ 1 - (1-2o< ) |z| ]

( 1 - Ui ) 1 + I Z

Next we have a corresponding result for these univalent
Aholoraorphic functions investigated by Lakshminarsxmhan [jl2*} ^ 

Corollary :

If F€S ( O p, ), g € VU ), :i € S (ra, M)

P € P (il), a, b, c>0, then the function F defined by

Z _ - b
F(z) = \ f(t)

g(t) 

h(t)
] P(t)' dt

is starlike, the radius of which is given by the equation

b(1-ar)

1 +br

1+ 2(1-2 & )r + & (2 £ ▼ 1) r* 

(1 - r) ( 1 -£ r)

A

-2 cr (1 -4 ) a P P

("Ur) [l + (l-2/4)r 3 [ 1+-p |z| ] + Ii -HP |z|]

< P
1 -Hp|z|

a [ 1 - p lz| ]

1 +HP UI
>/ 0

fth the usual substitutions, namely p = 1 and^ replaced by p, 

we obtain a result on these lines for those univalent holonorphic 

functions studied by Juneja - Mogra£ 9] •
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Corollary s

If F€S («,1, p) , ge V ( S )* h€S (m, M) 

p € P( JU ) , a>b,c, > 0, then the function f defined
|>y z b

F(z)a = f f(t)a F -----1 p (t)c dt is starlike
« h(t) ■*

and univalent, the radius of which fc given by the equation

b(1-ar) 1 + 2 ( 1-2$) r + $ (2$ - 1 ) r‘
----------- » b -—

1+ br (1-r) (1 - $ r)

2 cr (1 _m) + a( 1-2 °( B)-(2g-l)
(1-r) [ 1+ (1-2-u)r ] a( 1 + (1-2o< p) J z| )+[l-(a.p-0]

+ (2 p - 1?

1 - (2J3-1) |z|

aC 1- 0-2 ** p) | z| ]

1 +- (2^) jzj 

All the above results a^ 

in the literature.

^ 0

d not found

Iheorem 4,5.3

Let F£ S(<< 9 p , <f ) 9 .. £ P ( 6 )» h€S(m, M),

p 6 P(*u)f a» b9 c > O.Then the function f defined by

F(z) a a+ 1 f f (t)a r ib <i l ) L ^TTJ •«**>„ , . . dt
h(t)

is starlike and the radius of starlikeness is given by the 

equation
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b(l-ar) b l 1-2(26-1) r + (28 -O r2]

1 + br (1 - r) [1 - (2$-1) r] 

ap (1-2^q() - p ( 2q*i ) 

a[l+P d-2^)r ] + (l-J»(2$ -1) r) 

p ( 25 -1) a l 1 -p (1 - 2<jK. )r ]

( 1-/i)

[i+(l-2w)r 3

1 -p(25 -1)r 1 + p (25 -1) r
A.

U<r»

y
yirrt ^

Proof : By the customary calculations and using the lemmas, 

we arrive at

a Re ^
C z f(z)

<- f(z)
>,

b( 1 - ar ) b [ 1-2 (26 -1 )r+(2S-1 )r^J

y 1 + br (l-r)j^ 1“^2^-1) rjJ

. c 2r (1 -<m) ap (1-2^) - p (29 -1)

(1-r) [l4l-2M)r] a[ 1+p(i-2<jo( ) [ z| J + [l-p(2$ -4=) [ z| J

Jr
p(2<j- 1)

1 - P v2<j -1) |z|

WO note the following known cases - 

Corollary :

Let ? £ S*( °< ), g(z)/z € P ( S )» h £ S (m, M) 

p € ? ( H ), a, b, c >a, Then the function f defined by

fu)«= iii / f(t).r p(t)<
2 0 L h 4t) J

dt

is starlike and the radius of starlikeness is given by the 

equation,
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b(1 - at) b [ 1-2US-I) r + (2£-1)r2]

1+ br (1 - r ) £ 1- (2 S -1) r j

- 2 Cr (1 -Xi) a( 1-2< ) - 1

(1-r) [1+ a1-2*U )r ] a [ 1 + (1 -2 K ) t z i _3 + [ 1- ' z i]

[ 1 - (1-2* > \z\ ]

( 1 - l z| )

Suooose that F is holomorphic in £, then F € 3(0, p. 1 +

a class studied by Lakshminarsinhan b2-] we have

corollary :
Lot f e 3(o, p, -i±2L_ )f .g(z)...g p (s ),

h€3(n, p€ P (<11 ), a, b, c > 0, Then the function f

defined by
F(:)£= S-f-1- ol f(t)a [ P :t)c dt

is starlike and the radius of starlikeness is given by the 

equation*

b (1-ar) b [ 1 - 2 (26 -1 )r + (2 $ -1) r2J

1+br

. 2 cr (1 -aj)

(1 - r) | 1 - (26 -1) r | 

a(p ) - o<p

(1-r) [ 1+ (l-2Xi)rj a [l + p |zj] + [ 1- p°< jzjj

•CP a [ 1 " P.°C Ul ]
0.

1 -HP S z I 1 + °i p | z

Lastly, we have the following particular case for the 
univalent function^/onsidered by June ja-Mogra^
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Corollary ;

Let t £ sC °i » i» JB) , 9(z)/z £ p ( £ )»

h £ s(m, M) , p € P(-U )» a, b, c>0. Then the function 

f defined by

F(z)a = f f(t)a [ ]b p (t)c at

is starlike and the radius of starlikeness is given by the

Starlike, theradius of which is given by

b(1 - ar) b(l+ar) 2cr (1 - H)

1 + br 1-br C1 —r) (1+(l-2-U) r)

ad-2 °< 0) - (2p - 1)

a[ 1+ (1-2«p) |z| ] + [ 1-(2/3 -1) |;i ]

+ (2 p -1 ) a[ 1 - ( 1- 2«<p) \z\ ]

1 -(2 p-1) jzl 1 + (2 p -1) \z\

This result is not found in the literature.
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Theorem 4.5.4

Let F6S(«^ » ^ )» 9

P £ P {JUi ) 9 a,b, c > 0, Then

h € S Cm; M)

unction f defined by

F(z) /«„• [ 42.16 lp (,»
^ 0 L J

dt
h(t) J

is univalent and starlike, where radius of starlikeness \J^
er j

is given by, the equation -
b( 1-at) b (2&-1) r__________________ J |* (1 ~ m)___^
1+br (1 -r) 1- 6 ) r"i _ (-i«x)24-1j \ (r-ryli +(1-2u) r]

ap(l-2 <j o< ) - p (2<j-1)___________

nr* ^
/" V * r

a[ 1^0-2$-O t ] + [ J

. P (2$ ~1).,_______  ^ aD -p( 1-2<i«0r ]
1-P < 2 5 -W* £3^5-O r

b( 1-ar) br_______  /tC2r)l1 - ix)_____________
1+br ~ (l-r)log(l-r'J [1 + (l -2 ai)r J

ap (1-2<J«>0 - p (2<j -1) p (2 5 -1)
+ aJ.1^1-25^ T ] + p-pUf-Ur.J +

+ aEl- P(l-2$-Qr ,
1+ pi2 <j -U r Ior ® y2

Proof :
Making use of Lemmas stated above and proc4edid 

exactly on the same lines as in above theorem, we can write 
down.

( z f(z) } (■ Z h* (z)
a Re i-------------> >, b Re 1 --------- —

f(z)
- b Re

z g (z)

- C Re f z p
P(z)

■f

h (z) j l g(z)

+ ap(l-2<j°0 - j3 (2 -1)
a[l+p (1-2^ | z| 3 + [ 1-p (25 -1 > | z| ].

P (*5 - 1)
1 - p (2^-1) |z|

+ a
1 - P ( 1-2ij°0 jz| 

p (2<j -1) |z|[n
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b(1 - ar) b (2 £ -1) r
^ 1+ br (1-r)2^ 1 ~ $ ) £ i - (1-r)2^ “1]

a8 ( 1-2 9* )- £ (29 -1)
-f- ... " 1

a [1 +f( 1-2}«<)r. ]+ [1“P ( 2$-1 )r, J

p (29 -1)

1 -/3 (29 -1 )r

a [1 -j» (1 -2^)r ]

l 6 tY2)
for £3 Y2, we can have, this,

f (z)

f(z)

2r (1 — >u)

[l+(1-2-u)r ]

b(l-ar) br

1 + br (1-r) log (1-r)

ap (1-29*0 - p (29 -1) 

a [l-0(1-2J«i )T . ] + E -1 )T ,

P (29-D a [ 1- p (1 - 2 9 4 )r ]

1 - p (29-1) r 1+ p(29 -1) r
(for £ » y2)

Thus f(z) is starlike and the radius of Starlikeness is given 

by the root of the equation P( T ) = 0 . vVe list the

particular cases of the above result,

new*

For p » 9 S 1, we shall obtain a result which seems to be
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Corollary 1 :

Suppose that F£ S («( ), g £K ( & ),

h £ S(m, M), P € p (jU )9 a,b,c>0 Then the function

f defined by

F(z)
a+ 1 l f(t)

is given by the equation^

is univalent and starlike whose radius of starlikeness

b(1-ar) br 2 Cr (1 — xx)
mm m^rn^mi^mmmmmmmm^^^mi^mmmmmmmmmm^mm mm rnmm^i^mmmmmmmmmmmmmi^mmmmmmmmmma^m^m^mmmmmmmmm

1 + br (1-r) log (1 - *r) (1-r) [ 1+ (1 —2-<Jt )r]

a ( 1 - 2 o< ) - 2

a [ 1 + (1-2 °< )r 3 + L 1-r J

1 a [l-(l-2«<)rl
+ -------------- + ------------------------------------------^0, for 5 = V2 ,

1-r 1 + r

for & ^ y'2, the radius is given by the equation^

b(l - ar) b (2 & -1 ) r

1 + br

r

( 1-r)2^1”^ *£ 1- (1-r)2^ "1 ]

2 cr (1 —«u ) a (1-2°0 —1

\

(1-r) [1+ 0-2-u)r] + a [1+ (1-2< )T - J* [ 1- r:]

, a £ 1-(1-2«{ )r ]
U A yz )+ i-r +1 r 1 + r
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1+0^
For^s 0, 5* —^----- and p unchanged we shall get

the region of starlikeness, that involve univalent holomor-
U£

phic functions studied by Lakshminarsimhan*- * j needless to 

say that the result appears to be new and it would be 

$iven»

Corollary 2 -

Suppose f 6 S( o, p, t
~2 )» geK. (<$ )t

h £ S (m, U), P <= P ( -U ), a, b, c > 0, Then the function 

f defined by

a
F(z) a+1

~

7 ar ^(t) 1o/i f(t) —— <
n L h(+_} Ih(t) J

P (t)
c

) dt

is univalent and starlike, wfciere radius of starlikeness is 

given by the equation

b (1 - ar) b (2 £ -1) r

1+br (l-r)2U ~S 1 - (1-r)2^ -1]

2 Cr (1- -U)

(1 - r ) [ 1 + ( 1-2m. )r]

aP “ P P
a [ 1+ pr ] + [ 1 - p-tr J + 1 -*<pr

a [ 1-pr]
+ ——— 

1 + «< pr
b(l-ar)

and — ......... ...
1+br

> 0 5 j* Y2

br

(1-r) log (1-r)

2 cr (1—XJL)

( 1-r) [ 1+ ( 1-2-U )r ]

. ...J * * ..at?



In the same manner for oC-urtchanged, p replaced 

Sy 1 ^nd G replaced by p, we have the region of
To 1Starlikeness; studied by Juneja - Mogra4-7 J

Corollary 3 :

Suppose the F £ S(«<t 1, p), g£ K ( 6 )

h £ S (m, M), pep (-U ) a* b, c > 0, Then the function

f defined by

a a + 1 
F(z) - (----- ------ )

is univalent and starlike, where radius of starlikeness is 

given by _____

b tl-ar) b (2 5 -1) r

/

\

x 1+ br 

1 2 Cr (1 -M)

u [l-(1-r) ]

a ( 1 - 2< p) - ( 2 p - 1 )

(1-r) (1 + (l-2A*)r] a[ 1+ (1 - 2o(p)r “ 1 +

\

(2 p -1)

1 - (2 p-1)r

L 1 - (2p -1)T ]

a [ 1 - (1 -2* p) r ]

1 + ( 2 p - 1 )
iff 2 .
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