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CHAPTER - III
Kannan Type Mapping in H. Space

In this chapter we have used Ishikawa
iteration for process to obtain a fixed point for
a Kannan type mappin Hilbert space. Further, it is
shown that the teorem can be extended for two different

mappints T1 and T2 by the process of Ishikawa [19].

3.0 Kannan mapping in Hilbert space [23]
Definition :
Let C be a closed subset of a Hilbert space

Hand T : C+ C be a self map satisfy the condition, ¢

[Tx-Ty| | < | | X-Tx|| + |]y-Ty]|
for all x,y € C where 0< a < -% Then T is called

Kannanmapping in Hilbert space.

3.0.1 In 1991 Kannan type mapping in Hilbert [24]
space was defined by Koparde and Waghmode
and proved the following theorem by using

the Picard's iteration process.

Definition :

A mapping T : C+ C, where C is a subset
of a Hilbert space H, is called a Kannan type mapping

if
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for all x,y € C and 0O< a <
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3.0.2 Theorem : [24] Let C be a closed subset
of a Hilbert space H. Let T be a self mapping on

C satisfying

2 2 2
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for all x,yeC and 0 < a < %— , Then T has a

unique fixed point in C,.

For our work we need the definition (3.0.1)
and the theorem (3.0.2) and Ishikawa iteration process

(1-1.1.8 and I- 1.1.9)
Our result runs as follows :

3.0.3 Theorem :

Let C be a closed convex subset of a Hilbert
space H., Let T be a self map on C satisfying (2.0.1)
with u[1+8i }J< 1. Suppose x,is any point in C and
the sequence {xn} associated with T is defined by

Ishikawa scheme I -1.1.8 and I - 1.1.9., Suppose
that {Gn} is bounded away from zero.

i.e. lim a =a >0, If the sequence {xn}converges

to P, then P is a unquie fixed point of T.

Proof : Equation I-1.1.8 implies that

Xne17%n = O (Ty-xp)
]2

->
suppose x_* P, then ||xn+1_;:5n + 0 and since

{an} is bounded away from zero we have

Ty, -%a1125 o veeee.. (3.0.4)



Using trianle inequality, we have

2 2
Ty-Pl % { 1Tygexg )|+ 1lx-x 4 11
+ 0 as n» =»

ie. |lty Pl + o0

Using 1I-1.1.8 and I-1.1.10, where t stand

for Bn we obtain the following
inequality

2
||BnTxn+(1—3n)xn-Tyn|i

2
v -Ty_||

2 2
Bl 1T =Ty || "+ (-8 ) [ % -Ty |

2
- B, (1-8 ) |Tx_-x_||

2 2
Bl ITx Ty [1° - B (1-B )| 1Tx 5 |12

by 3.0.4

..... 3.0.6
Since T satisfies that

2 2 2
HTx-Ty| | “<¢{ |]x-Tx||* + ||y-Ty][|“}
we have,
2 2 2
|x =Ty |1 2sal | 1% -Tx 11 + |1y -Ty |17

Using 8.0.6, the above inequality becomes

2 2 2
% -1y_|1% <al |1x-Tx_| |2 + 8_||Tx_-Ty_||

2
- B, (1-8 )| [Tx _-x ||
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2 2
=p [|Tx Ty [|"¢q{(1-B (1-8 )1 ||x -Tx [[® +
- 2
Bl 12Ty |

1-08 )| |Tx -Ty_||Zcq(1 : 2
= (1-08 ) ||Tx Ty ||%¢q(1-B+8.)||x,-Txy] |

2
2 @(1-B +B )
— ||Txn-Tyn|| ¢ ——n

n
1-¢!Bn

2
|Ix_-Tx_||

o (3.0.7)
Now we use triangle inequality to get
2 2
- |1 s ] =Ty [Ty o ]

Therefore 3.0.7 becomes
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@ (1-8 +B")
JEx Ay -

<

2 2
. T =Ty, || +| Ty =%,

nit

+ Z||Txn~Tyn||.||Tyn—§n|T]
a(1-8_+82,

2
| | Tx -Ty |l
1 % n n

by 3.0.4
a(1-B + Bz)
1- n n

i - aB
n

2
llTx -1y |12 < 0

2 | 2
=z,[;1- a(1+sn)°] lITx_-Ty_[1% < o



b P4

Since (1+B2)<1 for 0<a < and
H.1] $o ; we have
||Tx_-Ty_||% = 0 i.e. ||Tx -Ty_[[|*> ©
..... (3.0.8)
Hence,

F1x -Tx_|12 2
n” *pll <§f|'xn-Tyn|'+|'Txn:Tyn|l }4 s+ 0

and

Now we show that P is a fixed point of T.

As T satisfies the inequality in the

statement we have,

2 2
[ITx_-TP||“¢q |15 -Tx_||%+||P-TP]]

+a ||p-TP||2 by 3.0.9

(eev.. 3.1.1)

Next, using tringle inequality

2 2
[1e-te|1% ¢ (11p-Tx || +]|Tx -TP||
s a||p-Tp||> by (3.1.0 and 3.1.1)

= (1- @) ][P-Tpllz <0
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Since O0< a < % and ||.|| ¢ 0 , we have

||P-TP||2 =0 i.e. ||P-TP|| =0

! TP=P i.e. P is a fixed point of T

Let if possible P and q be two fixed

points of T, then

P- 2 2
1P=all2 - |7pomq) |

<af{|lP-TP[|2 + ||q-Tq||?}
0

||P-q]] = 0 P =gq

Therefore a mapping T : C-+ C has a unique fixed

point in C,

We verify the above theorem by the
following example,
Example :

Let T : [0,1]»> [0,1] be a mapping

defined by
b 4 .
TX-= 1 for all x in [0,1]
Then 0 is the only fixed point of T

Now,

]
ST
1
]
[\

2
| | Tx-Ty]| |

nit
5' [ and
£l
t
=
—N
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And
o[ Hx-rsl 17+ 11y-157)
o[ 115112 + 11y-§117]

9 2 2
= [ 11?1 ]

Therefor for—% €a <1
2

we have
2 2
[1Tx-1y |12 € @ | |]x-Tx] 1%+ |]y-Ty]|

Also for any x, € (g, 1]

By the statement of the theorem this limit 0 is
the unique fixed point of T. This verifies the

theorem, .
3.2.0 Theorem :
Let C be a closed convex subset of a

Hilbert space H. Let T1 and Tz be two self

mappings on C satisfying

-

¥

2 2
[IT,x-T,y||*<a {nx-'rlxu flly-T,| |2

¥ x,y in C with 0< a < %—- and ¢!+8§<1

Suppose x, is any point in C and the sequence{xn}

associated with T1 and Tq defined by Ishikawa



scheme I-1,1.8 and 1-1.1.9. Suppose further that
{Gn} is bounded away from zero. If the sequence
{Xn} converges to P, then P is a unique common fixed

point of Tiand T2
Proof :

From ChapterI-1.1.8 we have,

X = (1-@ a
n+1 (1-e,) Xp + ¥ To¥,

= Xn,17%p" Oy (Tp¥y - %)
Suppose x > P, then % .1 xn|[2 + 0 and

{un} is a sequence bounded away from zero we have

2
HT395-%,11% 0
uoo.(3.2.1)

Using triangle inequality it follows

that

11T,y Pl 12 {11Tyy ~x_|1+]lx_-x_ || }?

2n 2n “n n n+l
+ 0 as n»> =
. 2
i.e. ||szn—P|| + 0 c...(3.2.2)
Using (I-1.1.8 and 1.1.10), where

t stands for Bn we obtain the following inequality

2 2
IIyn.TZynII =HBnTlan'(l_Bn)xn_TZynII
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2 2
= BnHTlxn‘sznH +(1-Bn)Hxn—T2ynH

2
- B (1- ) ||T,x -x ||

Using the inequality of the statement

we have,

2 i 2 2
1732,y 126 @[Ty 117 1y, =T,3, 1]

2 2
€allfx -T,x ||%+ 8 _||T;x -T,y ||
2
+(1-8_ )| |x -T,y |1 -8 _(1-8 )
2
1Tyt 12 |

by v e .3.2.3

2 2
=) HT1xn_T2ynH SaBn‘!Tlxn"sznll *

: 2
[a —(an(l—Bn)] len"Tlxnll

2 2
= (1-a8)[|T,x T,y | |2 {u—aﬁn(lnsn)]ﬂxn-Tlxn{]

2
a-a Bn+a Bn

2
= ||T,x -T,y_||
| 1"n "2n'! & 1 -(’Bn

2
[ Ix -1, ||

(3.2.4)

Now,

=gz P Ty 2 =Ty M | Ty ox [] )2
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Therefore 3.2.4 becomes

2
‘ 2 a-af +
T -T 2
¥ 1*n ZynH £ 1 —‘;Bn L [”Tlxn'szﬂ”

2
+ ||T2yn-xn|| +2 ||T1xn~T2yn||x IIszn-xnII}

Using Triangle inequality

- 2
‘ * Bn+ * BI} .=.2 o
1  A— Bn l 'Tlxn"sznH-S 0

by 3.2.1

2 2
- | 1 -@ (1+3n)] ][Tlxn-sznH < 0

Since 0f\<a+a3121< 1 for 0<a<%~.

2
we have IITlxn‘sznll =0
(3.2.5)

Next, using triangle inequality, we have

. 2 2
Nx=Tyx |12 €Ul Ix =T,y |1 + [1Tx T,y || }

..(3.2.6)
> 0 by 3.2.1 and 3.2.5

and

2 2
[1p-tyx_[ 1% { [1P-x_||+]]x =T, x || }

+ (0 as xg- P and 3.2.6
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Now we try to show that P is a fixed

point of both T1 and T2

consider,

2 2 2
17521 3¢ ] [t 170 (p-mpl 17 ]

»a||p-T, || by 3.2.6
Using triangle inequality we have
|1p-T,P[1%¢ {||P-T,x || + ||T,x -TP|| }?
2 N 1" n : 1"n 2
2
saIIP-TZPH by 3.2.7
= (1- a) ||P-T,P||%< 0

Since O < W <

o)

| {P-T,P|]

I
o
3
T
Y

U

Similarly we can show that P is also a

1 i.e. T1P = P, Thus P is a

common fixed point of T1 and Tz.

fixed point of T

Let if possible P and q be two common fixed

points of T1 and T then

2!

2
llp-al1? = [IT,P - T,al|?

< u[lIP-TlP! l2_+l la-T,q] lz‘l

E.

=0



Hence T

in C.

1

= ||P-q|| =0
=P =q
and T2 have unique common fixed point
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