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CHAPTER - IV
Generalised contraction mapping in Hilbert space
4.0.0 Introduction

The well-known Banach [2] contraction
principle has been extended by a number of research
workers working in the field of fixed point theory
in several directions to different spaces which can

be stated as follows

Let X be a banach space and C be a closed
convex subset of X, then a contraction mapping T

of C into itself satisfying.
HTx-Ty|| < |lx-yl]

for some ae (0,1) and for all x,y in C has a unique

point Pe C such that TP=P.

The definition of contraction mapping has
undergone successive generalisations {39] in complete
metric space by R.Kannan [21], Reich [40], Hardy
and Rogers [16] proved some fixed point theorem
by considering the following general form of

contraction mapping.
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Let X be a complete metric space, then

a contraction mapping T of C into itself satisfying.

d(Tx,Ty) € a,d(x,y)+ a,d(x,Ty) + ayd(y,Tx)

+ a4d(x,Tx) + asd(y.Ty)

"

.5
20 and '}

where a i
i=1

i a;<1
Khan and Imdad [22] considered the above
generalised contraction in Banach space in the

following form :

T be a self map of closed convex subset

of a Banach space X satisfying
|| Tx-Ty|| < a| [x~-y| |+ b[llx-TX|I+|ly—Tyll]

+ ¢ [Hx-Tyl|+||y-1x]] |

-

for every x and y in C, a,b,c 30 and

-~

0 ¢ a+4b+4c <« 2

Naimpally and Singh [33] used the two
contraction conditions and proved some fixed point

theorems.

Ganguly [14] in his recent paper defined
a generalised non-expansive mapping in the following

way
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A self map T of a subset of a normed linear

space X is said to be generalised non-expansive if
| 1Tx-Ty|| < max {|[x-y||.|[x-Tx||,||y-Ty|[|.]|[x-Ty]][.

|ly-Tx| |}

The Purpose of This Chapter

By considering the above generalisationsg
of contraction mapping in different spaces, we have
introduced the following new definition of generalised

contraction mapping in Hilbert space.
Our definition runs as follows

4.0.1 Generalised contraction mapping

Definition :

Let C be a closed convex subset of a Hilbert
space H. A mapping T : C * C is said to be generalised

contraction if for all x,ye C
2 2 2 2
[Tx-Ty| [ ¢ a | |x-y| |7+ a,l|x-Tx||" + ag|]|y-Ty]|]|
+ a ||x~Ty]|2+ a l!y-Txl|2+ a || (1-T)x-
4 5 6

(1-T)y| |2

...4.0.2

Where a, >0 and 'ai 1

...4.0.3
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We observe that
(1) If a,= a; =a, = a; = ag =0, 0¢/a =K1

we get T as strictly contractive mapping.

(ii) If we put /El= 1, a,= a3 = a8, = a

we obtain T as non-expansive mapping

(iii) If we put a, = 1 and a2 = ag = a, =_a5 = 0

and a 1 , we obtain T as stricly

6<
pseudocontractive.

a, =1 and a, = a, = a

(iv) If we put a 6 2 3

1:

we obtain T as pseudo-contractive mapping.

(v) If we put a, = ag and a; = a8, = a; = a, = 0
T becomes a Kannan type mapping which we

have studied in Chapter-III.
Our first result runs as follows :
4.0.3 Theorem :

Let C be a closed convex subset of a real
Hilbert space H. Let T : C* C such that it satisfies

4,0.2 and 4.0.3 with a,#a and 0<a_ +a,;a_<1

6 3 74%*%e6
Further we assume that T is monotone. Suppose x,
is any point in C and the sequence {xn} associated

with T is defined by Ishikawa scheme I-1,1.8 and
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I-1.1.9. Suppose lim °n =q >0. If the sequence

{xn} converges to P, then P is a fixed point of T

Proof :

From equation I-1.1.8 we have
*n+1” *n = @ (Ty__- %p)

suppose x _* P, then ][xn+1-xn||2* 0 amd
since{an} is bounded away from zero,
|1y -x_[1%* o e (A)
Using triangle inequality , we have;
1y -P11? < [Ty =x_ 1 + |lx-x_, .||

+ 0 as n* o

Using I-1.1.8 and I-1.1.,10, where t stands for Bn

we obtain the following :

2 2
Hy %, 117= [18,Tx,* (1= 8 )% - x ||

2 ' 2
B | 1Tx -x 1%~ (1- g )||Tx -x ||

2 2
Byl 1Tx -% |1

/A

2
| ITx_-X_| |

2
{HTx_-Ty_|]+]ITy_-x_|] }

A
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Using Triangle inequality,
2 2
< |x -1y 1%+ |1y x_||

+ 2| Tx =Ty | |x | |FYy=X,] |

Now,

2 2
|y, -Tx_ || |18 Tx +(1- B ) x - Tx_|[]|

2 2
(1= ) Ixy=Txy 1% 8,1-8 )1 1Tx,-x, ||

2
(1- B)° ||Tx_=x_||?

N

2
[T - x_||

N

|ITx =Ty, [+ |7y -x ] |2
Using T. inequality
€ gy L Uy | gy, Ty |
[Ty- = Il ....c4.0.5)
Since T satisfies 4.0.2 , we have
|1Tx ~Ty_|1%s a | |x_-y_[|%+a)|x_-Tx_[|? +
aglly -ty |12+ a,l1x_-Ty_| |+
a51|yn-Txn|!2+ 36{ '|xn-yn"2

]|Txn—Tyn[|2- 2<x -y . Tx -Ty >}
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2 2
¢ (agr ag)llx -y [[%+ ayllx -Tx ||
2 2
+ a3Hyn'TynH + a4llxn'TynH +

2 2
a5]|yn—Txn|| + a6||Txn—Tyn||

Since H is a real Hilbert

space and T is monotong
Using relations 4.0.4 and 4.0.5 in 4.0.6. we get

112
[]Txn-Tyn[] < (a1+a6)

2 2
lx -y |12 + | |1y, -x ||

e 21Ty, || x 1Ty, ox 1]
# oy [ty |12 1T -1y, 1% 2] 1x,-1y, 1|
2 n n n n n n
2 2
x ety ]+ ag] gy 1124 11y, 112 +
2
2len-yn;|x|1xn-Tynll]+ a,llx -Ty ||
e agl 11T -1y, 112 1Ty x| 2oz ) [Ty -mx || x
5 n n n n , n n
1Tvg-mad 1]+ 2l ITx-Ty, 112
n -n 6 n °n
. 12
= 1-(a +a,+ag+a +2ac) ||Txn-[‘yn|l
< (a,+a.+ 2a_.+a,+a_+a_) Ty -x ||2
~ 1 72 3 "4 "5 6 n ' n

+ 2(a +a,+ 2ag+ag+a;) l]Tyn-TxnI[ x ||ty -x_||



=

2 2
(34'36) | |Txn'Tyn| | % (1+ 83) | 'Tyn'xnl '
+ 2(aj+a,+2ag+a+ac) ||Txn-Tyn!|

x | Ty -x 1|

6
since i a; < 1
i=1
Taking limit of above as n*» =
we have,
|lTx -Ty |2+ o0 . a# ag and by (A)

ees(4.0.7)
Using triangle inequality, we have

: 2
2
=Tl 126 [Hxpmty 1+ Llmxg -1y, |

+ 0 by (A) and 4.0.7 as n* <«

(4.0.8)
And

2
[1e=tx_[12¢ | 1P=x_I] + [Ix_-Tx_||

> 0 as xd> P and 4.0.8
ceo.. (4.0.9)

Now we show that P is a fixedpoint of T.

Since T satisfies 4.0.2 , we have

48
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2 2 2
|Itx_-TP||? < a | |x_-P||%+ a,||x_-Tx_||
2 2
ag| |P-TP[|"+ a,||X -TP[|® +
2 2 2
agl|P-Tx_||%+ ag{ |[x -P||"+||Tx -TP||

- 2<x-P, Tx -TP> }

a4, + 4
—_— 3" 4 ||P-TP||2 Since by data and

1 - ag
4.0.8 and 4.0.9

..... 4.1.0

Now, using triangle inequality

2 2
[1p-TP}|“<{||P-Tx || + ||Tx _-TP|]| }
. 4 @a, + a
|1p-1p||2¢ 22| |p-TP||? by 4.0.9
-— a6
and 4.1.0
a, + a
3 4 2
{ 1 - 50— ] | [P-TP||“¢ 0.
6
[1— (a,+a,+a,) } HP-TPHZ<O
3 74 76 N
2 -
| |P-TP| | <O by data
|{p-TP|| =0 111 ¢ 0
TP = P

i.e. P is a fixed point of T

This proves the theorem.
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Now we have generalised the theorem 4.0.3

as follows
4.2.0 Theorem:

Let C be a closed convex subset of a real
Hilbert space H. Let T1 and T2 be two self maps
satisfying 4.0.2 and 4.0.3 with a, #ag and
: O.s:a3 + 80 a6<‘1. Further we assume that T is monotone
suppose X, is any pointinCand the sequence{ xJ
associated with T1 and Ty is defined by Ishikawa
sgheme 1-1.1.8 and I-1.1.9. Suppose {e¢ _} and
{Bh} are sequences bounded away from zero. If the

sequence{ xJ converges to P, then P is a fixed point

of both T1 and T2
Proof :

Exactly on the same lines, we have proved

this theorem as in Chapter [III, see Theorem 3.2.0].



