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CHAPTER - V

Pathak type Mapping 

5.0.0 Introduction :

The well-known Banach contraction principle 

states that every contraction mapping of a complete 

metric space X into itself has a unique fixed point. 

This principle has been generalised in various 

ways by many authors.

This principle has not found much attention 

in terms of a rational expression, some authors who 

have made an attempt to generalise this principle 

through such an expression are as follows :

In 1975, Dass and Gupta [12] have tried 

to generalise Banach contraction principle for the 

mapping T : X+ X satisfying
T1 f Y TvId(Tx,Ty) ^ad(y.Ty) ° %(xVy) * 8 d(x»y} ••• {1)

for all x,y in X and <*,B > 0 and <*+ 3 < 1 • They have 

showed that T has a unique fixed point in X.

In April 1979, H.Chatterjee [9] has obtained 

fixed point theorems for mapping of Dass and Gupta, 

by using inequality (i), in arbitrary topological 

space. Using the same mapping of Dass and Gupta,,
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he has obtained in [JO] and [11] respectively, a 
unique fixed point theorem for a pair of continuous 
self-mappings of a metric space and a fixed point 
theorem of a continuous mapping of a compact metric 
space.

In 1980, Jaggi and Dass [20] have proved 
the following fixed point theorem through a rational 
expression which comes out to be an extension of 
the well-known Banach's contraction mapping theorem.

Theorem :

Let F be a self map defined on a metric 
space (x,d) satisfying the following:

(i ) for some <*,0 e (0,1) with <*+0 < 1

d[F(x),F(y)] qd[x,F(x)] ^ d[x,F(y)] . d[y,F(y)]
+ d[y,F(x)] + d(x,y)

+ 0 d(x,y),

for all x,y e X and x^y

(ii) there exists xDe X such that

{ Fn(x0)}D{Fn*(x0)} with lim Fn* (xc)eX
k + «»

Then F has a unique fixed point
u = lim Fn*(x0) 

k-*®
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In 1982, Sharma and Yuel [44] proved the 
following fixed point theorem for mapping in a normed 
space as follows :

Theorem :

Let T be a mapping of a normed space X 
into itself satisfying

d(Tx,Ty)^ q max {d(x,y), d(y,Ty) + [l+d(x,Tx)] 
1 + d(x,Tx)

1 d(x,Ty) [l+d(x,Tx)+ d(y,Ty)1
2 1 + d(x,y)

for all x,y in X and 0<q<l where the sequence 
{x^Jis given by

x = (1-C ) x + C Tx for n >0 where n+i n n n n

CR satisfy CQ = 1, 0<Cr< 1 for n > 0 and

Y C diverges and lim C = h > 0 *■ n xs n

If{ xj converges in X, then it converges to a 
fixed point of T.

In 1984, Sharma and Yuel [45] have obtained 
the following unique fixed point theorem.

Theorem :

Let T be a mapping of a complete metric
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space X into itself such that

d(TxtTyU«i^^L.^^ } +

B {d(x,Tx) + d(y,Ty)}+

v{d(x,Ty} + d(y,Tx)}+fi d(x,y)

for all x,y in X where

0 ^ .— < l, B + v <1, 2v +6 < 1,

V >0. Then T has a unique fixed point.

In the same year 1984, Bajaj [1] has obtained 

the following theorem for pair of mappings :

Theorem :

Let S and T be a pair of self mappings 

of a complete metric space (X,d) and satisfy the 

inequality

d(Sx,Ty)«a d(x,Sx).d(x,Ty) + [d(x,y)]‘ 
d(x,Sx) + d(x,y)

d(x,Sx),d(x,y) 
d(x,Ty)

for all x,y in X with x / y, 0<a < 1

and d(x,Sx)+ d(x,y) + d(x,Ty)* 0

Then S and T have common fixed point. Further if 

d(x,Sx) + d(x,y) + d(x,Ty) = 0 implies 

d(Sx,Ty) = o, then S and T have a unique common 

fixed point.
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Naik [32] had obtained a unique fixed point 

theorem as follows :

Theorem :

Let T be a non-empty, bounded^closed and 

convex subset of a reflexive Banach space and let K 

have normal structure. Let T : K** K be a continuous 

map of K satisfy

llTx-Tyll* llx-Txll llx-TyH + 1.ly-Ty|l 1.l,y-Txll
I|x-TyJ| + ||y-Tx||

if ||x-Ty|| ||y-Tx|| > 0

= 0 otherwise

Then T has a unique fixed point in K.

In 1988, H.K. Pathak [35] have defined 

the following mappingin a normed space using more 

general rational inequality .

Definition :

Let X be a normed space then T, a self mapp­

ing: of X called a 'generalised contraction mapping' 

if

| |x-Tx| | jjL- | | x-Ty | j"j

I | Tx-Ty | I $ q max { }-|x-y | |--------- -------------- ------------ —
1 + ||x - Tx| |
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||x-Ty|| [l-||x-Tx[|] _ 

1 * | | x-TJf: | |
IITx-y| 

1 +

H ly-Ty)1
ITx-y||

I|y-Ty|I [l-||Tx-y|[] 

1 + I|y-Ty||

for all x,y In X where 0< q< 1.

He proved the following fixed point theorem.

Let X be a closed, convex subset of a normed 

space N and T be a 'generalised contraction mapping* 

of X and T be continuous on X. Let { xj j,e the 

sequence of Mann iterates associated with T defined by

Xn+1 = d“cn^ xn + cnTxn f°r n & 0 where 

Cr satisfy CG = 1, 0 <cn< 1 for n > 0

and lim C = h > 0. If lx } converges in X., n-*- oo n n
thenit converges to a fixed point of T.

He has extended the above theorem lfor 

a pair of mappings and T£ and obtained common 

fixed point for them.

Purpose of This Chapter :

From the above all results it is clear 

that the Banach contraction principle has undergone 

many generalisations through rational expressions
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in metric spaces as well as in normed spaces. But 
this principle has not found any attention in terms 
of rational expressions in Hilbert spaces.
In this chapter, we have made an attempt to generalise 
this principle through such rational expressions 
in Hilbert spaces.

Now we define a Pathak type mapping in 
Hilbert space as follows :

5.0.1 Definition : A self mapping
T : C^C, where C is a closed convex subset of 
a Hilbert space H, called Pathak type mapping if 
it satisfies the condition,

. o | |x-Tx| I2 [l-| Ix-TyI I2
||Tx-Ty||2« q max { I lx“y| I . =-------------- ------

1 ♦ ||x-Tx||2

| |x-Ty| |2 1- | |x-Tx| |||Tx-y||* [ 1-| |y-Ty| |2 J

1 + ||x-Ty|| 1 + ||Tx-y||

||y-Ty||2 [ 1-||Tx-y||2
---------- ------ 2----- “ *

i + IIy-TyII

for all x,y in C where 0<q< 1 

Main Result :

We hare establish two fixed point theorems
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using the technique as appeared in Rhoades [37] 
and Yuel and Sharma [44] for mappings satisfying
5.0.1.

Our first result runs as follows :

5.0.2 Theorem :

Let C be a closed, convex subset of a 
real Hilbert space H and T be a mapping satisfying
5.0.1 and T be continuous on C, {x } be sequencen
of Mann iterates associated with mapping T
given by x = (l-<* ) x + ® Tx for n ^ 0 ° n+1 n n n n
where {«n } satisfies

(i) “6 = 1 (ii) 0<“n<1 for n > 0
(iii) lim <*n = h e (0,1), 

n + a»

If { xr}converges in C, then it converges 
to a fixed point of T.

Proof :

Let z e C such that lim x = z_ ^ nn+ od

Now we show that z is the fixed point of T
consider,

z-Tz||2 . I|z-xn+1. *ntl- 1*1|2
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« Hz-xn*lH2 * Mxn*1-T2ll2 *

2 I I *-*„*! I I x Hxn*l- T2 I I

Z-X„-ll t * H(1-0Xn + »nTXn- TZHn n “n n

+ 2||z-xn+1'' X '|Xn+lIK*,- TJii

IW-*n+1H * llu-«n>v d-«n) Tz *
a Xx .o Tzn n n

2 I I z-xn+l1 1 X Hxn+1- Tzn+1
Therefore,

I I z-Tz | | <l|z-xn+1ll + U-O M x_- Tzn n
+ <*n HTxn-TzH2+ 2 an(1_an)2|lxn“TzM x

||Txn-Tz|| + 2||z-Xn+1' ' X HXn+l- TZ

4 Ilz-xn+llI2 + (1" «n)2 Ilxn" TzlI2 +

ah q max { | |xn-z
„ x -Tx 2 1 1 n n1 1“I IXn-Tz||

1 + I lx -Tx I I 11 n n11
I lxn"Tzl I 2 [ M Ixn-Txj |

1 + ||xn-Tz||

I|Tx-z|| 
n

1-||z-Tz||2 j ||z-Tz| HtTxn-z
1 + ||Txn- z|| 1 + ||z-Tz||
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+ 2 ®n d” an)2 I Ixn_Tzl I x I |Tx-Tz| | +

2 11 z_xn+11 I x Mxn+rTzll

we observe that

n x - n+1
2 / a 2

n

Thus the abve inequality reduces to 

||z-Tz||2 ^ ||z-xn+1||2 + (1- an)2 ||xn-Tz||

+ an q max||xn-zi
HXn-Xn+lM2/a2 R" I I x„-Tz | | 2

n n
1 * Hxn-xn*lH /«2

' n
||xn-Tz||2 fl-||xn- Xorfll*/.*!

— nJ
1 ♦ l|xn- Tz||

I|Txn-z||2j^l-||z-Tz|I2

IlTxn- A
+ 2 an (1" an)2| Ix!!l'TzI I

||z-Tz||2[l-||Txn-z||2_

1 * Ih-TzH*

x I|Txn-Tz||*2||z-xntl||x

!x„*r T*M
Now taking the limit as n a> and 
Using (iii) and continuty of T we have
||z-Tz||2$ (l-h][2 ||z-Tz||2+ h2 q max { 0,

| | z-Tz | | 2 | | z-Tz j | 2 [l-||z-Tz||2 J

* *1 + ||z-Tz||2 1 + || z-Tz||2

*
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z-Tz 1- z-Tz ]
1 + I Iz-TzI I

z-Tz | | 2^: (l-hj_ | | z- Tz | | 2 * hq max { 0, 0,

||z-Tz|| ||z-Tz|| ||z-Tz|!2 ]

1 ♦ ||z-Tz||
‘2 '

z-Tz 1-1 z-Tz

1 + I Iz-Tz 

2 1
1 + || z - Tz| |

}

=» I z-Tz I 2 < (1-h) I I z .Tz||2 + ha I.lz=.yill2.r

=> (1-1+h) | | z-Tz | | 2 hq 1 I Z~T2I I

1 + ||z-Tz||

1 + ||s-Tg||
2

2

, , | |2 I Iz-TzI I—^ I I z-Tz | | ^ q —L!--------LL . . h> 0
1 + z-Tz

;=> [ | z-Tz | | 2 + | | z-Tz | | 4 ^ q | | z-Tz | | 2 

<=>||z-Tz||4 $ - (1-q) ||z-Tz||2

2suppose that z *Tz, then let ||z-Tz|| = g

then we have 6 < - (1-q) 

which is a contradiction since | | . | |): 0 

Hence Tz = z i.e. z is the fixed point of T
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Now we give an example to verify the above
theorem.

Example :
Let H = R, the set of real numbers regarded 

as a Hilbert space.

Let T : [0,1] [0,1] be a mapping
such that Tx = x/2

Then,

||Tx-Ty||2 = i||x-y||2

1setting j^q<l we see that all the conditions of
above theorem are satisfied. Here 0 is the fixed 
point of T.

Now, we extended the above theorem 5.0.2 
for a pair of mappings and T2<

5.0.3 Theorem

Let C be a closed, convex subset of a
Hilbert space H and let T^ and T2 be pair of
mappings satisfying.
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I Ix“T_y|| 1-llx-T^I I iT-x-y) |2fl-| |y-Tj |2

1 + ||x-T9y|| 1 + ||T^x-y||

I|y-T9y|| 1-IIV-yll2 ]
i + I|y-T7y||

for all x,y in C with 0< q <1 and 

and T^ are continuous on C.

The sequence { xj of Mann iterates associated 

with and are given by

for xoE C, sot x2nil = d-«n)x2n ♦ «nV2n

anx xan+2 * (1* V x2n+l+ “nT2x2n.l

for n >0 wherela } satisfy conditions
n

(i) to (iii) of theorem 5.0.2. Here we further 

assume that h * j . If { xj converges to z in C 

and if z is a fixed point of either or then

z is the common fixed point of T. and T_

Proof :

Let zeC such that lim x = z
n 00 n

and let = z

Now we show that z is the common fixed 

point of and
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Consider,

I |z-T2z||2 = ||*-*2n+1 * *2n+1- t2zI12 
* Hz-x2n-lH2* ll(1-%)x2n * °nTlx2n" T2ZH2 

* 2llz"x2n+l^ x I lx2n-i-l ' T2zH 

4 I I z-x2n+l I I * H(1” ”n)x2n' <1_ “n' T2Z * 

«nTlx2n- “nT2zH2t 2 I I z-x2n.l<I x < lx2n*r T2ZH

=> I|z-T2z||2« Ilz-x2ntlll2 * (1* an,2|lx2n‘T2zlI2*

"nllTix2n-T2zH2 * 2 %(1' « „)2 I I x2,fT2z H x

HTlx2n-T2zM * 2Mz-x2n*lH x H*2n,r T2ZH

=> llz-T2zl I2*' Hz-x2n+1ll2 ♦ a- «„>2 ||x2n- t2z||2
+ 2 n „„ ... ,.2 llx2n-Tlx2nll
+ an q max j | |x2n~z| | ,____________ 1-Ilx2n-T2zi

1 + x2n - T1X2„I

'x2n~ T2z II2 [l - x2n~ Tlx2nl

1 + Hx2n- T2z
I lTlx2n-z I I 2 [1-IIz'T2zH z-T2z 1-llTlx2n-zH

1 * ''Tlx2n~z 1 + I|z-t2z| 2
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* 2 ■n(1-V2Hx2n-T2zll x IlTlx2n- V

* 2IIZ-Xntlll x Ilx2n+l~ T2zf t

'x2n“TlX2n

we observe that 

■ 2 llxa«- x2n 2n+l'1 / n

Hence the above inequality reduces to

I|Z-T2ZM < I lz“x9.n*1 I I + {1“ “J HX5n-T2Zllk2n+l n k2n 2

+ a n Q max { llx2n-l|2 l|X2"'X2-lll^^[1-|lx2n-T2zH2]

1 * Hx2n-x2xtlll / «2

!x2n-T2zl 1- x„ -x„ . 2 1
11 2n 2n+l11 /a' n J ,

1 + Nx2n- T2z

I lTlx2n"zl I2 j1 -Hz -T2zH2 ]

1 * HV2n' ZH2 

l|z- t2z I t2 f1 - HT x„ - z|I1 2n

n

1 + || z - T2z

* 2 ®n (1- an)2 Hx2n-T2z|| x IIV^- T2z||

* 2 I Iz-xn+l'' X ''x2n+l ‘ T2z
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Now taking the limit as n+ «► and using (iii) 
and continuity of

we obtain for T^z = z

I Iz~T9z|\2^ (1-h)2 ||z- T„z||2+ h2q max { 0, o,

ll» - T2ZH*.0. 1Iz-T2zH2

1 -±|4z-.T52| 12 1 ♦ ||z- T,z||2

+ 2h2 (1-h)2 ||z - T„z||2 + 0

z- T2z||2^ (1-h) ||z - t2z|I2 +

hq I Iz- T9z
1+||z-T„z||2

+ 2h (1-h) I Iz— T2z|

h q ||z- T„z||«*h(2h-l) | | z-T?z | | 2 ^ ——-.— -2._—j
2 i+||Z-t2z||T

=> (2h-l) |f z-T2 z||2 + (2h-l)||z-T2z||4* q| |z-T2z||2 

=>(2h-l)| |z- T2z | | 4 « j^q-(2h-l)J ||z-T2z||2

=>l ! z - vll4 i - [l - -2§rr"| I I z't2z112

For 0<h^-9<l we have 2h - 1 P < 1

Suppose z*T9z. Let ||z - T2zj 1=6,

we have 6 < - £ 1-P
which is a contradiction.
Hence z = T2z
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Similarly we can prove that if T2z = z, then

T^z = z i.e. z is the common fixed point of 
and .

This completes the proof.

Note :

Here we conclude this chapter by indicating 
an open question for further research work.

(i) If T satisfies contractive definition 5.0.1
and the continuity of mapping T is removed, does 
T have a fixed point ?


