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CHAPTER - II

Fixed point theorem § identity mapping

2.1 Let B denote a Banach space with the norm

|]-]| and C be a closed subset of B. The transformation
F : C?>C is called contraction if there exists a
constant K with 0< K <1 such that llFf—Fx||5K [ |x-y]1|.
If K =1 it is called non-expansive. Banach contraction
principle states that a contraction mapping C into C
has a unique fixed point. This conclusion is also
true for ||F§-Fy||2$ K le-yllz but it is no longer
true for K = 1. However, Browder [5] has proved that
every non-expansive mapping of a closed, bounded and -

convex subset of a uniformly, convex Banach space

has at least one fixed point.

In 1971, Goebel and Zlotkiewicz [15] have

proved the following theorem :

2.1.1 Theorem :

If C is a closed and convex subset of B =

and F : C+C satisfies

(i) F2 =1 , 1 is identity mapping

(ii) | |IFx-Fy|| ¢ X ||x-y|| where 0gK«< 2,

then F has at least one fixed point.
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In 1991, Sharma and Sahu [42] have
obtained the most generalised theorem from the

result of Goebel and Zlotkiewicz [15]

2.1.2 Theorem :

Let F be a mapping of a Banach space X

into itself and satisfy

(i) F2 = I, Where 1 : Identity mapping
(ii) I'Fx_Fyll < al;tx—Fxll lIY'FyII
| 1x=Fy|| + [ly-Fyl] + ||x-y]]
bl [x-Fx|| |ly-Fyll_ , c{j|x-Fx|| + ||y-Fy]|]|}

| {x-y]|
+ dl||x-Fy|| + ||y-Fx|| }+ e ||x-y]]

For every x,y€¢X and x+y, a,b,c,d,e 20
a+.4b + 4c + 4d + e<2, 2d + e<1l. Then F has
a unique Fixed Point.
2.1.3 Semi-generalised y-contraction mapping [25]
Definition :
A mappint T from a closed subset C into C

of a Hilbert Space H satisfying

2 2 2

[Tx-Ty|| "< e|[x-Tx||" + B]|y-Ty|| +v |[|x-y]]

is called semi-generalised y -contraction with

0< g+ B+vikl and a B*v >0
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2.1.4 Parallelogram Law [26] P.130

Let H be a Hilbert space and x,ye H Then

[1x+y |12 + [[x-y[]2 = 2||x[]2 « ||y]]|?

From (i) we have.,

wallzszrllﬂlz TTIIE (i1)

2 2 2]
| [%-y!] sz[uxn + iyl
Now we recall the definition of Identity mapping

2.1.5 A mapping I : X » X is called Identity

mapping if I(x) = x for all x in X

Using (2.1.4 and 2.1.5) and the equation(ii)

we prove the following Theorem
2.1.6 Theorem :

Let F be a mapping of a Hilbert space H

into itself satisfying

(i) F2 = I + I is the identity mapping
. 2 2
(ii) | |[Fx-Fy||® < a||x-Fx|] +3{|y—Fy‘|z + -
2
v|lx-yl|

For all x,y in H where a,B,v >0 and O<a+B +v<1l
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Proof : Let x be a fixed point of H.

1

Set ¥ = — (F + I) x, z = f(y)
2

and u

2y - z
Then by using (i) and (ii) we get
l1z-x]1% = [[e3-x]1% = |ley) - 2202
s llr@-E2el? «8 |ly-2(x|]?

sv|ly-Ex) ]2
sa |[[ex)-x||% +8||y-Ey||?

vl 2lly-en 1% + 2] |B(y)-g(x) | |2

by 2.1.4

Next,

e -8x) |12« 2| [8(y)-x| |2 + 2| [x-E(x)]|?

:

< 4] |x-F(x)| proved

[E(Y)-x||g | |x-E(x)]]

||z-x||2 £ ~ (e+ 8v )||x—E(x)||2+ [ i
2
+ (B+2v) ||y-E(») ||
Now,
[lu-x]|? =||2y-F(y)-x] |

=| | (F+1) x-F(y)-x]|?

= |IF(y) - F(x)|]|?



<a [|x-Fx)|]? +8 ||y-E(3) ]2
v ||x-y] |2
<a ||x-Fx||% +8 ||y-Fy||® +
“v |2 |x-Fy||% + 2||y-By||?
But
|1x-gy||%¢ 2] |x-£x||?+ 2| |Ex-Ey||®

< 2| |x-Fx||? + 8]|x-Fx]||?

= 10| |x-E(x)| ]2

| lu-x| % a||x-£x||? + 8]|y-Fy||®
e v]200x-rx|1? + 2]1y-ry])?
S ] lu-x] % (a+20v) |1x-Ex|]% + (B+2v) ||y-Fy]|?
Hence,
|1z=u] % 2[lz-x||2 + 2||u-x]|?

< 2(a +8v) ||x-Fx||2 + 2 (B+2v)f|y—Fy||Z

+ 2(a+20v) | |x-Fx| |2 + 2(B+2v)||y-Fy]||?

2 | z-ul)%s aca+20v) | [x-Fx||? + 4(a+2v]||y-Fy]||2

Soov<1l
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We have,
lz-ul1? = |u-z|]%= ||2y-z-2]|?
=4||y-z||?
4] |y-E(y) ||
Hence,
4] |y-Ey||? = ||z-ul|?

>
< 4( +20v) | |x-Ex||% + 4@ +2v)|]|y-Ey]|
: 2 . 2 2
S y-Ryl | "s@+200 | |x-Fx||" + B+2)]|]|y-Ey]|
|1-6o2) | 11y-ry11* < (arzow) |Ix-Ex]|?

lly-ey||? a +20v | |x-Fx]|?
1-(8 +2v)

Let G = % (F+1), then for all xg¢ H

l16%x-6x||? = ||ey-y||?
= H%(Fd)y-yllz
-3l ly-ry||?
< %%—{-_—_—%-g—)j—m [{x-Fx] |2
-3 13'('833“) | |x-(26x-x) ||
- iy exex| |
S 16%x-6x| | €] |Gx-x] | ':..f&%i%geg.< 1

Therefore the sequence { xn}defined by x_ = " (x)

is a cauchy seeunce in H.
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Since H is complete

. . n
lim x_ = lim G'x = x,
n

n"w n <o
Consider,
2 2
| |%0=Gxo||® = l{xo-xn+1+ *n+1 Gxo | |

2

$2HXO X 1” + 2Hxn+1_G’%H
2 2

= 2|]|x,-x 1|| + 2]]Gx_-Gx, | |

2

2] |xo-x 4 [1% + 2| [F(F+T)x - F(F+I)x, ||

=2||xo—xn+1||2 +-%!!(;+I)xn— (F+I)x°]’2

s2|Ixzx o 112+ 1Ix %ol 124 |ox -k, | |2

2| 1xg=x_ o 112+ Ix =x0 | [P+ @ | x_-¥x_||?
+ B |xomfxo| |2 + v | [x -x,]| |

= 2| |xo=x_, | 124 (14v) | lxn_x°| |2 +

2
@f|x ,q-x || +B[|Gxq- x,]]
As n » ® |, we get

| 1x0-6%o| |%s B||Gxo- Xo| |2

=. Gx, = X, B <

Now,
X, = GX4
_ 1 (F+I) x,
T2
2x, = F(x,) + Ix,

2X, = F(x,) + x,
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= F(x,) = x,
=3 x, is a fixed point of F

Uniqueness :

Let if possible x,and y,are two distinct

fixed points of F in H

Then,

2 2
||x°- yo|| = ||Fx°~Fy°||
2 2 2
< al1xe=Fxo| |2+l 1V o=F¥ol| | “+v||x0-yol|
, 2 2
O %e=Yol g v | %e= ¥oll

2
= (1-v) lle-YOll < 0

Since v<1 and ||.|] €O
We have ||xo-yo||2 =0
=¥ ||Xo-yo|] = 0
=X, = Yo

Hence x, is a unque fixed point of F,



