
ARTICLE TWO

Self-reciprocal Functions
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The Hankel transformation of a function f(x) defined

by oo
fF(y) = h (f) = j (xy)1/2 J (xy) f(x) dx

r ✓ r' (2.1)✓o

where o<y < co , p is any real numbers and J (z) is the Bessel
11

function of first kind e€ order ]i. The simple generalization 
of the transform h is given by [9, VIII] for x>°>

r'
00

F(y) = hu > (f) = \ l (xy)X Ju(xV") f(x)dx, 
h-»a j y-

(2.2)
o

when \ - 1, (2.2) reduce to (2,1).

A function f is called a self-reciprocal function R , if it

is a solution of the integral equation h (f)=f. Firstly, we

have discussed the solution of an integral equation (2,2) and
solution of another type of integral equations. Secondly, we
have established a few results on self-reciprocal functions.
The general solution of the equation 

00
f X“l/2 X X

f(x) = X J (xy) J^(x y ) f(y) dy. (2,3)
o

is of the form
C-r*i00, f s/2\ -s

f(x) = 2^i \ 2 ■ pti/2+s/2+l/2-l/4\)»Ks) X ds,(2.4)
c-ico

where \|c (s) = ij/(l-s).
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For, in view of Mellin transform [23, p.7] to (2.2), we have 

00 • 1 /o 00 s-H-X-1/2
M(s) * j

, \-V2 , . r , K \,Y f(y)dy • x J (x y ) dx
V1o

00 y 00 2S-1
f x-l/2 ( -X
1 y f(y) dy j (uy ) J (u)y du' - r

CO
I y f(y) dy f

2s-l

u J (u) du ,
r

on changing the order of integration and putting u(x) = x y 

Now using the known result [23, p. 182J we get

M(s) =2

2 s-1 2X " 1 (]i/2+ s/2x+l/2-l/4* ) 

\ Xvt/2-s/2x+l/2+l/4\)

OD
( -S
/ f(y)y dy 

y
o

2s.-l^ p( u/2+ s/'2;v+l/2-1,4x) ^ ^
P( p,/2-s/2^+l/2+l/4\^

Putting M(s) = 2 p($fc/2+s/2x+l/2-l/4\) ^(s), 
where ^(s) = ijr(l-s) , we obtain (2.4).

f(x) is of the same form as given in Titchmarsh [23, p.247] 

with ]i replaced by v and \ = 1. Thus, f(x) given by (2.3) is 

a self-reciprocal function R



We have the following theorem, which is a generali­

zation of the result given in Titchmarsh [23, p. 268 j.

Theorem - 2.1 : If f is a self-reciprocal function R , \> o
FjX

and c+ioo
K{xX) =_ I 2S/X f(]i/2+s/2X+l/2-l/4x) RW2+s/2X+l/2-l/4X) 

2?ri J 
c-ioo

X(s) X ds ...

Where X(s) = X(l.&-)
then

CD

g(x) = J f(y) K (xXyX) dy 
o

(2.6)

is a self-reciprocal function R
v >X

Proof : Since f is a self-reciprocal function RiWX
we have

c+ioo
s/2\ -s

f(y) = 2Wi j 2 r(p/2+s/2X+l/2-l/4X)t(s)y ds, (2.7)

c-ioo

where ty(s) = ty(l-$). ... ... (2.8)

s / \ — s
Let K(s) = 2 r(v/2+s/2x+l/2-l/4x) f(|i/2+s/2x+l/2-l/4X) ^(s)x

5 /2X _
and F(s) = 2 f (‘p/2+s/2x+l/2-l/4X) *(s)*

By (2.5) and (2.7), K(s) and F(s) are the Mellin transform* of 

the functions K(xXyX) and f(y) respectively.



1 0

By Titchmarsh [23, p. 51; (2,1.12)], we have

c+ioooo
K K,

g(x) = j f(y) k(x'V') dy = y K(s) F(l-S) ds 

0 c-ioo

c+ico
f s/)= 2*kT/ 2 ' /r"(v/2+s/2x+l/2-l/4X) f(^/2+s/2X+l/2-l/4X)

'CJ,/i00 -s , l/2-s/2X

c^(s)x (2 r(y/2-s/2X+l/2+l/4X)

»Jf(l-s)) ds.

C-ri00

1 / s/2x
J. try

2^1 j
C-iOO

1/2X

-s
f"*(v/2+s/2\+l /2-1 /4X) i|r,(s) X ds,

where ^(s) = 2 f’(p/2+s/2x+l/2-l/4x) f(|i/2-s/2\+l/2+l/4X)

'Kl-s) 7C(s).

Since ^(s) = ^(i-5).

Therefore, g(x) is of the same form as (2.4) with p, replaced

by v. Thus, g(x) is a self-reciprocal function R

In perticular if we put

%<s) =
v/2-n/2-l/2X

fd/^+sdx+l/^-I/^x) f (^/2-s72X+l/2+T/4xT

in theorem 2.1, then we have

K(xM = j (xX)<
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Therefore, if we define the inteqral transform h by

oo

(f(x))
x(v/2-]l/2+1)-1/2 x \

(xy) )f(y) dy, (2.9)
"2

then by theorem 2,1, we have the following

Theorem - 2,2 : If f(x) is a self-reciprocal function A ,
r > A

X>0, then h^^C*) is a self-reciprocal function R . That 

is- = f lmPlies that h,* (hv,ji,X(f)) =

Proof : To prove the theorem, it is sufficient to show that

the solution of the integral eauation (2,9) is of the form of 

(2.7) with the condition (2,8). By applying Mellin transform 

to (2.9) , we have

M(h u (f(x)),s)
v * r * A

M(s) = x

00
f

)
0

s—1
x dx

oo

I < f(y)

o

x(V/2-n/2+l)-l/2 x \'i
(xy) J U y ) dy

2
/x A X

Changing the order of integration and putting u(x) = x y , we 

obtain
? {v i 2- ji/2+1 ) -1 /2\ / S° _

M(s) = / u Jv+ja du J y dy
o 2 o
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Again using the known result [23, p.182] we get

oo

M(s) = 2
s /\+v /2- \i/2~l/2\ f(v/2+s/ 2\+l /2-1 /4\)

'P7/2-s72^+f/2+i'74iJ
f(y)y“s dy

;/x+v/2-ti/2-l/2fc f(^/2+s/2\’H/2~l/4\)

f(li/2-s/2^+l/2+l/4^) M(l-s)

s/2 ■
Putting M(s) = 2 p(y/2+s/2\+l/2-l/4\) /»(s), we obtain a

general solution of (2.9)

c+ioo

f (x)
s/2\

2%± j 2 f{v/2+s/2K+l/2-lM\) %is) x ds,
c-ioo

where*)C (s) is again satisfies the condition % (s) = %fi-s).

f(x) is of the same form as (2.4), with p, replaced by y. Thus, 

f(x) is a self-reciprocal function

• V «


