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The Hankel transformation of a function f(x) defined
by

1/2

O
{
) (xy)

F(y) = h, (f) = I (xyd £(x) dx (2.1)

O
where o4y < o, p is any real numbers and JP(Z) is the 3essel
function of first kind 03~grder p. The simple generalization

of the transform hP is given by [9, VIII] for > o,

@
{ A=1/2 A A
F = h f) = P J, (x f(x)dx, 2.2
() = by, (8 =2 | Ox) L) £(x) (2.2)
o
when ) = 1, (2.2) reduce to (2,1),
A function f is called a self-reciprocal function R , 1f it

H

is a solution of the integral equation hp A(f)=f. Firstly, we
. b

have discussed the solution of an integral eguation (2,2) and
solution of another type of integral equations, Secondly, we
have establisined a few results on self-reciprocal functions,

The general solution of the equation

oo
' ~1/2 ;
f(x) = f (xy)}\ Jp(_x\y}\) f(y) dy, (2.3)
'O

is of the form
cH+ioo .
7 S/ZA ) -3
f(x) = 59 2 C[(w/2+s/241/2=1/43)¥(s) x  ds,(2,4)
ciioo

where ¥ (s) = y(l-s).



For, in view of Mellin transform [23, p,7] to (2.2), we have

0 : o) /
A=-1/2 . ; s=1+A=1/2 A A
M(s) = j' y f(y)ey | «x Ju(x y ) dx
o ]
X a1/o i 252d A
ALy { -\ % -
= YT ey ey T sy
o o
-~ :.:?"IJ;
93 ~-5 o 2
- [y £y ay [ J,(u) au,
o c

on changing the order o¢f integration and putting u(x) = x vy .

Now using the known result [23, p, 182 ] we get

25=1 o
ws) =2 ,53??+S’2*+£§%fffll: ;- Fy)y | dy
(pr2-s/25+L/2+1/4,) 7
2s-1
=2 “A “{f(,i/_ZT"S’ 27‘“,:2‘“1”{)&)_ W(1-s)

IF(pi2=s/2)+1/2+1/4)

S12)\ o
Putting M(s) = 2 Mu/2+s/2p+1/2-1/4\) ¥(s),

where Y(s) = ¥(l-s), we obtain (2,4).

f(x) is of the same form as given in Titchmarsh [23, p.247]
with g replaced by v and » = 1, Thus, f(x) given by (2.3) is

a self-reciprocal function R

B
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e have the following theorem, which is a generali-

zation of the result given in Titchmarsh [23, p, 2687,

If £ is a s=2lf-reciprocal function Ru X A> O
?

Theorem - 2,1 :

and ct+tico
}\ l ;'f S/}\ -y . ~ /
K(x') = ... 1 2 " [(w/le+s/2p+1/2-1/4) [(v/2+s/2p+1/2=1/4))
2ni )/
c-ioo
" (2.5)

>((5) X ds : coe

Where X (s) =X(1,s8)

then
(o8]
A A
f(y) K (x y ) dy cee (2.6)

-~

g(x) = /j
O

is a self-reciprocal function R, ..
1A
, we have

Proof : Since f is a self-reciprocal function R?
adt ]

c+io
L s/ o1 / =S
£ly) =55 | 2 [(u/2+s/2p+1/2-1/4\)¥(s)y ds, (2.7)
c=ic '
where V¥(s) = V(1-s), cee .o (2.8)
s/ . , , . — , . . .. =S
Let K(s) = 2 er/2+s/2A+l/2—l/4h)3 (p/2+s/2k+l/2-l/4k))((s)x
S/ZA - _ )
and F(s) = 2 f(g/2+s/2k+l/2—l/4x) V(s).

By (2.5) and (2.7), K(s) and F(s) are the Mellin transformyof

the functions K(xxyx) and f(y) respectively,
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By Titchmarsh [23, p, 51; (2.1,12)], we have

ao c+ioo
{ A A ¢
9x) = ) £(y) XGcy) @y =gy | K(s) F(1-8) ds
© c-ic
c+imwm
1 ’J, S”?\.-"":l ‘ p ’ ; N :
= éﬁ:/ 2 (wi2ks/2p+1/2-174) T(u/2+s/2p+1/2-1,4)
'C"loi -5 1/2~s/2 , ,
7Q(s)x (2 M(p/2-s/2p+1/2+1/4y)

W(l-s))ds.

c+1ioo /
1 S/2) . , ) , )
=y 2 [(v/2+s/2p+1/2-1/4) ¥, (s) x ds,
c~1i00

ey o ) o .
where wl(s) =2 !”(p/2+s/2h+l/2-l/4k)[«(p/2—3/2x+l/2+l/4A)

v(1-s) K (s).

Since ¥, (s) = ¥, (1-9),

Therefore, g(x) is of the same form as (2,4) with u replaced

by v. Thus, g(x) is a self-reciproccal function R, X
?

In perticular if we put 2y/2~p/2—l/2k

Foam ™

Felo) = [yloveogiiant

Y T (wi2=s/2p41 /241 /4y )
in theorem 2,1, then we have '
(v/2-p/2+1)=1/2

K(xM) = xx s

Py
)

(xM),
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Therefore, if we define the integral transform hv o by
b adkl
2 Nwl2mpfav1)-1/
I a(v/2-p/f2+1)-1/2 A A
-~ i
hy,u,A(f(X)) . (xy) ngg(X.Y YE(y) dy, (2.9)
0

then by theorem 2,1, we have the following

Theorem - 2,2 : If f(x) is a self-reciprocal function Ru )
?

A> o0, then hv,p,x(f) is a self-reciprocal function R, .+ That

’

i h f) = impli that f = f
is, P»k( ) f implies tha h”’A (hV,p,A( ) hV’PsA( ).

Proof : To prove the theorem, it is sufficient to show that

the solution of the integral eguation (2,9) is of the form of
(2.7) with the conditicn (2,8). By applying #ellin transform

to (2.9), we have

S __l ;,,-"'
M(hv,p,x(f(x))’s) = M(s) = 3 /[ X dx ,j { fy)

A(v/2=uf2+1)-1/2 A N
(xy) ngg(x y )}dy

A A
Changing the order of integration and putting u(x) = xy , we

obtain

(v/2-pi2+1)-1/2 _
M(s) = jf u JZiE(U) du ’j( f(y) y°° dy

s} 2 o



Again using the known result [23, p,182] we get

(0 0]
s/ntvi2-pl2-172)  T(wi2+s/2)+1/2-1/4)) fly) v
Mes) = 2 F(R/2<a T L T2¥1TaNY vy
cu/olfow [(2/2+s/23+1/2-1/4))
__shwv/l2-p/2-1/2x M(1-s)

F(wl2-s/2p+1/2+1/4y)

s/2_. , ,
putting M(s) = 2 ["(v/2+s/2p+1/2-1/4)) I (s), we obtain a
general solution of (2,9)
c+ioo .
1 SI2\ o . : :
fx) = | 2 [(v/2+s/2)+1/2=-1/4)) K% bs) x ds,

2171 S
c~ioc

wherefﬁ;(s) is again satisfies the condition K (s) = X {-s).
f(x) is of the same form as (2,4), with p replaced by v, Thus,

£(x) is a self-reciprocal function Ry, ;¢

* v w



