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CHAPTER-TITITI

STRUCTURE THEOREM FOR STIELTJES TRANSFORMABLE

T Y

3.1 Introduction :

One of the most interesting and important problem
in the theory of generalized functions is the problem of
finding the representation of generalized functions expressing

them 1n terms of differential operators acting on functions.

Gelfand and Shilov [1], Koh [3], Pandey [5], Pathak [6],
Prasad {7], Sonavane [8], Joshi [2] and Malgonde [4] have
investigated the representation of different kinds of
generalized functions. In the present chapter we obtain the
structure theorem for Stieltjes transformable generalized

functions.

The transform defined by the equation
©

: me-1 (1) dT
s[i(T), T = J(y) = [(9) nv ety
[3 >y ] Y Ry oj BT ,(m,Q> 0)

oo (3.1.1)

-

(whenever the integral on the right-hand side converges for a



complex y with Rey » o) is a simple generalization of the
Stieltjes transfomm of a function f({) 8 L (o, @), which is

defined by the gequation

QO
F(y) = £#(0) dT . (3.1.2)
[ ‘

Through out this chapter D(I) will denote the space of all

smooth functions with compact supports on I : (o, o).

For a fixed real number a let ha(T) be a smooth function

defined on I : (o,m) such that Aa(T)jb o and

% af o¢Tx 1
A (D) = ol v (3.1.3)

T 1t 2T @
Let a be a fixed real number, ﬁét Ja m a(I) denote the space
giidy
of all smooth functions ¥(T) on I : (o, @) such that

a A

Y (¥) Yamak(®) =

~

1~ k
sup AT+ T [ ™8T D) ¥(D) [< o
o< T¢om {

e (3.1.4)

for k=0,1, 2, ... and DT = gf
We assign to J, _ (I) the topology generated by the
L Aand ]
'‘collection of seminorms .{Yk . J (I) is sequentially
L Ko a,m,a

complete, Housdorff, locally convex topological linear space.

It 1s complete and therefore a Frechet space [1ll]. J; m a(I)
0% At ]
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!
denote the dual of Ja,m,a(I)‘ Ja,m,a(I) 1s also sequentially

complete, The members of J; m cc(I) are the generalized
] H

functions on which our Stieltjes transformation will be
i mq—l m -
defined, A function ['(Q)y (V® + M) belongs to

Ja m a(I) for some real numbers a and a' such that ag @
? y

and a> m (Q - a). we shall call the generalized function j ,
a Stieltjes transformable 1f j € J; 0 &(I). We define
H ]
Stieltjes transform
mQ-1 -Q
S[H0, Tyl = 3y =GO, PRy (6% T /\
ces (3.1.5)

of 5 as an application of 3 belonging to J; m a(I) to
3 2

mo-1 . -
the function [ (Q)y Q (Y® + T Q, which is an element of

Ja,m,a(I) for agQ and a3> m(qQ - a),
Lemma 3,1,1 : Let J, . a(I) be the space of all smooth
s ?

functions V¥ defined on I : (o,) satisfying (3.1.4), then

for ¥ € D(I) and B J, |
34ty

constant ¢ and a non-negative integer g such that

(I) there exists a positive

Y a k-l
5,9M £ c.max A(D@ T T bfu()] at
‘< >1\ 1¢k¢q+l f t a T

LN ] (30106)

where ha(T) 1s given by (3.1.3)

45;8
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Proof : For each j B J! (I) and in view of boundedness

a,m,a
property of generalized functions, we have a constant c and

a non-negative integer q such that

1~
£ Cp mex  sup palT (25 T " mnr)r\v(r)

< c, max sup

m k k
2 oA (DT T of ¥(D)
04rgq o°KlKw { ,

k=0

{3,¥>{£C, max sup * my % 7k k ’..
SRy e e 0o ™" Tk ) 0.0

where Ck are integral constants depending on k, C, is a

suitable constant and C, and q depend on j and not on ¥ .

Further from elementary calculus, we have

T ‘
Ag(D(L + ™" Tk DI; v = o D, [A, (+) (1+4™) kD \l!(t) Jat.
g ...(3.1.8)

Combining (3.1.7) and (3.1.8) we obtain

[4
’<J ;‘l’)i 2. max sup [ Dt[h (t) (1+t™) 'tkD \l‘(t)]dt

o{kgqg o0l ™

O
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{
4
C,e. -
é 2 O{zni);q o(s%p<m j Dt[}\a(t)(l'*"c ) t ]D‘.é‘l!(t)dt +
o
; a k+1
¥ f"a(t)(.lﬂm) thp, w(t)at
‘o

——

\-g 02. max sup lvl

( Q
D, [A_(t) (1+t®) t¥pXv(t)at
ockgg oe{<mfi f .t[a Py
' (o]
v k+1

J A, (8)(1+£1) 5 D, ¥(t)dt 1

; J

L

Now consider

, T
l !/ Dtl:?\a(t)(l+tm)atk_] Dl_é\lr(t)d-t
o

.
[ a0 e " ok D¥(D)- { g1 (1M “tD, w(t)at
0
< | A, (D) (14T TX ok w(n] +
+‘} Aa(t)(l+tm)a K Dl_:+l\lt(t)dtl
(o]
Therefore,

] {a.¥) tgg C, max  sup [!Aa('()(l+ ™) T Dkﬂf(T)}
ogksg o¢Tcm T

¢ k

f Aa(t)(l"'tm)atkllt-l

o]

l\lr(t)dt‘ +

4
T




{ n.% k k+1
+‘of )\a(t) (L+t7) t. Dy (t)dt

& Cp max s IAB(F)(1+T"‘)&'(kaW(T)I+
osk&q 0«4 {

[4
+2i )( Aa(t)(l+tm)a.tk.D_1é+l\!t(t)dtﬂ
O

£ Gy max [ S| AT (1 ™" r“nk v |

oLkg¢q { °L {4 ®
( &'
+2 sup (‘;\a(t)(l+ t™) .tkD]_;"'ltll('t)td%
0l

But for ¥ B D(I)CJ @ @ We have c
Sup | 2 AD(L + '('m Tkaﬂr(T)} < oo(— N say)

0<{¢ oo

T

Kkl -

TEE IR gax [N+2eu f |%a (4) (147 DXy (6)] at
o

£ C,. max [N + 2
0$k§q

L0 S, 8

| A0 TR D} et ]

®

a k+1,

£ C2'otﬁi§q [ (P +2) ﬂ AL (T) (2 TO) '('kD_( l‘l('()ldt ]
o

Q
where N = P “ A (D (L T Tkollf“‘lw(r)l dt
o}

Q0
L lomlee g []ames m* oo |«

where C = CQ. (P+2)
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(0 0}

- @ tedpge(T) | ot

A PEE LS “ Ag(D) (1 T T30
lgkgatl 2

This completes the proof,

Now we can prove the main structure thaorem.

Theorem 3.1.1 ¢ Let 3 8 J:

a,m,a(l) and ¥ B D(I) +then

there exists (qg+l) Lg functions gk(T),l$ksq+l, defined

. +1
on ( Lm(o,co)s1 such that

1
{3, ¥) = :_:_.El <2h DI’EH f A (8 (1™ t1g (t)at, ¢>

° .».(3.1.9)
Proof : On account of Lemma 3,1.1, we have
B ® a
{1,431 £ C. max - k-1_k
EERPYI o jpamu ™ Tk v | o7
o
a
o.o .1 . l m k-l k‘l’
<33 g ©y max | AT+ T TT 0¥ (D) HLl(o,m)

Seo (3.1.10)
where Ll(o,oo) is a space of all equivalence classes of
Lebesque integrable functions on (o,® ) whose topology is

defined through the norm

-

| veo | [
! ¥ (Y) l Ll(o,oo)— oji \ll(.'(')l d{ ¢ @, ¥ B Lj(0,®) ... (3.1.11)



we consider the product space

q+ 1 . g+l
Ll(o,oo) X Ll(o,cn) X sese X Ll(o,m; = (Ll(O,OC)) and

the injection H : ¥ ~—-3 ()\a('(')(l-!- -(m)“’ '('k"lDl.;tll('() ) ,12kgagtl

of D(I) into (Ll(o,oo)jﬁl -

Estimate (3.1.10) can be read as saying that the linear
functional H(V) --,{j,\lf) 1s continuous on A(D (I)) for the
topology induced by (Ll(o,oo))q+l[ll,Lenma 1.10.1,p.2b].
Therefore by the Hzhn-Banach Theorem [9,p.184], 1t can be

extended as a continuous linear functional in the whole of

+1
(L100,@)T™" 3yt the dual of (Ll(o,oo))q*'l is canonically
isomorohic with (LOO(O,OO))q+l L

Therefore there exists (qt+l) L, functions gk('('), 1k gagtl
such that

g+l
W ¥> = 3 g, A T T ok +(0) >
T
(e 8
= 5 <o [ a0 e g (nat, o))

o

Since ¢ B D(I) so also Dl_; ¥({). Now we know that

[ 9, Theorem 20.3 and p.259].

46

o .
AT (L + ™ '('k"lgk('(') is locally integrable function on I ,
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T
.. DT 5 ha(t)(l*tm)a~tk-lgk(t)dt =
o

= A, (D (1+ T .T1g (1) belongs to

&
D (I) [10, p.54]. Furtrer this function is locally integrable

' I
on I, So it generates a regular distribution in D (I) i.e.

T :
a .
DT j’ Aa(tT(l+tm} tk-lgk(t)dt is a generalized function.
° :
Therefore on applying generalized differentiation [10,p.47]

]

k-times, we have

4
+1
(J,“’> = :_’_1 (-1)k Dl_(f"'l [ ?\a(t)(l+'tm)a.'tk-lgk(t)dt, m>
or .( ©
+1
N Al RO ICT e N O

This completes the proof.
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