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CHAPTEH-III

STRUCTURE THEOREM FOR STIELTJES TRANSFCBMABLE-

GENERALIZED FUNCTIONS

3.1 Introduction :

One of the most interesting and important problem 

in the theory of generalized functions is the problem of 

finding the representation of generalized functions expressing 

them in terms of differential operators acting on functions.

Gel'fand and Shilov [1], Koh [3], Pandey [5], Pathak [6], 

Prasad {7], Sonavane [3], Joshi [2] and Malgonde [4] have 

investigated the representation of different kinds of 

generalized functions. In the present chapter we obtain the 

structure theorem for Stieltjes transformable generalized 

functions.

The transform defined by the equation
co

(whenever the integral on the right-hand side converges for a
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complex y with Rey > o) is a simple generalization of the 
Stieltjes transform of a function f(T) fi L (o, oo), which is 

defined by the qequation
00

*(y) = f ... (3.1.2)
1 (y+ t)
o

Through out this chapter D(I) will denote the space of all
smooth functions with compact supports on I : (o, oo).

*For a fixed real number a let (T) be a smooth functiona
defined on I : (o,cd) such that \=(T)> o anda %

Ta if o<X< l 
Tb If 2< T < <o

(3.1.3)

Let a be a fixed real number. Let J,, „ ^,(1) denote the spacea,m,a r
of all smooth functions t(T) on I : (o, oo) such that

YM = Ya ,m,a,k (♦)

= sup xa(T)(i+ T ) 
o<T<o©

a . 1-m kCmk(T D ) *(T) < oo

. (3,1.4)
for k = 0, 1, 2, ...

tfe assign to JL „ „(l) 3 a,m,a '
'collection of seminorms

and Dt= %

the topology generated by the
hfc.- Ja.“>“(1) lsse^entially

complete, Housdorff, locally convex topological linear space. 
It is complete and therefore a Frechet space [11]. Jg m a(I)
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denote the dual of J_ m ..(I)* m „(l) is also sequentially
o i m} cc o ,m y CL

t fcomplete. The members of J_ _ _,(I) are the generalizeda i in | cc
functions on which our Stieltjes transformation will be

mo-1 -gdefined. A function p(q)y (y111 + tm ) belongs to 

J_ m „(l) for some real numbers a and a such that oQ yUl yQb

and ai m (^ - a), we shall call the generalized function j , 
a Stieltjes transformable if j 6 m ^(1). We define 
Stieltjes transform

s[j(T). T -*y] = J(y) =<^:(T), rWv**'1 Tm)~9 \

... (3.1.5)
of j as an application of j belonging to J m _(l) to

a j£Q y Cl
mo—1 . -Qthe function p(q)y (y5 + Tm) , which is an element of 

Ja|Bttt(I) for a.$ q and a>m(q-a).

Lemma 3.1.1 : Let m _(l) be the space of all smooth
0 yHl y Ob *

functions defined on 1 : (o,oo) satisfying (3.1.4), then 
for 6 D(I) and j E J_ _ (I) there exists a positive

a jIH y Q#

constant c and a non-negative integer q such that

K3**>i / c.max
14k<q+l

... (3.1.6)

where \a(T) is given by (3.1.3)



42

Proof : For each j B j' (1) and in view of boundedness
Q jUl | CC

property of generalized functions, we have a constant and 

a non-negative integer q such that

<j, *> maX T (*)
o^r^q

^ max
o$r $ q

sup
0< T<00

_ a mr 1-m r
;Xatt)(i+ Tm) T ( X d ) *(T)

max sup s c.x (T)(i+ tm)a tk dJ *(T)
0<T<00 k=o K 3 C

<C, max sup
o^k4q o<T<oa

x (t)U+ Tm)a T1^ *<T) 
3 . t

...(3.1.7)

where are integral constants depending on k, Cj is a

suitable constant and C2 and q depend on j and not on $ .

Further from elementary calculus, we have

T
\a(T)U + Tm)a Tk Dk *tt) = I Dt[^a(t)(l-rtln)0t1,I^r(t)]dt.

o ...(3.1.8)

Combining (3.1.7) and (3.1.8) we obtain

1^
( Dt[\a(t)(l+tm) A^KtJjdt

/
o
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/ C2- max sup^ oXk^q o <T<m f Dt[Xa(t)(l+tm)V]D^r(t)dt +
o 

k+l/ a i K'rA+ J \a(t)U+tm) tKDt ^(t)dt

^ C^. max su]p
o 6-k o C.X < od

T
+

o

- c aj Dt[Aa(t)(l+tm) tk]D^(t)dt

m a l. k+lAa(t) (1+t ) t* Dt *(t)dt

Now consider

t X If Dt[Aa(t)U+tm)atkJ Dk^(t)dt|
' T a k+l

= | \a(T)(1+ Tm)a Tk D^(T)-.| Aa(t)(i+tm)atkDt+ *(t)dt

o
^ i xa(T) U+T"*)“ Tk *<T> j +

i / ra a u. k+l+ f Ag(t)(l+tm) tk Dt *(t)dt

Tnerefore,

l<3-*> j ✓ C2 max 
o^k^q

sup
O < T< CD

|*a(xm+ D*

i / ln (X Ki kH 1+ | Ag(t)(l+tm) *(t)dt +
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_ a i, k+1
+ 1 1 Ka(t) (1 + tm) tK. Dt (r(t)dt

.< Cr, max sup
o 4 kt£* q 0<T 4.00

|xa(f)(^ Tm)V D^(T)|

K a
+ 2j j Xa(t)(l+tm) .tk.Dk+^ (t)dt

^ C2. max f sup ) x (T)(l+ T®)** tV HT) I 
^ * o^k^q Lo4T< oot a T 1

c
+ 2 sup (l\a(t)(l+ tm)a.tkDk+14f(t)) dt 

°<T<oo )>
But for B D(I)£* J , we have 0

3 ylD j(X

0<r<Mt ka<T)(1 + Tl°)a xkD^(T)l < °°<= N say>

: <o° t ' 0
,<c,. max [ N + 2 sup f II (t)(l+tm) dt ]'

A /1v 2 0<T<m j | a t I J

CD

g C2> max o^k^q
[N + 2 j | Aa(T)(l+tm)a rkDk+14r(r){ df ]

CD .

4 c2-0®gq [ (p + 2) f | VjtOU- Tm)a Tk ^ 3
0

CD

where N S P Jl *a(T)(iT Tn) tkDk+1Mf{T)| dt .
n

CD

K3 >*> I ^ C- o^q / I Xa(T)(l+ Tm)“ Tk Dk+1*(T) I dT

where G = C?. (P+2)
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oo

j<3’*>kc- max
l$k$q+l / MT)u+n“rk'^(T)ldt

This completes the proof.

Now we can prove the main structure theorem.

Theorem 3.1.1 i Let j 6 J „ Jl) ahd it B D(l) then

there exists (q+1) Lqq functions g^CC) ,14 k q+1, defined 
. q+1on ( Lqq (o,oo)) such that

= ^ ("1)k °X+1 / ^a(t)(1+tm)atlC"’19k(t)dt»

(3.1.9)
Proof : On account of Lemma 3.1.1, we have

ao<J,*>U c. max ft i(T)(It tV Tk_1Dk *(T) 
1 l£k£q+l } f a X dX

< c‘ max « \ 1 £. 1^/ rt14k^q+1
^(T)d+Tm)a Tk_1 oNt(T) I 
3 X IL1(o,oo)

... (3.1.10)
where Lj,(o,oo) is a space 'of all equivalence classes of 
Lebesque integrable functions on (o,gd) whose topology is 
defined through the norm

II 00
♦ (t) I = f | ♦ (!) | dT < oo, * B L^o.cd) ...(3.1.11)Wl^o.oo) J\ ' * 1



we consider the product space

q + 1 q+i
1^(0,oo) x Lj( o, go ) x .... x L^o.oo) = (L-^o.oc)) and

i

the injection H : * —4 (\_(T)(1+ Tn) Tk”1Dk4f(X) ),l*k^q+l
- a

of D(I) into (L^(o,oo)J ^ -

Estimate (3.1.10) can be read as saying that the linear

functional H(\|r) is continuous on H(D (I)) for the
q+1

topology induced by (L^(o,oo)) [11,Lemma 1. 10. 1 ,p.2bj.

Therefore by the Hahn-Banach Theorem [9,p.l84], it can be 

extended as a continuous linear functional m the whole of 

(L^(o,oo))q t 3ut -the dual of (L^(o,oois canonically 

isomorohic with (L^ (o,oo) )q+1 [ 9, Theorem 20.3 and p.259]. 

Therefore there exists (q+1) functions g^CT) » l^k^q+l 

such that

q+1 cl , - , .
g,*>= ^<gk0"), \a(THi+Tra) \ ~1 Dk flf(T)/

k~l |

^1^°! I 'la(t)Cl+t”1)atk':L9k(t)d't'

Since i|f B D(I) so also D* <If(T). Now we know that 

\a(t)(i + T™)* Tk-1gk(T) is locally integrable function on I
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Dt ( \a(t)(l+tm)a.tk*1gk(t)dt

= \a(T)(l+ rm)a.Tk'1gk(T) belongs to

D (I) [10, p.54]. Further this function is locally integrable
on I* So it generates a regular distribution in D (I) i.e. *

T a ;
^ Xa(t)'(l+tm) tk“1glt(t)dt is a generalized function.

o >
Therefore on applying generalized differentiation [10,p.47]
k-times, we have.

t
<j,*> = ^ {-i)k d^+i j xa(t)(i+tm)a*tk’i9k(t>dtf

o
or

Q"4“l ^ yw

j = 2 (_l)k Dk+1 { \ (t)(lftm) t^VUJdt.
k=l I ^ 3 k

This completes the proof.
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