CHAPTER 0

DEFPINITIONS AND TERMINOLOGY

-

in this inté;:fticfiétoxy chapter we present some aefin
/-——-—-—--—‘-T-'-w"

nitions concerning Boolean algebra and Fuzzy set theory,

and also some, terminology which we are going to use in

this context. It alsc contains statements of soms re-

sults which we need in the course of investigation.

Definition 0,1 ¢ Let U be a set. A fuzzy set in U

( or fuzzy subset of U ) is a function A from U in

to the unit interval EO.I] .

Many times the memberghip function is denoted by
4 and different fuzzy subsets are specified as

Ay, Mg*

Definition 0.2 If A and B are two fuzzy subsets
of U , their union and intersection are defined by the

following fuzzy subsets of U H

(AU B)x = max ( A (x) , B(x))forallxe‘u

(a nB)x=mnmin (& (x) @B (%)) for all x € .U,

Remarks 3 The unit intexrval [0,1] here, 1ls called
valuation set. Note that an ordinary subset A of a set

U can be expressed as a characteristic function.



X : Ll->{p . 1} ‘

A

where 7LA (x) =1 if X € A
= 0 Lf x & A

Thus a fuzzy subset of U ic generalised subset where

it is allowed to assume intermediate wvalues.

Dgfinition 0.3 If A is fuzzy subset of U , the

complement A of A is a fuzzy subset of U given by

R =1-a (x) N x €U

Definition 0.4 ¢ A& set E c¢losed under two binary op-

erations VU and N is called a lattice if the two

operations are  commutative, associative idempotent and,
satisfy
av(a n b) = a

an(a v b) = a for a, b € B

Cefinition Q0.5 @ A set E closed upnder a binary

operaticn * is called Semilatctice if * is associative,

commutative and idempotent.

Definiticn 0.6 ¢ An element 0 of a lattice E is called

zero element of the labttice if

avl = a for all a ¢ B
An element 1 of a lattice B is called unit element of

the latrice if

4y mi an 1 = a for all a ¢ E

A lattice may or may not have zero or unit elements.



If it has, it is called ' Lattice with 0 and 1 ',

Definition 0,7 ¢ A lattice E with 0 and 1 is said to be

complemented if for every element a € % there exists an

element a' in B, called complemement of a, such that,

a u at =1 and a n at =0

Definition 0.8 3 Boolean algebra :

A sat E closed under two binary operations U and n, is
called a Bocle=an algebra if the following axioms are
satisfied 13

For &ll a, b, ¢ € R,
Ifa) ta ub = b ua. I{d :anb = bn a.

That is, the two operations are commitative.

I1 (a) av(bne)=(audbl)n (a uc)

-

I1 (b) sman{buec) = (anb) vu (a nc)

That is, either of the two operations is distributive

cver the other.

III {a) : There is an element 0 { called z zZero element)

having the property that

#

a u 0 0 Uas= a

ITT (b) : There is an usis elementl(called unit element)

in E having the property that



an 1

1

1 n a Qe

I

Thus 0 is identity for the VU operation and % is iden-~

tity for n operation.

i¥ : Corresponding to every elezent there is an

a
element a ! in £ such that a U a' = 1L and a n a'=0

We call a' complenent of a.

Ve 2 0 # 1. That is 0 and 1 are distxinct.

Now leth revise some known results.

I

Theorem O.1 ¢ The two operationds U and n in the

Boolean slgebra are idempotent. That is

a v a = a and a n =a a for all

il

aeklB
Theorem 0.2 3 Laws of absorption.
For all a,b € B
av{anb ) =aanda n {aub) = a.

Remark : From above two results it is clecar that ( E, U )4
(E}n) L3 L. ) “ 3 03
are semi-lattices, Moreover, E is a distributive comple-

mentad latiice with 0 and- 1.

Theorem 0,3 3 In a Boolean algebra the identity elements

0 and 1 are unigue.

Theorem 0.4 : TFor all elements'a' of a Boolean algebra,



a v 1 = landanOQ =20

' In other words, 1 and 0 are the 'absorbing element !

of U afid n respectivély,

Theorem 0.5 ¢ The two operations vand N of a

Boolean algebra E are associative. Bhat is,

av{buc)=(auvub) v ¢

an{(bI e¢) = {(anblne a,b,c € E.
Theorem 0.6 3 For each element a 0of a Booleoan algebra,
the complement a' 1s uniquely defined.

Theorem 0.7 3 Involution,
FPor all a in a Boolean algebra,
(a* ) = a,
Theorem 0.8 ¢ De Morgan's Laws.
For all elements a,b in a Boolean algebra,

(auvub)'=a*'n b* and (anb)' = atu bt

Theorem 0.9 3 In a Boolean algebra
0 = 1 and 1* =0

N

Example 0.1 ¢ The smallest Boolean algbbra consists
of two elements 0 and 1 where the two operations U and N

are given by

aub= max ( a. b )

anbe mn (a, b) where a, b € iGO,:I.}



This smallest Boolean algebra is of paramount
importance in Boolean algebra theorve. It is denoted

uswally by Bg,

Theorem 0J.11 ¢ For any set X, the power set of X,

©( x ) is a Boolean algebra under usual operations of

union and intersection, in which zero element is empty

T

Note ¢ Theorem 0,10 is a consequence of/ﬁéeorem 011,
{

Indeed , 1f X is a f£finite set of cardinality n then its

set ¥ and unit is whole set X.

n 3
power set ©( x ) has 2" eleman% in it. In fact®( x )

is the set of all characceristlic functions on X.

Theorem C.12 ¢ The cross product of twoe { or finitely

many J Boclean algebras is also a b Boolean algebra.
{ The two operations in the product algebra are
induced by the corresponding operations in the factor
algebras).

n
)

MNote ¢ ( Bz =B, X By X oo X By n times

is a Boolean algebra of cardinality 2",

Definition 08,9 @ Two Beoclecan algebras

(El ¢ U1 ’ ﬂl r 01 ¢ 11;1‘l> and <E2 vuz P ﬂ2002012¢/>

are said to be isomorphic, if there is a bijection

g El — E2 satisfying

I. flavb) =g (a)ly, ¢ (D)
1

ﬁ(anib)=,@‘(a)nzﬁ(b) a,b € E;



IT. g (at )= g(a) ' a ¢ B

Note § Identities 0 and 1 are preserved by any

~

iserorphism between Ei and B For

2 &

g (e )=t/ (0, (05" )
=  g{0) g0, )") byl
= g (o) @ (o, ) ) by II
= 02 by def. 0f complement

Similarly @ ¢ i, ) =1,.

Thaorem C.13 Bvery f£inite Boolean algebra is isomow
rphic to the Boolean algebra { B, I for some integer

n > 1.

Remarik ¢ The above theorem shows that any finite Boole~
an algebra has casrdinality 2% for some n . Hence two
£finite Bonlean algebhras of egqual cordinality are isos-

morphic. { Since both are isomorphic to Bg e

Hotatdons ¢ 2 If £ ¢ A — B is a map, the image £ (x)
of an elenent X in A is denoted by £x a2t some wlaces.

After a proof ends, the symbol ¥ is put,



