
CHAPTER 0

DEFINITIONS AND TERMINOLOGY

nitions concerning Boolean algebra and Fuzzy set theory, 
and also soma, terminology which we are going to use in 
this context. It also contains statements of some re­
sults which we need in the course of investigation.

Definition 0.1 s Let U be a set* A fuzzy set in U 
( or fuzzy subset of VJ ) is a function A from U in 
to the unit interval [VI •

Many times the membership function is denoted by 
^ and different fuzzy subsets are specified as

Definition 0*2 If A and B are two fuzzy subsets
of u « their union and intersection are defined by the 
following fuzzy subsets of U s

( A U B )x * max ( A (x) , B (x)) for all x e U 
( A n B ) x =s min (A (x) B (x)) for all x €■ • U.

The unit intervalRemarks
valuation set* Note that an ordinary subset A of a set
U can be expressed as a characteristic function.



where %a (x) = 1 if x £ A
, £3 0 if X ̂  A

Thus a fuzzy subset of U is generalised subset where 
it is allowed to assume intermediate values.

Definition 0.3 : If A is fuzzy subset of U # the
complement A of A is a fuzzy subset of u given by

A (x) ss 1 — A (x) x 6 U

Definition 0*4 s A set E closed under two binary op­
erations u and n is called a lattice if the two 
operations are- commutative# associative idempotent and# 
satisfy

a u ( a n to ) ss a
a n £ a u to ) » a for a# b 6 E

Definition 0,5 % A set E closed under a binary 
operation * is called Serrdiattice if * is associative# 
commutative and idempotent*

Definition 0*6 $ An element 0 of a lattice E is called 
zero element of the lattice if

a u 0 = a for all a € £
An element 1 of a lattice E is called unit element of 
the lattice if

"v* a n 1 = a for all a & E
A lattice may or may not have zero or unit elements.



If it has# it is called ' Lattice with 0 and 1 1

Definition 0.7 : A lattice E with 0 and 1 is said to be 
complemented if for every element a e 3 there exists an 
element a* in E, called complemenent of a# such that,

a u a* a 1 and ana* =0 

Definition 0*8 : Boolean algebra :

a set E closed under two binary operations U and n, is 
called a Boolean algebra if the following axioms are 
satisfied s

For all a, b, c £ E,

1(a) j a u b « b u a. I (b) : a n b » boa* 

That'is, the two operations are commitative.

II (a) s au(bnc)«(au b) n ( a u c )
IX (b) ; « a n (b o c) = (anb)u(anc)

That is, either of the two operations is distributive 
over the other.

III (a) s There is an element 0 ( called a zero element) 
having the property that

a u 0 «s 0 u a = a

III (b) s There is an uaife elementl(called unit element) 
in E having the property chat



V
a n 1 sinaaa.

Thus 0 is identity for the u operation and i is iden­
tity for n operation*

TO s Corresponding to every element a there is an 
element a 1 in £ such that a u a* » 1 and an a* =0

We call a* complement of a.

V* i 0 ^ 1* That is 0 and 1 are distrinct.
How letjis revise some known results.

!

Theorem 0.1 * The two operation^ u and n in the 
Boolean algebra are idempotent. That is

a u a » a and ana « a for all
a 6 B

Theorem 0.2 s Laws of absorption.

For all a,b a E

a vj { a n b ) =* a and a n ( a o b ) ss a.

Remark s From above two results it is clear that ( E, U )4
ce,n)are semi-lactices, Moreover, E is a distributive comple­
mented lattice with 0 and-1,

Theorem Q.3 : In a Boolean algebra the identity elements
0 and 1 are unique.

Theorem 0.4 : For all elements'a* of a Boolean algebra.



a u 1 a 1 and a n 0 = 0

In other words# 1 and 0 are the 'absorbing element * 
of u a6d n respectively#

Theorem Q.5 : The two operations vj and n of a
Boolean algebra B are associative. Ehat is#

au( buc)w(aub) u e
an ( b )H c) a C a n b ) n c a#b#c 6 E.

Theorem 0.6 : For each element a of a Boolean algebra# 
the complement a* is uniquely defined#

Theorem 0.7 3 Involution.

Por all a in a Boolean algebra#

(a* ) * « a.

Theorem 0.8 s De Morgan's Laws.

For all elements a#b in a Boolean algebra#

Caub)1 » a* f> b* and ( anb )' «a*u b* 

Theorem 0.9 s In a Boolean algebra

O' sa l and 1* *3 o

Example 0.1 s The smallest Boolean algbbra consists 
of two elements 0 and 1 where the two operations u and 0 
are given by

a u b a max ( a# b ) 
a n b a min ( a # b ) where



This smallest. Boolean algebra is of paramount 
importance in Boolean algebra theory. It is denoted
usually by

Theorem 0.11 s For any set X, the power set of X,
x ) is a Boolean algebra under usual operations of 

union and intersection, in which aero element is empty 
set 0 and unit is whole set X,

Hote : Theorem 0.10 is a consequence of
Indeed , if X is a finite set of cardinality n then its

n ^
poxfer set ?>( x } has 2 element] in it. In fact?( x )d
is the set of all characteristic functions on X.

Theorem 0.12 s The cross product of two ( or finitely 
many ) Boolean algebras is also a h Boolean algebra.
( The two operations in the product algebra are 
induced by the corresponding operations in the factor 
algebras).

Hote % ( )n = B2 x B2 x **• x B2 n times

is a Boolean algebra of cardinality 2n .

Definition 0.9 s Two Boolean algebras
| U ^ i O ^ # 0^ , 1^, / ^ ana ^ E^ , U2 * ^2^

are said to be isomorphic, if there is a bijection

8 ---> E2 satisfying

I. fS C au b ) = 0 ( a )U 0 ( b )
1 4

M b ) « ( a ) r*2 0 ( b ) a,b 6

/ o.u,



II* 0 ( a* ) a 0 ( a ) * a g

Rote s Identities 0 and 1 are preserved by any
s

isaporphisra between and E2 # For

p ( ot ) # c o1 ( o1 )• )
O 0(0^ 0 ( ( 0t )1 ) by I
« 0 C Oj^ ) (flf ( 01 ) )« by II

ia Og by daf. o£ complement
Similarly 0 ( ) a lj*

Theorem 0*13 s Every finite Boolean algebra is isomo­
rphic to the Boolean algebra < )n for some integer 
^ 1*
Remark s The above theorem shows that any finite Boole­
an algebra has cardinality 2W for some n • Hence two 
finite Boolean algebras of equal cardinality are iso­
morphic. { Since both are isomorphic to b“ ),

Rotations : & If £ ! A B is a map# the image £ (x) 
of an element x in A is denoted by £x at some places. 

After a proof ends# the symbol # is put.

*


