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Electromagnatic Mass

"Models In
Einstein - Cartan Theory




A CONFORMALLY FLAT ELECTROMAGNATIC MASS MODELS

N EmNnsTEIN CARTAN  THEORY.

1. OINTRODUCTION

Recently Trautman by considering a Friedmann type
of universe in Einstein Cartan theory has shown that the
gravitational singularities may be averted . Hehl et al have
discussed the generalization of Einstein’s general theory of
relativity in which the spin of matter couples to Cartan’'s
torsion tensor. The predictions of Einstein-Cartan theory
differ from those of general relativity only for matter
filled regions. An important application for Einstein-Cartan
theory is relativistic Astrophysics which deals with the
interiors of stellar objects like neutron stars. With this
view Prasanna, Kuchowicz, Hehl, Kerlick, Singh et. al. have
considered the problems of static fluid spheres in Einstein
Cartan theory. Non—-singular cosmological models have been
constructed by Kopezynski, Kuchowiez and Tsoubelis. Static
charged fluid spheres in Einstein—Cartan theory have been
considered by Krori et. al and Naduka.

Here we consider a static, charqged conformally
flat perfect fluid distribution in Einstein—-Cartan theory
and obtain the new solutions which are free from

singularities.
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2. CARTAN EQUATIONS OF STRUCTURE AND THE METRIC

WITH CURYATURE

The cartan equations of structure are

i i

® = Da
= de' + W A gd
J
IR T S RPN -
5 Qﬁ:8 g ... .. . (2.1}
Q' = dw' + wk AW
J 3 k 3
=L Rr eAet ... ... .. z.>
2 ik1
i i i i
QJk ~—6J Qik — 6k jS — K sﬂ -an= (2.3)
Here D denotes the exterior covarient derivative and Q;k is

the torsion tensor and K = 8Ill.
The classical description of spin, we define by the relation
i i

S, =us, with S u” =90 {2.4)
jik. Jk i

Where u' is the velocity four-vector.

We consider a static conformally flat spherically symmetric

metric in the form
ds? s—e ZP(dr?+ r2de? + rlsin®e do? - dt2) ... (2.5)

Where g is a function of r only.
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We have then the orthonormal tetrad

et = e dr, g% = re“de,
) : cuw (2.6)
6 = rsin@ e“d¢, e* = eMdt
The metric (2.5) now takes the form
as? = - [ 697 + 697 + 0% - 8H?] ... @7

So that

q . = diag ( -1, -1, -1, 1 2

ij

We assume that the spins of the particles composing the
fluid are all aligned in the radial direction only and then

we get the only indepedent non—zero component of the spin

tensor Sij to be 523 = K (say).
The velocity vector u'l = 6: s+ BSince from the static

condition. Thus the components of S;k which are non-zero,

S = -8 = K ”» e - (2-8)

Hence from Cartan’'s equations (2.3), we get the non-—zero

components of S;k as
4 4
st - - Qsz - kK ”» o= - ew (2-?)

From (2.1) on using (2.8) we have

e = 0, @ = 0, e =0 and

@
]
!

x

P

@

N
>

o

(2.1Q)
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Following Kalyanshetti and Waghmode the Ricci tensor Rijand

the curvature scalar R are given by

R = e 2H (zu» + 2222y . (2.11)
11 r

R =R =e 2H (uo + 202 4 g . (2.12)
22 83 T

R = - e 2H (ur 422 4 28 L 2 L33 (2.13)
44 r 2

and
‘.2;1 ” ’2 ’J’ 1 2 2
R = —e tou” + 6% w12-Hy + 2%k (2.14)

3. ENERGY MOMENTUM-TENSQR AND THE EQUATIONS :

The Einstein — Maxwell equations for the - perfect

fluid are

1 o
R, — 5 Raii = - 81T, cee {3.1)
L (-2 gtd 1,, = anyt (-g)*? (3.2)
Forisie1 = © (3.3)

where Ru is the Ricci tensor, TU is the energy momentum
tensor and F'ij is the electromagnatic field tensor and Ji is
the current four vector.

For the system under the study energy momentum
tensor T; splits into two parts t; and E; for the matter

part and for the charge part respectively.

TV = ¢t + g (3.4)
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. . i
The nonvanishing components of t are

t* - % - t: = -P and t*=p - cee  (3.5)

The non vanishing component of F' s
it - - gt

i
Therefore the non—zeroc components of Ej are

2

4+ 1 2 ] 1 41

E4 =E =~-E, = By =~ B 94947 )
Equation (3.3) is obviously satisfied by this choice of F-"’j
whereas (3.2) reduces to

F* - wgigl e 2H . ... (3.6)

r
where Q(r) is the charge upto redius r,
T &« 2 -2
Qr) = an [ 7 ° ¢ e Har ... - (3.7)
o

From the equation (3.7) we see that Q(r) is a constant o

{(say) out side the fluid sphere. Then from (3.6) we find the

asymptotic form of the electric field as Qo/rz.

The Einstein—Maxwell equation for the metric (2.3)

using (2.11), (2.12), (2.13), (2.14) along with (3.4) and

(3.5) give us

2

e 2K (3ur? 4 4—%— ) + 1 kZK?

= gnP - BnE: (3.8)

e 2H (2uve pZe 2-%-) + i k2K®

= BnP - BnE: (3.9

B R VLI W 4—%— ) + i e

= Bnp + BnE: (3.10)

where dashes denote differentiation with respect to r.
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These field equations take the farm

e 2H [ 3ur? o+ 1%—-} = BnP - Bn E. . (3.11)

e 2H [ 2ut+ ptZe 2~§— ] = @nP - Bn Ez cee (3.12)

— 4 -
and - e 2H [ 2u" + 2p* f4 4t ] = 8np + 8n E, (3.13)
After redefining pressure and density as P = (P - 2n K% and

p = (p — 2n K°) by following Hehl.

4, SOLUTIONS OF THE FIELD EQUATIONSG.

Eliminating P between the equations (3.11) and

{3.12) we get

w _ .2 _ _H 2 _
H ¥ - + B E2 o .o {(4.1)
2 1 44 2
But E2 = -8 944911(F ) .o (4.2)

Hence in view of this relation the equation (4.1) reduces to
v oo e2 _ M Q7
M 7] - ” o (4.3)

To solve the equation (4.3) we assume that

Q= ar (4.8)

where A is a constant of proportionality, we have then

- pt? oo -%* - a%r? = o . (4.5)

Equation (4.3) is non-linear differential equation. To solve
this non—linear differential equation we make the

substitution

y =e# (4.8)
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Then the egquation (4.5) takes the form

.

y" - . AR Azrzy = O
rl
i.e d’y dy (4.7)
= "R o tRy =0 ‘
dr
2 2
where R1 = - 1/r and R2 = A" r" ,

Which is a second order linear differential equation.

We solve it by changing the independent wvariable
from r to z, the relation between which is to be obtained.

The eqgquation (4.7) may be written in the form

2
d’y dy _ (4.8)
2. v Ty Gzt Ty=20
dz
2
where R dz + d z
. 1 dr 2
dr
T =
1 dz 2
dr
Rz
and T2 = "*'——"‘-*-——2- - (4.9)

(=)

We assume the relation between r and z such that

T2 = . constant = Az.
Therefore,
...9_2_“_.2...___ = Az dz -
2 or dr =T

dz
dr
which on integration gives

= cee .- (4.10)
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Then T1 turns out to be zero and the equation

(4.8) will become
2 ) (4.11)

Equation (4.11) is a linear differential equation with

constant coefficients whose solution is
y = e H= (C!{cosAZ + C, sinAZ) - (1.12)

where C; and C; are arbitrary constants. The metric (2.3),

now can be written in the form

1

dgs = - P x
(C; cosAZ + C; sinAZ)

x{ dr® + r2d82+ rlsin’e d¢2 - dtz}

- 4.13)

5. THE MODEL SOLUTION ( When r << 1 ).

When r << 1, cosAZ = 1 and sin AZ = AZ. The metric

{4.13) then will take the form

1

2.2
(A1 + Blr )

x{ drz + r2d82+ rzsinze d¢2 - dtz}

- . » e (5.1)
where we have set
A, = C’ B, = —l— ALC! (5.2)
1 ) I | 2 2 s -
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The pressure in the model is giben by the equation (3.11)

Thus we have

BnP = 4 B§r2+ aZr? - BB A, + 16n°K? (5.3)
The density in the model is
gnp = 12 B,A, — Ar? + 1&6n°K? (5.4)

11

The spin density K is given by

- —H
K = Az e
= A (A, + B, 1r) (5.5)
- 2 1 1 » e » L2 N 4 -
and grn E* = Bn E' = - B E- = - Bn E° = A°r? (5.6)
4 4 2 s
The costants Al' B1 appearing in the solutions can be

evaluated by using the central and the boundry conditions.
The constant AZ appearing in the solution can be
evaluated in terms of density po at the centre from the

equation (5.4).

At r = 0, we have

—2u =
(e )r =0~ 1
Hence Al = 0 .wn erena {(5.7)
Pressure P at the boundary r = To * must vanish.

Therefore from (5.3) we get

2 2 2 2z _
4 Blr0 8 B1 + A ro = O .. (5.8)

where A=Qo / ri (5.9)
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and Qo is the total charge on the sphere of redius Tor On

solving the equation (3.8) for B, ,we have

1

- . _ 4 2,402 2
B1 { 2% (4 To A7) 2 L . (5.10Q)

The constant Az can be evaluated from the equation (3.4)
_ 2,2
BnpD = 12 Bl + 161 Az

. | _ 1.2
Hence A = T { ano 381 ) ce. (95.11)

6. PROPERTHES ©F THE SCOLUTIONS .

We have obtained the non—-singular solutiions for a
static charged conformally flat fluid sphere in Einstein
—Cartan theory. The pressure and the density are both finite
for the model even at r = 0 , leading to a satisfactory model

for point charge.

In obtaining the solutions we have assumed that the
spins of the particles composing the fluid are all aligned in
the radial direction only and the charge § = Ara, where A is
arbitrary constant. Tiwari et al have obtained the result.
qfi{r) = —%— T Py r? in their electromagnatic mass models in GR

where pressure is negative. Wang recently has given a class

conformally flat solutions for a charged sphere by assuming
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the mass density. If we get a set A = 0 and B = 1 in his

[}

solutions for the case n 2, we get

ev = { 1 - crz )2 where X = crz

The pressure and density at r = 0 in his case are

8nP = — BC and Bre = 12C

Here pressure is negative and density is positive .

In our case the pressure and density at = 0 are
given by
anP_ = - 8B A, + 167°A2A°
o] 11 2 1
- 2 2.2
Bnpo = 12 BIAI + la&an nznl

The second term is due to the spin of the charge particle.

The pressure is positive if 16ﬂzA:A§ -8BA, 0. Thus the

1 =
pressure and density are both positive satisfying the reality
conditions P 2 0 and p = 0. In absence of spin our

solutions are particular solutions of Wang.

In the absence of charge we have A = 0, A, = 0 and

2
B, = { 2 - (a-r*ap*Ht? } // 2 r?
1 o )

We get B, = 0. The vanishing of the charge implies the

on taking
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vanishing of spin, the gravitational mass, the pressure and
the density. Thus there exists no sphere and every thing
would be electromagnatic in oriqgin and we get electromagnatic
mass model in Einstein-Cartan theory.

It is interesting to note that in the absence of

spin i.e. nzx Q, we get B1 = Q and Py = Q0. This leads tao the

important conclusion that the charged particle at the centre

of the sphere will be equilibrium if it is spinning.
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