CHAPTER - 111

LIE TRANSPORT

1. INTRODUCTION :

*

The fact that the Lie transport is of paramount importance to
continuum mechanics can be gauged from the following remark of Schutz

. (1980) P.182 "From the geometric point of view the existence of a flow
suggests immediately the use of Lie derivative, ... the local conservation

laws become much more transparent when framed with Lie derivatives."

Among all transports the Lie transport has the distinguishing property
that it is independent of the Christoffel symbols of the Riemannian space.

For instance' we have

£A Vs A

vab=A

k _ k k k
bk " v‘gé + Aakv;b = Aab‘,Kv + Akbv: a + Aakv,,b
¥ s

where comma denotes partial derivative and semicolon denotes covariant

derivative.

The most popular - spherically symmetric space -times studied in
general theory of relativity are expressed through (Ei&e!and,1925) the three

parameter group of Killing vectors k?m . k?z) ' k?‘(3) , that is,

£kgab=o! i=1,2,3 ab=1,23 4 .
-‘(') a o X2 X 0
where k(i) = <0 x' 0
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Pirani, (1964), has given the physical significance of the
Lie transport of the three dimensional projection operator (gab - uaub) in
the general theory of relativity as characterizing RIGID time-like congruence

a a 1.

u”, where u u, = His theorem reads

£u (gab"ua“b)=0 iff 8 =0, 0, =0

where 6 is the expansion and ¢ ab is shear.

Lie derivative (coined by Van-Dantzing) provides an intrinsic method
of comparing the values’of geometrical objects at different points of a
manifold. Many research workers, Taub (1951), Takeno (1961), Davis and
Katzin (1962), Rosen (1962), Stachel (1962), Pirani (1964), Katzin, Levine and
Davis (1969), Yano (1970), Collinson (1970a,b), Aminova (1971), Audretsch
(1971), w;vorket;! on applicatidns of Lie derivative to the general theory of
" relativity. The role of Lie derivative in the classification of spaces has been

comprehensively described by Petrov (1969) in his treatise on Einstein spaces.

Lie derivative of a tensor field along an aribtrary vector field is
presented in books on differential geometry (Yano 1955, 1970, Schouten 1954) -
In this dissertation we specia!fze the arbitrary vector field to coincide with

the flow vector field of a continuum in relativistic continuum mechanics.

Definition : The tensor field x% is defined to be Lie-transported if
""'_"a ) ,

_ a
where £uxb- xb;ku xbu;k + xku;b‘.

Recently Radhakrishna (1988) has considered- Lie transport along the

. a
common propagation vector, (a special null vector n ) of a null electro-
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magnetic field interacting with a null gravitational field and obtained the

gravitational potentials satisfying the following conditions separately

) £R, =0 it £RN 40.

i gRrE -0 but £33 # 0. (E;éc;;—s—t;fel symbol)
i) £ (rpd )y = O but £ 0 A0.

iv) £ 12 =0 but £.g. #0.

V) £0,=0.

Higher order Lie-Transports :

(i) An interesting identity

’ ok Kk
( £uf‘v - £v£u Jw = ££vuw

in Ricci Calculus.

for any 3 vector fields u, v, w exists (Schouten ,1

(ii) An interesting restriction on the constitutive equation of matter in

relativistic continuum mechanics has been reported by Kute (198;') in the

form
= S5 di s c d
£480 Gapugty) = YarpUicsd) * Y sa%ked ~ Yab ~ Y Y Rachg
1k __k.m
UW=YR 0 Yab = % " Yalp -

(iii) In 1989 Katkar has shown that

£nEnfngap = 0
for Petrov type N fields, where n . is the common propagation vector of

the null electromagnetic fields and the null gravitational field.




2. LIE TRANSPORT OF COVARIANT VECTOR FIELDS (1-forms)

Theorem 1 : |If va is a material tensor, then, £uva is also a material

tensor.

Proof : We know that, the Lie derivative of a covariant vector Va is
given by

B k k
£uva - Va;ku * vku;a

consider inner product of £uva with u? .

ua’Eu“'a = o (Va;kuk * vku’;(a )

ua£uva - “ava;k“k . uavk u';a e (3.1)
Since Va is a material vegtor we have uava’ =0 ) and so

(Vaua);k =0 ’
va;k"a * vau?k =0

vau;ak = - va:kua e (3.2)

Substitute (3.2) in (3.1).

a - a,k ., a, k -
u £uva =- v, (u;k)u +u kY:a
o k a k, .a
=7 VauiUy +uVaULy
a -
u £uva 0.

Thus £ Wa is also a material tensor.

Note : If v@

is a material tensor -then £uva is not ingeneral a material
tensor. This can be established in the following way.

We know that, the Lie derivative of a contravariant vector v2 is

given by
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a
= v - v
£uv ;ku H

Consider inner product of £uva with u a

a a k k a
= - V -
(£Uv )ua (v;ku u;k)ua
+3 . a a k a
= = =V
Viu, , since u,u, 0, ViU
ua£uva = - vaﬁa, * since ya is material tensor, vaﬁa = - \'raua. «+(3.3)

This shows that £Uva is not ingeneral material tensor.

a
Remark : If v?ba =0orv u, =0

then £uva is a material tensor. In RSF f.uQa is a material tensor.

3. COMMUTATIVITY OF TRANSPORTS :

The aim is to get the necessary and sufficienj: conditions for the

Fermi and Lie transports to commute. The result is derived in thé following.

From the definition of £u and FU

£uxa = x2 - xku;i ... (3.4)
Fuxa = X3 s XK ((Jauk - ﬁkua ) e (3.5)
Fui-‘.uxa = (x® - xku;i)'+ x - xku.;k)k [0y - ugu?

Fu£uxa = X2 - )'(ku;?( - xkﬁ;i + (i‘i - xkui;k)[z]auz- ﬁgua ] e (3.6)
£uFuxa = £ [ x®+ XK (ﬁ""uk - (xkua) |

va k Y- - a .- vp k » - N b a
= [x® + x (0 Uy - Uu N - [xF + x (ul”uk uu )]u;p

ve . - ’ k va . ay *
£uFuxa ='x2 + xk(uauk - ukua) + x (u U, - yu )
'Y . 04 a
-1 xpu?p + xk(upuk - ukup)u;p ] e (3.7)

-

Now, consider
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a ..a ‘k a ko a &i k i .a .. a
(E,Fy = FEXT = = X7+ Klup + x70,0 - (0-xTu, U ug- by u®]

ey .k . . k - . * o a k . - a
+{ x%+x (uauk-ukua) + X (uauk—ukua)-[xpu;.p + X (upuk—ukup)u;p']}
since from (3.6) and (3.7)
<Krody -4 u@- p P-a - a
e uy uku (oP U uku )u +u.k +u;k(u U )|
‘“a_ ¢.a P -a
where u = (u;k);pu # (u );k

. LY-3
or  (u3)# (@),

We note the absence of terms in X° and XX in the expression for (£F—F‘.‘E)uxa

a _ . a
If (£uFu - Fu£u)x = 0, for arbltrary x%, then

. _ea a,p- p a .a oon oy o
utuy - U u;p(u kuku)+u + ;k(u uy upu) 0.

a a_ an P, _ Py , sa P A, ay _
kip“uy = Kqpyu™ - Uip(kgpTuy = qpyu®) + Gy + uglkgpuy - kypou®) = O,
since 02 = k1pa.

a a_ a Iy } a_ +a
k1[p Uy PyU Y, jz'(pf'uk pkul) + u@«kuz u%kp Qu u;k]

"
e

a a - ud a 2 _
kylp"uy - pyu” + “z” P - Y, pﬁ“k Ui ul + Uy = 0
For convenience we write this as B; = 0 where

a_ a __.a_-«a _ a R T " a
B = KqlpTu o e B - ugphy - ulg u T

3

R™)u.
k [pau. -pr#a+k1pap + (y122pa+y132()a+ 142 m

a
+ (kqu: 471 95P: +Y193Q +7ypR 7T + (kyp?), Lo

ky {P%4Y199p™+7,39Q% | Ry hu

a a a a a a a.
+ (FuTk pTHY o oUTIP Yy g QUTHY 5 quTR L+ Ky T ek PTSm
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a a a a a a
B = Kl [kqu™ + (1+750)P% + 7, 35Q7 +7, R Tup + [(Y122")“ +

a
K PUIP L+ 1Y 05 +Yy0a 0710 #Yp5,u°R } 4 - ("mpz)"m
2 a a a
- (ky, @40y = ky RORIPT + kg Typqqulu ) -1pq,Q%

a a a a
Vo129 Py #+Y230Q Py Yoq3u"Q +7535Q7Q T2149%R .

a a a a a
g QR Yo RIUL Y0 oR™P 1 #75,3R7Q 0 +7,,,RTR 1],

on expressing pé,‘k as a linear combination of 12 outer products and
L}

im

(ky), P? = [kqu_ - Ky PP - (|<°1;,LQ’L)Qm - (k1&R2)Rm Jp?

B2 =k, {[(k, + )a+(El+1+Y P2 (v -Y,.,)Q%
m -5 1 * Yol Kq 122 132 231

(Yi4p = YoqR%Wu + [0 2,5 - 1)uf'" + (K, -—’”—“——)F‘a

atpd

R k‘l;l a
+ V3007 #VpgoROIP L+ 1(Y 455+ - 213)“"""‘,{_1 —+Y933Q

a kl' Rzp a a
*Y2agR" 19 + Mygg Vg™ = 750 92340 Ya4qR Re -

Now B n? = 0 implies that the co-efficient of each outer product like

aum’ Qaum, Uapm, LI I must VaniSh, i'e-’_
Theorem 2 : TFAE

D F.E = &F,

, K ki, Q*P% Kk, R P2
2) (a) 1 +-R"11 + Y122 = 12 = ‘1},
Ky ky
ko P¥
= k1 = -J-.&—n = "‘Y - 0 -
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Y =Y

() Y33 Y31 *Yiaz - Y141 = 2Vi22 = Y232 = Vou2
=Y 123 *Y 124 ~ Y213 = Y233 = Y243 = Y124

=Y =Y = 0.

4. THE LIE TRANSPORT OF THE RELATIVISTIC SERRET-FRENET TETRAD :

; a_-ra_ k
i) £uu-u uu?k

ua_da

£ud=0
i £ pa p? - pku?k
a a a a a

by (RSF-2) and computational aids (Vi).

a a a a
kqu™ + (kpr113p)Q7 +¥50P" + YypoR"

., .a a a a
WP = Kqut #Yyo0p7 # (ko#Y30)Q7 Y, oRT

L az]
©
<4
I

It follows that £ p% = 0 iff

Ky = Y00 = Y42 = 0 -
kg =Y312 -
i) £02=0° Qku?\k

(e B RAY T a a a
= (-kyp +kgR) = [-(Y133Q7 +Y 530" +¥;43R")

» by (RSF-3) and computational aids (VII).
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a _ (. a a a
£,07 = (kg +Yp3)P" +¥y33Q7 + (kg 47 45)R

Obviously, £,Q% = 0 implies and implied by

Ko =Vi23, Y133 =0s X3 = Y43,
iv) £uRa = R2 - Rku‘;‘k

a a a ' a
» by (RSF-4) and computational aids (VIiI).

a _ a a a
EURT =Y qP" + (kg + 77,3007 + 7, ,,R%

Consequently, we have,

a _ = =
£uR = 0 When and only when Y 124= =0, k

Y144 3 V143

5. LIE TRANSPORT IN CAUSAL THERMODYNAMICS :

Classical thermodynamics suffers from the defect of the prediction of
infinite speed of heat propagation. But according to relativity no interaction
can propogate faster than light. Fckart (1940) Landau & Lifshitz (1958)
developed relativistic thermodynamics but unfortunately the infinite speed
of* heat propagation defect remained. The credit of introducing a fiqwless

theory of relativistic thermodynamics goes to Carter (1988).

In this (regular"theory of thermodynamics he introduced four vectors

constructed from the flow vector u?, namely
. . .a a )
particle current :n” = nu
entropy current : sa = sua
. ] a a
chemical momentum t XY =Xu
a a
thermal momentum : 8% = 6u .

A 11707
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where n is particle density, s is entropy, X is chemical potential and

B is temperature.

In an attempt to extend the study of Lie Transports to ‘regular’
thermodynamics, we investigate

£, 9. =0, £ &2 =0

Audab T Au 7 (k)

where A is any nonzero scalar and the Serret-Frenet tetrad

Ca - { ua, Pa' Qa, Ra }
(k)

Theorem 3 : TFAE

1 Ex9ap = 0
2) A =0
a_
)\,aQ'a—”O 4
aak = 0P =k

Y144 = Y133 = Y122 = 0 -

Y123 * Y132 = 0
Y134 * Y143 =0 -

Y124+ Y142 =0
where A is a scalar function.

Proof :

£2u9ab = (Xua);b + (?\ub);a =0

x,aub *5.bYa +A (ua;b * Upoy ) =0 e (3.8)
Suppose this equation is written as Xb = 0

+A(u

where X, = y.a% * Abla ab * Uoa )

These are 10 equations because a, b take the values 1, 2, 3, 4 and X2b=%ba’
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To get all the ten conditions clearly, we consider the ten contractions

separately.

ab _ . . a b A
1) XpU U = 0 implies aad * +A(u_,

implies 22.\ = 0 implies A =0.

aph _ ; : b .
2) XY PY = 0 implies >\,bP +>‘ubP

implies (P = kyy 4 by (RSF-1),

b
implies (‘&ig PT = Kk, .

a~nb _ ; b a~b . Aby _
3) X apU Q" = 0 implies x,bQ + M”a;bu Q” + u,Q ) =0

implies C)b =0

Asb

anpd _ . . b _
4) X apY R" = 0 implies A,bR 0

a~b . : a~b b~ay _
?) X 6P Q . 0 u‘nplles X(ua;bP Q +ua;bP Q%) =0
since A # O implies Uoih (PaQb+Pan) =0
implies Y123 +Y132 =0.

6) P2R® = 0 implies )\(‘ua_bPaRbmb,anRa) =0

Xab
since A # O implies Upep (F""“Rb +R3P) =0
implies 4Y'124 + Y142 =0,
\ asb a~b a.b, _
7) xabQ Q" = 0 implies A(ua;bQ Q + ub;aQ Q)=0.

since A # 0 implies ua,b()"’IOb =0,

implies Y133 =0,

8) xaanRb = 0 implies X(ua;anRb + ub;aQaRb) =0
_since A# 0 implies ua,b(QaRb + RaQb) =0

“implies Y134 +Y143 =0
apb _ . . N
9) Xa6R RY = 0 implies Yya4 = 0.

10) "x_, PP = 0 implies u_, P2PP - ¢

ab asb
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Theorem 4 : The tetrad {u?, P2, Q3, R? } will be Lie transported o.\o‘\"}z\\xq

iff (Hr=0, (A£0)
_ ok Ak
(2) k, = PA S
k _ k _
(3))\:kR -A;ko =0
(4) ky = Y315 = Yyp3
(5) kg = 0.,
(6) Ying = Y933 = Y100 = Yyg2 = O
Y144 = Y13
Proot (1) : £, u® = u2 (u Ky- u"(xt‘:‘;;k
= Auku;ak - Mkukua - u;?(ukk
£)\uua = = Aua

Therefore, the necessary and sufficient condition for

g ui=0is A=0.

=
=
+
>
f =4
o
[+
]

a )
P Auk) - PX (Au®), , by definition of Lie derivative.

AP2 (PR - PR A

= (kg - Pl W% 0 Q% - PR by (RSF-2),

= (kyy - Pkk;k)ua + k@ - (0115 %,350%7,4R%) 1A
» by computational aids (Vi) .

a a a a
£),P% = (kyy-PRagidt *Y12aP * Ak Ti50)Q 4y R -

Therefore, the necessary and sufficeint conditions for

a _ _ pk Lo _ pk Azk-
f‘AUP =0 are k,:\ =P Ak implies k1 = P —-i——
Y122 = Y142 = 0
kg == Y32
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(nn {'.?}\\uQa = O?k()\uk) - Qk()‘ua),k' by definition of Lie derivative

= 2% - (@f u® -1

[}

A (kP RP) - Qkx’kua - AQku?k by (RSF - 3).

1]

K a a a a ~k
-Q )\'ku -A(k2P + k3R + u;kQ )

Q) u? A (kP + KR,

o3 i a a a
Al (71330 * Yy0qP" +Yju3R )]

by computational aids (VI )

a - a a a
(-QKa K"+ ALKy + Y 153)PT +hy 2307 + Alkg*+ Y 4R

]

Therefore, the necessary and sufficient conditions for

a _ Kk _ N
£luQ =0 are Q Aok = Y133 = 0
Ko = Yy23 -
K3 = Y413 -
v) £ ,R? = R - R*(u?),, , by definition of Lie derivative.

- a k, a
= ARa - (Rkkk)u - R (U:k)k .

Heg@® - REUSA T (44307 + Y;p,P% + 74 R ]

by computational aids (VHI) and (RSF-4).

'Rkl,k“a * Y1qP? + A (kg + Y100 #hyyyRE
Consequently the four cinditions for £A uRa = 0 are equivalent to

Ak - _ _
R = Y104 = Vg4 =00 kg =Y 43 -

Hence from (1) to (IV) the tetrad {u2, P2, Q%, R? } will be Lie transported

iff



1)

2)

3)

4)

5)

N
Ll

= Y312 = Yy23 -

O -

= Y433 = Y122 = Y142

= Y413 -

=0.
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