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FINITE ELEMENY MESH GENERATION

The first step in finding an approximate solution using finite
element method is dividing the physical region or domain Q into
subdomain or finite elements i.e. to construct a finite element
mesh representing @

In one-dimensional problems, we partition an interval into
line elements connected at nodal points at their ends. For two
dimensional problems we construct finite element mesh by a collec~
tion of triangular or rectangular elements. If the boundary dQ
is curved, there is some discretization error since the finite
element mesh will not perfectly coincide with the given domain Q .
However, as the mesh is refined, this discretization error can be
made almost equal to zero.

We can generate a grid by finding a correspondence between
points (x,y) in the irregular physical domain and points (€ , n)
in the regular computational domain

& conceptual approach to grid generation is to fix the values
of € and N on the physical boundaries first and then locating
the interior points by determining the intersection of co~ordinate
lines of opposite families drawn betweern corresponding boundary
points.

In a sense, the problem of grid generation can be posed as a
boundary value problem :-

Given

€ = €, (X, ¥) and N = N(x, ¥y)
on  the boundary dR generate € = € (x, y) and N = N(x, ¥) in the

region R bounded by JdR . The physical co-ordinates (x, vy) .,



typically cartesian are the independent variables and the

generalised co-ordinates (€, N) are the dependent variables.

x
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Grid generation as a boundary value problem in the computational

domain.

The grid can be generated with less computational effort by
working in the computational domain. Thus fixing the location of
the points on the boundary gives x = x, (€, N) and y = y, (€, N).
The generation of the grid in the interior is expressed as the
following boundary wvalue problem o given x = x, (e, N) and
y =y, (€, N) on dR , generate x = x(€, N) and y =y (&, N) in
the region bounded by <dR.

3ince the interior points in the computational domain form a
regular grid and the boundaries coincide with co~-ordinate lines,
the determination of x (¢, N) and vy (¢, N) is easier than
working in the irregular physical domain, particularly if a
partial differential equation is to be solved to generate the
solution, x (€, N) and vy (e, N) .

In defining the relationship between points in the physical

and computational domains i.e. x = x(€, N) and y =y (g, N) R



it is necessary that there is a one to one correspondence. It
would be unacceptable for a single point in the physical domain to
map into two points in the computational domain.

Ohce the mapping x = x (€, N) and 9 =y (€, N) has been
established, the requirement of a one-to-ohe mapping can be
determined by evaluating the determinant of the transformation
Jacobian, |J]. For the mapping to be one-to-one, ]J[ must be
finite and non-zero. Depending on how the grid has been
generated, |J| can be evaluated at each grid point, analytically
or numerically to check for a one-to-one mapping. pDuring
development, computer plotting of the grid will quickly locate any
points where the mapping is double valued.

An original method to generate a finite element mesh in a
planar domain of arbitrary shape.

The characteristics of this generator are ;-

1) The mesh density is imposed by the user, it can vary as
desired én the contour of the domain and also inside the domain.

2) The number of elements generated can be imposed approximately,
what allows to control the number of degrees of freedom of the

discretized field.

SECTION (II) : AUTOMATIC MESH GENERATION

Automation of finite element mesh generation holds great
benefits for mechanical product development and analysis. In
addition to freeing engineers from mundane tasks, automation of
mesh generation reduces product cvcle design and eliminates

human—-related errors. Most of the existing mesh generation



methods are either semi~automatic or require specific topological
information. A fully automatic mesh generation method can produce
guadrilateral or triangular elements. The input includas the
region’s boundary curves the element size and the mesh density.
We bedgin by first constructing a coarse grid i.e. the region is
meshed into subregions. Each subregion is then meshed into small~
er subregions. This procedure is repeated a number of times until
the final mesh is produced.

The unstructured mesh needed to initiate the adaptive mesh
procedure can come from any mesh generator.

The most expedient method was found to use the structured
mesh divided into triangles. This mesh is then refined in a
control loop using a function which provides the size and the
elongation of the desired mesh.

The refinement of the grid is obtained through triangle subdi-
vision. & triangle to the refined is branched into two triangles
by cutting it on its longest side. This process is cdone on all
triangles requiring this option and the reconnection of unmatched
sides is performed last. Particular attention must be taken for
curved boundariss because when a side representing a curved
boundary 1is cut, the new nodes inserted on that side must be
relocated on the boundary to remain consistent with the Jgeometric

representation.



SECTION (III): A Boundary Value Problem in Partial Differential
Eguations

We consider the partial differential equation

w§~ ( p ~——=~- ) + = (p ——— Y +or = 0 in @ ..(4.1)

with the boundary conditions

u o= g(x,y) on dQ e (4.2)
where (o) and r may be constants or fuctions of x and v
only. The variational formulation of equation (4.1) requires the
functional
dJ jiy Eé (”““*) + p (”?E“) ? - 24 r :3 dx dy

oy

where the boundary conditions (4.2) are to be satisfied. We
divide the domain Q into finite elements. The approximate
solution w(x,y¥) for the whole domain & may be written as

M N
wix,y) = ZN® g® = 3 Ny gy = N# ien-(4.4)
e=] i=1

where M is the number of elements with N nodes in Q,

T
N = [Nl N2 N3 ..... NN] and @ = C¢'l ¢2 y’ﬁs ...... ¢N’3 ,
Ny satisfy hte conditions

e : : &
Ng (x,¥) = Nij(x,y), if (x,y) € Q

= 0 , otharwise

and $® are the nodal values associated with element e.

Bubstituting equation (4.4) in (4.3), we get
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Q
M een.(4.6)
- 2r 2 N® g® ‘} dx dy
exl

Using equation (4.5) we assume that (4.6) can be written in the

form

M
J = 3 Je© vewa(4.7)

ex]

where

e 1 ONE 2 oNe 2
3 = - -y 4 e (o 8®)
2 Ox oy

Qe

. (4.8)
- 2r N€ g© ;} cdx dy
is the contribution of the element Q€ to the functional J.

The conditions for the minimization with respect to the nodal

values g3 , 1 = 1 to N gives the following system of equations

e
oJ ™M 6J
————x F =e—— = 0 1 = 1 to N e (4.9)
0% § ex=l 0@y
e
6J
The equation ---- = 0 is called the element equation.
o83

Differentiating equation (4.8) with respect to g© , we get

---.(4.10)



Thus the element equation becomes

where

- —— o~ . oo
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b = fj rN® dx dy.
Qe

ONE®

oy

ON®

)
-

oy

wene(4.11)

dx dy

Considering the linear three node triangle with nodes 1,3,k

the linear piecewise approximation can be written as,

u® = Nqug + Ny uj + Ny up = N® g€
. e . | . . :
where N® = £ Ny Nj Nk:a and g®
1
Nj = === (ag + byjx + cyvy )
N
1
Ny = ~————- ( aj + bjx t c3y )
N
1
Nk = ====== (aK + byx + cky )
2\
A] = X3 YR T XKk ¥ s 83 F X ¥i T X§
by = S by = Yk = ¥i
C{ = XK Xj " Cj = Xi - XK

it



where

Ao <t
2

-
ps

Yi
Y3

YK

2 (area of element e)

Substituting these equations in equation(4.11)
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PROGRAM  LISGTIHG

PROGRAM FEM(INPUT, OUTFOT)

TTHIS PROGREAM UDED AUTOMATIC GEHFERATION OF MESH POINTS FOR FINITE
ELEMENT METHOD UZING TRIANGULAR ELEMENTS]

{3M 65520, 16384, 65360]

CONGT
MX = 8;  HOMBEXR OF NODEDS OM X AYX1C )
NY = 3; { HOMBER OF HODED ON Y AXID }
HN = MXHNYS

TYPE
ELEMENTTYI'E - RECODRD
ELEMENTHUOMBER : INTEGEK;
A_COORDIVATES :ARRAY(1..3] OF REAL;
¥ _COORDINATEDG :ABRAYLL1. . 3] OF REAL
EHRD;
MATRIATYIE = ARREAY (1. .HN, 1. .HN] OF REAL;
RTYPE-ARRAY{ 1. HN] OF WEAL;
VECTORTYPE - ARERAYL1..3] OF INTEGER,
VAR

Max, 1,0, 0, L INTEGER;

NELEM, XTOT, ¥TOT, XHODE, YHODE, HNODE: INTEGER,;

SOL_VECT, YCOOPDINATE, YCOORDINATE, F_VECTOR, GLOBAL_VECT:RTYPE;
A_INITIAL, Y _INITIAL, X_FINAL,Y_FINAL, 9, i, K:REAL;

ELEMENT : ELEMENTTYPE;

GLOBAL_MAT, R_MATRIX:MATRIXTYPE;



o PROCEDURE RCOORDINATES(VAR X1,Y¥1,M1,N2:INTECER;
N VAR AINIL, XF, YIMI, YF:REAL;
VAR XCO, YCO:RTYPE);

PTHIS PROCEDURE GENERATED THE X AND Y COORDINATEDS
FOR THE ENTIRE MESH}

Vab

RE, YV RBALG

BEGIN
KR =(AF-XINI /4%,
YYo= {YF - YINI}/Y1;
XCOL1):=¥1INT;
YCO{1]:=Y¥INT;
FOR L:= 2 TO H1 DO
BEGIN
XCO[L) - =¥a0lL-11 + X¥;
END;
POR I:= 2 TO H2 DO
BEGIN
YCOOLIG: - waopT vy« WYy
END;
END;



PROCEDURE ELEMENT _COORDINATEZ (VAR NH,K,YQINTEGER;E:ELEMENTTYPE;

VAR XCO, YCO:RTYPE; VAR G, K:MATRIXTYPE;
VAR GF, W:RTYPE; H:EEAL);

{THIS PROCEDURE C&LCduaTLS THE HODE HUMBERS OF EACH ELEMENT

AND THEIR COORDINATELG

VAR
NODENHUMBEER, 1, J, L M, T,
HODE: VECTORTYPE

BEGIN -
WITH E DO
BEGIN
HODENUMPER: = 1;
E. ELEMENTNUMBER: =0;
FOR J:= 1 TO ¥ DO
BEGIN
FOR I:= 1 TO X DO
DEGIN

CINTEGER;

E. ELEMENTNUMEER: =E. ELEMEWTNUMBER + 1;

NODE{ 1] : =NODENUMBER;

E.X_COORDINATES[1]:=AC0[1];

E.¥_COORDIMNATEGS[1]:

=¥YCO({J1;

NODE[2]: =NODERUMBER + 1;
E.X_COORDINATEG{Z2]:=xCO[1I+1];

£ LOORLA{\W'“‘ *1:=YCOLJ];

NQDE{B; =X uuDE{Z} + 1; ¢
E.X_COORDINATEZ[3]: /LO[Iil];
E.Y_COORDINATEZ{3]:=YCO[{J+1];
NODENUMBER : =HODENUMBER + 1 ;
KMATRIX(NN, E, R, NODE, F, uF SR

ERD;

NODENUMBER::NODENUMBER + 1 ;

END;

NODENRUMBER :=1;
FOR J:= 1 TO Y DO

BEGIHN
- FOR 1I:= 1 TO0 X DO
BEuIN

E. ELEMFNTNUMBDR =K. ELEMENTNUML&R + 1;
NODE[ 13 : =NODENUMBER;

E. h _COORDINATES[1]: —hCO[I},

B Y _COORDIHATES[1]:=YCO[J];
NODE[2]:=NODENUMBER + X + 1;

E. X_COORDINATES{2]: —KLO{I],

E Y¥_COORDINATES{2]:=

Dh[3} =NODE[2] +
E . _COORDINATES[3]:
E.Y_COORDINATES[3}:

YCO[J411;
CXCO[T+11; :
=YCO{J+1];

NODENUMBER: =HODENUMBER + 1 ;
KMATRIX (NN, E, R, NODE, F, GF, G, K} ;

END;

END;
END; .
FHD; END; END;

NODENUMBER =NODENUMBER + 1 E

END;



PROCEDURE KMATRIX(MNN: INTEGER; VAR E: ELEMENTT 'PE;R: REAL
NODE : vao%opTYPE VAR F,GF:RTYP

VAR G, K:MATRIXTYPE);
{THI5 PROCEDURE COMPUTES THE GLOBAL MATRIX FOR ALL THE ELEMENTSY

VAR

' XY ARRAY[1..3] OF LREAL;
ATMATRIXTYPE;
DELTA, ALPHA: REAL;
BETA,GAMMA:ARhAY {1..3] OF REAL;
U,M,L,P,Q N1, N2, N3 INTEuEL,
FV:ARRAY[{1. . %] £ BRaL;

BEGIN
FOR M:=1 TO 3 DO
BEGIR ‘ .
X(M):=E. X_COORDIHATES[M];
Y{M}:=E.Y_COORDIHATESIM];
END;

DELTA: =X[2}*¥[3]-X[3] #¥[2]+ X[1]}%¥{2] X[l]*Y[B}%A[3}#Y[1} -XL21%Y[1];
ALPHA: =(X[21#Y[3] -X[31*Y¥[2])/DELTA;

BETA[1]:=(Y[2]-Y[3])/DELTA; .
BETA{2]}:=(¥Y[31~-Y[1]}/DELTA; :
BETA[3]:=(¥{1]-Y[2])/DELTA;

GAMMA[1]:=(X[3]-X[2])/DELTA;

GAMMA[2]:=(X[3]-X[1])/DELTA;

GAMMA[3]:=(X[1]-X[2])/DELTA;

FOR M:=1 TO 3 DO
BEGIN
FOR N:= 1 TO 3 DO
BEuIN
AfM,N]: —(R/(Z*DELTA))F(BETA[M]*BETA[N]+GAMMA[M}*GAMMA[N}),
END;
TV[M) = (1/6) * Q * DELTA;.
END;

M1 :=NODE{1];

H2: -NODE[Z],

H3:=HODE{[{3];

FOR L:= 1 TO 3 DO
BEGIN
J: =NODE[{L1};
K{U,N13:=AL{L, 1]3;

. K[U,N2]1:=AIL,21;
K{U,N3]:=A[L,3];
F{U1:=FVLL];
END; .

FOR P:=1 TO NN DO
BEGIN
FOR Q:=1 TO NN DO
BEGIN
GLF,Q]:=G[P,Q] + K[F, Q],
END;
GF{P]:=CGF[P] + F[TP];
END;
END;



PROCEDURE SWAP(VAR N, I,T:INTEGER; VAR A:MATRIXTYPE, F:RTYPE);

{THIS PROCEDURE INTERCHANGEZ THE ROWS OF THE GLOBAL MATRIX
AND GLOBAL VECTOR AFTER PIVOTING)

- VAR
L: INTEGEL;
T:REAL;

BEGIN
FOR L:=1 TO ¥ DO
BEGIN
T-=ALI,L};
A[I,L}:=A[P,L]);
A[P,LY:=T;
T:=F[1];
F{I13}:=F[P];
F{P}:=T;
- END;
-END;



PROCEDURE GAUSG( N: THTEGER; VAR A:MATRIXTYPE; VAR F, X:RTYPE):

{THIS PROCEDURE USES GUASS ELIMINATION TO SOLVE A SET
OF SIMULTANEOUZ LINEAR ”"STEM OF EQUATIONE} '

VAR
I,J,K,P,L, M: INTEGER;
SUM, PIVOT, T:REAL;

BEGIN
FOR I:= 1 TO N DO
BEGIN
PIVOT := ABS(A[I,I1};
Pz,
FOR L:= I41 TO N DO
BEGIN
IF (PIVOT < ABS(A[L,I])) THEN
BEGIN
PIVOT: =ABS (A[L,I]);
P:=1L; '
TND;
- END;
IF (P<>»I) THEN COWAP(N,I,P,A,F);
FOR K:=I+1 TO N DO
BEGIN "
FOR J:=I+1 TO N DO ‘ ‘
BEGIN _ _
F{J):=F[J] - ALK, 1] * (A[I,J]1/AlI,11);
END; '
ALK, 1I]1:=0;
END;
END;
XIH]:=FIN]/A[M,NH];
FOR I:=N-1 DOWNTO 1 DO
BEGIN
SM:= O;~
POR K:= I+1 TO N DO
BEvIN ‘
SUM:=SUM + A[I, K] ¥ X[K3;
END;
A[I] = (F[{I] - SUM)/ALI,I];
END;
FOR I:= 1 TO0 ¥ DO
BEPIN '
WRITELN(’ The value of the function at node *,I,% i
END; -
END; {End of Gauss Elimination}

@

L X(13i6:2);



{ MAIN PROGRAM BEGINC HERE }
BEGIN
WRITELH( THISZ I5 A PROBLEM OF STEADY STATE HEAT CORDUCTION IN 2-D7 3,
WRITELN("ENTER THE VALDE OF K'};

READLN(K3};

WRITELN( "ENTER THE VALUE OF Q7 );

READLN(Q}; ’

WRITELN{ * ENTER THE NUMBER OF NODES ALONG X_AXIS"};
READLN(XNODE} ;

WHITHLN "BRNTER THE RUMBER OF NODES ALONG Y_AXIS'};
READLN(YNODE} ;

NNODE: =XNODE * YNODE;

XTOT:= ¥NODE - 1 ;

¥YTOT:= YHNODE -~ 1;

NELEM: =XTOT#*YTOT*2Z;

WRITELN(*THE TOTAL NUMBER OF MODES IN THE DOMAIN ARE °, NNODE;:;
WRITELN(® THE X AND Y COORDINATES FOR ALL NODES}; ‘
WRITELN;

WRITELN("ENTER THE INITIAL VALUES OF X AND Y’};
READLN(X_INITIAL,Y_INITIAL};

WRITELN("ENTER THE FINAL VALUES OF X AND Y73,
READLN(X_FINAL,Y_FINAL};

{THIS PART OF THE PROGEAM INITIALISES THE K MATRIX ,GLOBAL MATRIX ,
GLOBAL VECTOR AND LOAD YECTOR}
FOR 1:=1 TO NNODE DO

BEGIN
FOR J:=1 TO NNODE DO
BEGIN
K_MATRIX{I,J3:=0;
GLOBAL_MAT[I, J]}:=0;
END;
F_VECTOR[{I1]:=0;
GLOBAL_VECT{1]:=0;
END;

RCOORDINATES(XTOT, YTOT, XNODE, YNODE, X_INITIAL,
¥ _FINAL,Y_INITIAL,Y_FINAL, XCOORDINATE, YCOORDINATE};
ELEMENT _COORDINATES(NNODE, XTOT, YTOT, ELEMENT, XCOORDINRATE, YCOORDINATE,
GLOBAL_MAT,K_MATRIX, GLOBAL_VECT,F_VECTOR,K};
WRITELN(® Global Matrix Glohal Vector 73
FOR 1I:=1 TC MNODE DO
BEGIN
FOE J:=1 TO NNODE DO
BEGIN
WRITE{GLOBAL_MAT[I,J3}:6:2};
END;
WRITELN (° *,GLOBAL_VECT{1}:6:2%;
END;
GAUSS(NNGDE, GLOBAL_MAT, GLOBAL_VECT, SOL_VECT};
END.



PROGRAM- QUIPUT

THIS IS A PROBLEM OF STEADY STATE HEAT CONDUCTION IN 2-D
ENTER THE VALUE OF K? 1

ENTER THE VALUE OF Q? 1

ENTER THE NUMBER @QF NODES ALONG X_AXIS? 4

ENTER THE NUMBER OF NODES ALONG Y_AXIS? 4

THE TOTAL NUMBER OF NODES IN THE DOMAIN ARE 16

ENTER THE INITIAL VALUES OF X AND Y? ( 0,0 )

ENTER THE FINAL VALUES OF X AND Y2 ( 1,1 )

The value of the function at node 1 is -2.57
' The value of the function at node 2 is -0.27
The value of the function at node 3 1is 0.79
The value of the function at node 4 1is 1.21
The value of the function at node 5 is 0.70
The value of the function at node 6 is 1.78
The value of the function at node 7 is -1.31
The value of the function at node 8 is 1,13
The value of the function at node 9 is 6.91
The value of the function at node 10 is -1.07
The value of the function at node 11 is -1.14
The value of the function at node 12 is ~-0.16
The value of the function at node 13 is -3.34
The value of the function at node 14 is -2.74
The value of the function at hode 15 is 2.25
The value of the function at node 16 is .00

GLOBAL VECTOR
i ha

~2.67
0.30
0.89
4.74
-0.89
~-0.89
0.30
0.59
0.00
0.89
1.19
1.48
~-0.89
1.78
2.07
2.37
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