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CHAPTER3 FUZZY RELATION EQUATIONS ON FUZZY
SETS

In this chapter we study a theory of fuzzy relation equations, when the fuzzy

relations are defined on fuzzy sets instead of crisp sets.

3.1 FUZZY RELATIONS AND THEIR COMPOSITIONS:

This section deals with fuzzy relations defined on fuzzy sets and four types of

compositions along with their properties.

Definition 3.1.1 [F]: Let A and B be two fuzzy sets in X. The cartesian product of A
and B, is a fuzzy set, A x B, on X x X defined as follows:

A x B(x, y) = min{A(x), B(y)}, forallx,y € X.

Definition 3.1.2 [F]: Let A and B be two fuzzy sets in X. Then the fuzzy set
P: X x X — [ is called a fuzzy relation from A to B, if
P(x, y) < min{A(x), B(y)}, forall x,y € X.

We shall denote the set of all fuzzy relations from fuzzy set A to fuzzy set B by

F(A x B).

Definition 3.1.3: Let P € F(A x B) be a fuzzy relation from a fuzzy set A to a fuzzy B.
Then the fuzzy set P defined as follows:

Py, x) = P(x, y)
is a fuzzy relation from a fuzzy set B to a fuzzy set A. i.e. P ' € F(B x A).

It is obvious that (P ") * =P,
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Theorem 3.1.4: Let P € F(A x B) and Q € F(B x C) be two fuzzy relations and T be

any continuous t-norm. Define a fuzzy set P orQ: X x X — I by

P o1 Q(x, y) = sup{T(P(x, z), Q(z, y))}, forall x,y € X.
ze X

Then Pot Q is a fuzzy relation from fuzzy set A to fuzzy set C.
Proof: Since P € F (A x B)and Q € F(B x C),

P(x, z) < min{A(x), B(2)}, forall x, z € X and

Q(z. y) <min{B(z), C(y)}, forallz,y € X.

PorQ (x, y) =sup {T(P(x, z), Q(x, )}
ze X

< sup {T(min(A(x), B(z), min(B(z), C(y))}
ze X

< sup {min(min(A(x), B(z)), min(B(z), C(y)))}
ze X

< sup {min(A(x), C(y))}
ze X

Thus, Por Q (x, y) < min(A(x), C(y)) forallx, y € X.

Definition 3.1.5 [F]: Let P € F(A x B) and Q € F(B x C) be two fuzzy relations and T

be any continuous t-norm. The fuzzy set P o7 Q is called sup-T composition of P and

Q.

Theorem 3.1.6: Let P € F(A x B) and Q € F(B x C) be two fuzzy relations. Then

(POTQ) 1= Q - OTP 1
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Following theorem is obvious
Theorem 3.1.7 [F]: Let P € F(A x B) and Q € F(B x C) be two fuzzy relations and S

be any cqntinuous t-conorm. Define a fuzzy set P s0Q: X x X - 1 by

PsoQ(x,y)= min{ inf {S(P(x,2),Qz )}, (AxC)(x,y)},VxyeX
ze X

Then P s0 Q is a fuzzy relation from a fuzzy set A to a fuzzy set C.

Definition 3.1.8 [F]: Let P € F(A x B) and Q € F(B x C) be two fuzzy relations and S

be any continuous t-conorm. The fuzzy set P g0 Q is called inf-S composition of P and

Q.

Theorem 3.1.9 [F]: Let P, Py, P; € F(A x B) and Q, Q1, Q2 € F(B x C)
(i)  Pso (QinQ)=(PsoQ)n(PsoQ)

(i)  IfP,c P thenP; 50 Q C Pz50 Q

(i) (PsoQ'=Q'soP”

Proof: i) Letx,y € X.
[Pso(Qin Q)] (%)

= min{ inf {S(P(Xs Z), QI . Q2 (29 Y))}a A x C(X, y)}
ze X

= min{ zigfx {S(P(x, z), min{Qu(z, y), Qxz, Y)})}, A x C(x, y)}

= min{ Zigf " {min{S(P(x, z), Qu(z, ¥)), S(P(x, 2), Qz, y))}, A x C(x, y)}

= min{min{ inf)éS(P(X, z), Qu(z, ¥))}, Zh;fX{S(P(X, z), Qz y)}}, Ax C(x, y)}}

Ze

= min{min{ inf {S(P(x, 2), Qi(z, y))}, A x C(x, )}, min{ inf {S(P(x, 2), Qx(z, y))},
zeX ze X

A x C(x,y)}}
= min{P so Qi(x, y), P so Qu(x, y)}

= (P50 Q1) N (Pso Qa)(x, y)
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il) Let Py C P,

Py 80 Q(xa Y) = min{ inf {S(Pl(x) Z)s Q(Z, Y))}a Ax C(X, y)}
ze X

< min{ inf {S(PxAx,2), Az, y)}, Ax C(x,y)}
ze X

= P2 SO Q(X> y)'
iif) (P so Q)™ (%, y) = (P 50 Q)(¥, X)

= min{ lréf X{S(P(y, z), Qz, x))}, A x C(y, x)}

=min{ inf {S(P(z y), Q" (x, 2))}, C x A(x, y)}
ze X

=min{ inf { S(Q'(x, 2), P"(z, y))}, C x A(x, y)}
ze X
=(Q's0 PN (x, y)

Definition 3.1.10 [F]: Let A, B, C be fuzzy setsin X and P € F(Ax B), Q € FB x C)

be fuzzy relations. The inf-wy composition of P and Q is a fuzzy relation

P OwT Q € F(A x C) defined as follows:

P “wr Q(x,y) =min { inf {wr(P(x, 2), Qz y))}, A x C(x, )}, forall x, y € X
ze X

IfP € F(A x B) and Q € F(B x C) be fuzzy relations, then (P “wr Q) 'is a

fuzzy relation from a fuzzy set C to A.

Theorem 3.1.11 [F]: Let P, P1, P2 € F (A x B) and Q, Q, Q2 € F (B x C) be such that

p] < Pz and Qx c Qz. Then

" O o
DP wrQicP wrQ

if) P, “wrQ 2 P2 “wr Q.
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Proof i) P “wr Qu(x,y) =min{ inf {wr(P(x, 2), Qi(z, ¥))} A x C(x, )}
ze X

< min{ mg( {wr (P(x, z), Qxz, ¥))}, A x C(x, y)}, by Theorem 1.2.8(iv)
z€e

<P OWT Qax, y).

i) Py “wr Q(x, ¥)

= min{ inf {WT (P](X, Z)s Q(23 Y))}y A x C(X, Y)}
ze X

2 min{ inf X{WT (PaAx, 2), Az, Y))}, A x C(x,y)}, by Theorem 1.2.8(iv)
zec

O
2 P2 WT Q(xa y)

Theorem 3.1.12 [F]: Let P € F(A x B), Q € F(B x C) and R € F(A x C) be fuzzy

relations. Then

. O (o] -
DPc (P wr Q) wr Q'
iR (R “wrQ™) °wr Q.

Proof: i) (P “wr Q) Owr Q(x, y) = min{inf{w(P “wr Q(x, 2), Qy, 2))}, A x B(x, y)}
ze X

= min{inf {wr(min{ inf {wr(P(x, 1), Q(t, 2))}, A x C(x, 2)}), Q(z, y))}, A x B(x, y)}.
ze X te

2 min{ inf )éWT( inf {wr(P(x, 1), Q(t, 2))}, Qy, 2))}, A x B(x, y)},
zZE te X

= mm{zuéfx {WT (WT (P(X, Y)a Q(y, Z))a Q(y7 Z))}s A x B(X, Y)}
> min{ ian{P(x, y)}, A x B(x, y)}, By Theorem 1.2.8(ii)

Z €
=P(x, y), Since P € F(A x B)

ii) Follows similarly.

Theorem 3.1.13 [F]: Let P € F(A x B), Q € F(B x C) and R € F(A x C) be fuzzy

relations. Then



) Qc P wr PorQ)

iR P or (' “wr R)
i) P < [Q “wr (Por Q)"

VM R2(Q “wr RN orQ

Proof: i) P *“wr (P o1 Q) (x, y)
=min{ inf {wr(P(x, 2), P or Q(z, y))}, B x C(x,y)}
ze X

=min{ inf {wz(P(x,2), sup )gr(P(z, t), Q(t, Y)})}, B x C(x, v)}
zeX te

=min{ inf {wr(P7(x, 2), max[T(P(z, x), Q(x, y)), sup {T(P(z, 1), Q(t, V))}1},
zeX t£x

(B xC) (x,y)}
2 min{zigf X{WT (P(z, x), T(P(z, x), Qx, y)))}, B x C(x, y)}

> min{ ;ng )éQ(x, ), B x C(x, )},

2 Q(x,y)
Hence, Q < P * “wy PorQ
if) P or (P “wr R)(x, y)

10
= sup {T(P(x, 2), P wr R(z y))}
zeX

= sup_{T(P(x,2), min{ inf SR 2), R 9)} Bx Clx, v}
ze X te

< sup {T(P(x,z), inf {wr(P(t,z), R(t, y))})}, Since min x; < x;
ze X te X

< supX {T(P(x, z), wr (P(x, 2), R(x, ¥)))}, By monotonicity of T.
Z€

<R, y)

Hence, R o P or (P! wr R).
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iii) [Q “wr (Por Q'] (x, y)

=1Q “wr (Por Q"] (v, %)
= min{ infx{wT (Q(y, 2), (P o1 Q)''(z, X))}, B x A(y, x)}
Z <
=min{ inf _{wr(Q(y, 2), (P o1 Q)(x, 2))}, A x B(x, y)}
ze X
=min{ inf _{wr(QQy, 2), sup {T(P(x, 1), Q(t, 2)})}, A x B(x y)}
zZ e t e

= min{ inf {wr(Q(y, 2), max{T(P(x,y), Qy, z)), sup {T(P(x,1), Q(t,2))}}},
ze X t#y
A x B(x, y)}

2 min{ zil;fX{WT (Q@, 2), T(P(x,y), Qly, 2)))}, A x B(x, y)}
>min {P(x,y), AxB(x,y)}

> P(x, y), Since P € F(A x B)

Hence, P  [Q “wr (Por Q)]
i) (Q “wr R") " 01 Q (%, y)

=sup {T((Q “wr R (x,2),Qz y))}
ze X

= sup {T((Q “wr RY) (z %), Qz y))}
ze X

= sup {T(min{ inf {wr(Q(z, 1), R(x, 1))}, B x A(x, ¥)}, Q(z, y))}
ze X teX

< sup {T( inf {wr(Q(z 1), R(x, 1))}, Q(z, y))}
ze X teX

< sup {T(WT (Q(Z’ Y)s R(X, Y))s Q(Z: y))}
ze X

< R(x, y), By Theorem 1.2.8(x)

Hence, R 2 (Q owT RN orQ

37
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Definition 3.1.14 [F]: Let A, B, C be fuzzy sets in X and P € F(A x B), Q € F(B x C)

be fuzzy relations. The sup-0g composition of P and Q is a fuzzy relation
P 0(05 Q ¢ F(A x C) defined as follows:

P °(, Q (x, y) =min { sup {® (P(x, 2), Az ¥))}, A x C(x, y)}, forall x, y € X
7e X

Theorem 3.1.15 [F]: Let P, Py, P, € F (A x B) and Q, Q1, Q2 € F (B x C) be such that

Py c Prand Q; ¢ Q;. Then

)P0 Qi c P Q.

i) P’ Q o P10 Q.

Proof: i) Since Q1 € Q2, Qi(z, ¥) £ Qx(z, y), forallz,y € X.

= Wy (P(x, 2), Q(z, y)) < 04 (P(x, ), QxAz, ¥)), by Theorem 1.2.10(iv)

Thus, P °®; Qi(x, y) = min{ sup { s (P(x, 2), Qu(z ¥))}, Ax C (x,y) }

ze X
<min{ sup { ®s(P(x, 2), Qz, y))}, A x C(x,y) }
ze X
<P °0¢ Qux, y)

Hence, P Oﬁ)s QicP 0(05 Q..
ii) Since P1 < P2, P1(x,2) < Pa(x, 2), VX, z € X.

= s (Pi(%, 2), Az,y) 2 D5 (P2(x, 2), Az, y)), By Theorem 1.2.10(iv)

Thus, P; “®s Q(x, y) = min{ sup { s (Pi(x, 2), Qz, Y))}, A x C(x, y)}
ze X

> mln{ sup {(Ds (Pz(xa Z)a Q(Za y))}a A x C(Xa Y)}
ze X

> P, "0 Q(x, y)

Hence, P O(DS Qo P, 0(1)S Q.
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Theorem 3.1.16 [F]: Let P € F(A x B), Q € F(B x C) and R € F(A x C) be fuzzy

relations. Then

) Q2P °w (P s0Q)
DP2(Q°Ws(PsoQ ™™
i) Qo Pl or (P “wr Q)
) R < P “wr (P*orR)
V)R P °0) (P 0 R)

Proof: i) P” “®g (P s0Q)(x, y)

= min{ sup_ {0 (P"(x, 2), P50Q(z y))}, B x C(x, y)}
ze X

= min{ sup {s(P(z, x), min[ inf g?(P(z, 1), Qt, y)}, Ax C(z, y)]) , B x C) (x,y)}
ze X te

< min{tSlép X{(Ds (P(z, x), inf (S(P(z, 1), Q(t,¥)))), BxC(x,y)},ze X

< min{ sup {W(P(z, x), min[(S(P(z, x), Q(x, y)), inf {S(P(z, 1), Q(t, y))}],
ze X t£x
B x C(x, y)}.

< min{ sup {Wg(P(z, x), S(P(z, x), Q(x, Y)))}, B x C(x, y)}
ze X

<min{Q(x, y), B x C(x, )},

<Q(x, y), since Q € F(B x )

Hence, Q o P OO)S (Ps0Q)
if) {Q “®s (P50 Q) ) '(x, y) = (Q W5 (Ps0 Q) )y, x)

= min{ sup {Os (Q(y, 2), (Ps0 Q)'(z X))}, B x A (y, )}
ze X
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i

min{ sup {Wg (Q(y, z), Pso Q(x, z))}, A x B(x, y)}
ze X

]

min{ sup {Ws (Q(y, z), min [ inf {S(P(x, 1), Q(t, 2))}, A x C(x, 2)] , A x B(x, )}
ze X te X

min{ sup {®s (Q(y, 2), min[min[ S(P(x, y), Q(y, 2)), inf S(P(x, 1), Q(t, 2))},
ze X t£y

A x B(x, y)} A x C(x, 2)],

A

min{ ZS?X{(DS (Q(y, 2), S(P(x,¥), Q¥ 2)))}, Ax B(x, y)}

< min{P(x, ), A x B(x, y)}
= P(x, y), Since P € F(A x B).
iii) P o1 (P°wr Q)(x, ¥)

= sup_{T(P(x. 2), P wr Q(z, )}
ze X

= sup {T(P(z, x), min [ inf {wr(P(z, 1), Q(t, y))}, A x C(z, y)})}
ze X te X

< sup {T(P(z, x), inf {wr(P(z, t), Q(t,y))})}, By Monotonicity of T.
ze X teX

< supX {T(P(z, x), wr (P(z, x), Q(%, ¥)))}, By Monotonicity of T.
Z€

<Qx, )

Hence, Q > P or (P owT Q).

iv) P “wr (P? o1 R) (x, ¥)

=min { inf {wr (P(x, 2), P"or R(z, y))}, A x C(x, )}

=min { inf {wr(P(x,2), sup {T(P"(z 1), R(t, y)}}, A x C(x, y)}
ze X te X

=min { inf_{ wr (P(x, 2), max {T(P"(z, x), R(x, y)), sup {T(P"'(z 1), R(t, y)})}
ze X t#x

Ax C(x,y)}.
> min { ;né X{ Wt (P(X, Z)s T(P(Xa Z)a R(X’ Y)))}a A x C(X, y)}

> min {R(x,y), Ax C(x,y)}
=R(x,y)



41
v) P °05 (P"s0 R)(x, y) =min{ sup )éﬂ)s (P(x, 2), P s0 R(z, y))}, A x C(x, y)}
Z€E
= min{ sup_ {0 (P(x, 2), min{ inf{S(P"(z, 1), R(t, y))}, B x C(z, y)})}, A x C(x, y)}.
ze X te X

< min{ sup_{®s (P(x,z), inf )QS(P(t, z), R(t, yD}}, A x C(x, y)}
ze X te

< min{ sup {W(P(x, 2), S(P(x, 2), R(x, y)))}, A x C(x, )}
ze X

<min {R(x, y), A x C(x, )},
=R(x, y).

Theorem 3.1.17 [F]: Let P € F(A x B) and R € F(A x C)

If sup A(z) <min{B(x), C(y)}, forallx, y € X, then P"O(DSR e F(B x C).
ze X

Proof: We claim that for x, y € X, Sup {max(P(z, x), R(z, y))} <B x C(x, y).
ze X

We have,

Sup {max(P(z, x), R(z,y))} £ Sup {max{min{A(z), B(x)}, min{A(z), C(y)}}}
ze X ze X

= Sup {max{A(z), A(2)}}
ze X

= Sup {A(z)}
ze X

< min{B(x), C(y)}

=B xC(x,y)

Now P” °0g R(x, y) = min{ Sup {®s (P(z, X), R(z, y))}, B x C(x, y)}
ze X

< min{ Sup {maX(P(Z, X), R(Z9 y))} ’ B x C(X, y)}
zeX

= Sup {maX(P(Z, X), R(Za Y))}
ze X

=B x C(x, y).

13745
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Therefore, P O(DS R e F(B x ().
Theorem 3.1.18 [F]: Let P € F(A x B), R € F(A x C) and

sup A(z) <min{B(x), C(y)}, foralix, y € X, then R < P 50 (P"'°004R)
ze X

Proof: P so (P “@ R)(x, y)

= min{ inf {S(P(x, z), P"°Ws R(z, y))}, A x C(x, ¥)}
ze X

= min{ inf{S(P(x, z), min{ Sup {®s (P"(z, 1), R(t, y))}, B x C(x, )})}, A x C(x, y)}
ze X te X

= min{ inf {S(P(Xs Z)> Sup {(DS (P.l(za t)& R(t> Y))})}a A x C(Xa Y)}
zeX teX

= min{ inf {S(P(X, Z)r max[ms (P(X, Z)s R(X, Y))a Sup {O)S (P(t: Z): R(ty y))}])}a
ze X t#x

A x C(x, y)}

2 min{ inf {S(P(x, z), Ws (P(x, 2), R(x, y)))}, A x C(x, y)}.
zeX

> min{ inf {R(x, y)}, A x C(x, y)},
ze X

=min{R(x, y), A x C(x, y)}
=R(x, y), Since R € F(A x C)

Therefore, R C P 50 (P'1 O(DS R)

Theorem 3.1.19 [F]: Let Q € F(B x C), R € F(A x C) and

Sup C(z) <min {B(x), A(y)}, forallx,y € X. ThenQ OCOS R € F(B x A)
zeX

Proof: We claim that Sup {max(Q(x, z), R" (z, YD)} <Bx A(x,y), forallx,y € X.
ze X
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We have,

Sup {max(Q(x, z), R™ (z,¥))} = Sup {max(Q(x, z), R(y, 2))}
ze X ze X

< Sup {max {min{B(x), C(z)}, min{A(y), C(2)}}}
ze X

= Sup {max {C(z), C(z)}
ze X

= Sup {C(2)}
ze X

<B x A(x,Y)

Now Q “@g R™(x, y) = min{ Sup {®s(Q(x, 2), R” (z, )}, B x A(x, y)}
zeX

< min{ Sup {max(Q(x,z), R™ (z,y))}, B x A(x, y)}
ze X

= Sup {max(Q(x, ), R (z, y))}
zeX

<Bx A(x,y)

Therefore, Q O(Ds R' e F(B x A).

Theorem 3.1.20 [F]: Let Q € F(B x C), R € F(A x C) and

Sup C(z) <min {B(x), A(y)}, forallx,y € X. ThenR < (Q °®¢ R")"s0Q.
ze X

Proof: (Q O(DS RN '50Q (x,y)

= min{ inf {S(Q °®s RM)(z x), Az, Y))}, A x C(x, y)}
zeX

= min{ inf{S(min{ Sup {05 (Q(z, 1), R(x, 1))}, B x A(z, x)}), Q(z, y))}, A x C(x, y)}
zeX teX

= min{ inf {S( Sup {® (Q(z, 1), R(x, 1))}, Az, ¥))}, A x C(x, y)}
zeX teX
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= min{ inf {S(max[W (Q(z, y), R(x, ¥)), Sup {®s (Q(z, 1), R(x, )1}, Qlz,y))},
zec X t#x

A x C(x, y).

> min { inf {S(®s (Qz, y), R(x, ¥)), Az, ¥))}, A x C(x, y)}
ze X

> min { inf {R(x,y)}, Ax C(x, y)},
ze X

= min{R(X, Y)v A x .C(Xa Y)}

=R(x,y)

Theorem 3.1.21 [F]: Let P € F(A x B) and Q € F(B x C)

If sup B(z)<min (A(x), C(y)), V x,y e X, then Q = P" so (P°; Q).
zZeE X

Proof: P so (P *® Q)(x, y)

= min{ inf {S(P"(x, z), min { Sup {5 (P(z, 1), Qt, ))}, A x C(z, ¥)}), B x C (x, y)}
zeX te X

i

min{ inf {S(P(z, x), sup {5 (P(z 1), Qt, y)})}, B x C(x, y)}
ze X teX

mm{ iIlf {S(P(Z, X), max [(DS (P(Zs X), Q(X, Y))a sup {(DS (P(Za t)a Q(t: y))}]}a

zeX t#X
B x C(x, )}
2 min{ inf {S(P(Z’ X)’ O)S (P(29 X), Q(X, Y)))}9 B X C(X, Y)}
zc X
> min{ inf {Q(x, y)}, B x C(x,y)},
zeX
=Q(x, y).

Theorem 3.1.22 [F]: Let P € F(A x B) and Q € F(B x C)

1) If Sup B(z) <min {A(x), C(y)}, for x,y € X, thenP o (P OCOS Q) O(DS Q™.
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ze X

i) If Sup C(z) <min {A®x), B(y)}, for x,y € X, then R 2 (R "0, Q™) “w; Q.
ze X

Procf: 1) [(P°®¢ Q) °®s Q7 (x, y)

= min{ Sup {®s(P°WsQ)(x, 2), Az, )}, A x B(x, y)}
ze X

= min{ Sup {Mg(min{ Sup {Wg(P(x, 1), Qt, 2))}, A x C(x, 2))}, Qy, 2))},
ze X te X

A x B(x, y)}

= min{ Sup {5 (Sup {®s (P(x, 1), Q(t, 2))}, Qy, 2))}, A x B(x, y)}
ze X te X

= min{ Sup {(DS (max [O)S (P(Xa y)s Q(ya Z))’ Sup {(DS (P(Xs t)a Q(ta Z))}]a Q(Y> Z)}s
ze X t#y

A x B(x, )}

= min{ Sup {(DS ((Db (P(X, Y)7 Q(y, Z))a Q(yy Z))}a Ax B(X, Y)}
zeX

< min{ Sup {P(x,y)}, A x B(x, y)}
ze X

<P(x,y).

ii) [(R “@s Q™) *®s Q] (x, y)

= min{ Sup {®s (R “05 (Q'(x, 2), Az )}, A x C(x, y)}
ze X

= Inin{ Sup{(DS (min{ Sup{(os (R(X, t)y Q(zv t))}: Ax B(X, Z)}, Q(Zs Y))}a A x C(X, Y)}
ze X teX

=min{ sup {W(Sup {Ws R(x, 1), Az, 1))}, Az Y}, A x C(x, y)},
ze X te X
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= min{ sup {® ( max [0 (R(x,y), Az ¥)), Sup {Ws (R(x, 1), Qz, )], Az ¥},
ze X t2y

A x C(x,y)}

<min{ Sup {® (W R(x,y), Az y)), Az )}, A x C(x, y)}.
ze X

< min{ Sup {R(x, y)}, A x C(x, y)}
ze X

<R(x, y).

3.2 FUZZY RELATION EQUATIONS

Throughout this section A, B and C denote fuzzy sets in the universal set X.
Definition 3.2.1: Let P € F(A x B), Q € F(B x C) and R € F(A x C) be three fuzzy
relations. Then the equation P o Q = R is called a fuzzy relation equation, where o

denote composition of fuzzy relations.
If o=o{fo=s0,0= “wrand 0 = O(DS respectively), then the fuzzy relation
equation P o Q = R is called sup-T ( inf-S, inf-wr and sup-(Dg respectively) fuzzy

relation equation.

3.2(a) SUP-T FUZZY RELATION EQUATIONS

In this section we will discuss solution of a given sup-T fuzzy relation equation
P or Q =R, when any two of the fuzzy relations are given. Followings are the cases:
I) Given P and Q, R can be obtained by using the definition of sup-T composition. In

this case R is unique.
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11) If P and R are given, then the set S(P, R) = {Q € F(B x C) | P or Q = R} is called

the solution set of P oy Q=R for Q.

Theorem 3.2.2 [F]: If S(P, R) # ¢ , then the fuzzy relation P “wr R € F(B x C) is the

maximum solution of the fuzzy relation equation P or Q =R for Q.

Proof: Let Q € S(P, R). ThenPor Q=R.

Therefore, Q c P owT (P or Q), By Theorem 3.1.13(i)
Hence, Q p! owr R

Thus, Por Q < Pory (P'1 OWT R)

Therefore, R P or (P “wr R)

ButthenRc Por (P'1 Owr R)c R

* Hence, P or (P OW’r R)=R

I} If Q and R are given, then the set S(Q, R) = {P € F(A x B) | P or Q =R} is called
the solution set of P or Q = R for P. The solution of this type of equation can be
obtained by using above type and by using inverse relation. For example we want to
find a solution of P or Q = R for P. Consider the equation Q' or P' =R, the solution
of this equation, P, can be obtained by using above type (II). The fuzzy relation

P = (P") ! will be required solution of P or Q =R for P.



48

Theorem 3.2.3 [F]: If S(Q, R) # ¢ , then the fuzzy relation (Q OwT RY)! € F(A x B)

is the maximum solution of the fuzzy relation equation P or Q =R for P.

Proof: Let P € F (A x B) suchthat Por Q=R

Then by Theorem 3.1.13 (iif), P < [Q °wr (PorQ) ™!
Thus, P < (Q “wrR)?

Therefore, Por Q < (Q owT R")‘1 orQ

Thus, R = Por Q  (Q “wr R or Q

Hence, R < (Q “wr R or Q = R, by Theorem 3.1.13(iv)

e Q°wrRN)orQ = R

3.2(b) INS-S FUZZY RELATION EQUATIONS

In this section we will discuss the solutions of the inf-S fuzzy relation

equations P s0 Q =R.

I) Given P and Q, R can be obtained by using the definition of inf-S composition. In

this case R is unique.

II) If P and R are given, then the set S(P, R) = {Q € F(B x C) | P s0 Q =R} is called
the solution set of P s0 Q=R for Q.
Theorem 3.2.4 [F]: Let P ¢ F (A x B), R € F(A x C) such that

Sup A(z) <min (B (x), C(y)) forallx,y € X.
ze X
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If S(P, R) # ¢, then the fuzzy relation P’ O(Ds R € F (B x C) is the minimum solution

of the fuzzy relation equation P go Q =R for Q.
Proof: Let Q € F(B x C) be suchthat P go Q=R.
Then by Theorem 3.1.16(i), Q > P ' @, (P 50Q)

Thus, Q o P "Y¢ R

Therefore, P 50Q o P so (P'°®¢R)

Thus, R =P 50Q 2 Q0 (Q' °0¢ R)

Therefore, R © Q 50 (Q! OCOS R) o R, by Theorem 3.1.16(iv)

Hence, Pso(Plo(})S R) = R

II) If Q and R are given, then the set S(Q, R) = {P € F(A x B) | P so Q =R} is called
the solution set of P so Q = R for P. The solution of this type of equation can be
obtained by using above type and by using inverse relation. For example we want to
find a solution of P so Q = R for P. Consider the equation Q'so P! =R, the solution
of this equation, P”, can be obtained by using above type (II). The fuzzy relation

P = (P) ™" will be required solution of P so Q =R for P.

Theorem 3.2.5 [F]: Let Q € F (B x C) and R € F (A x C) be such that

sup C(z) < mir: (B(x), A(y)), forallx,y € X.
ze X

If S (Q, R) # ¢, then the fuzzy relation (Q °®s R™Y)™ e F (A x B) is the minimum

solution of the fuzzy relation equation Pgo Q =R
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Proof: Let P € S (Q, R) be such that, Pso Q =R.

Then (Q °® (P so Q') < P, by Theorem 3.1.16(i)
Therefore, (Q “®¢ R <P

But then (Q O(DS R'l)’I s0QcPgso Q

Thus, (Q °®@s RM)'s0 QcPso Q=R

But by Theorem 3.1.20, R ¢ (Q 0(,0S RNH)'s00Q

Hence, (Q OO)S RH's0Q=R

3.2(c) INF-W FUZZY RELATION EQUATIONS

In this section we will discuss solution of a given inf-wr fuzzy relation

equation P owT Q = R, when any two of the fuzzy relations are given. Followings are

the cases:

I) Given P and Q, R can be obtained by using the definition of inf-wt composition. In

this case R is unique.

II) If P and R are given, then the set S(P, R) = {Q e FBxC) | P OWT Q=R}is

called the solution set of P OwT Q=R for Q.

Following theorem gives the minimum element of S(P, R).
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Theorem 3. 2. 6 [F]: Let P € F (A x B), R € F (A x C) be two fuzzy relations. If S(P,

R) # ¢, then the fuzzy relation P lorR € F (B x C) is the minimum solution of the

fuzzy relation equation P OwT Q=RforQ.
Proof: Let Q € S (P, R) be a solution of P OwT Q=R.

Then by Theorem 3.1.16(iii), Plor (P OwT Qc
Thus, P'or Rc Q.

Therefore, P owT (P"oT R)cP OWT Q

i.e.P Swr (PlorR)c P "wr Q=R

But by Theorem 3.1.16(iv), R < P “wr (Por R)

Hence, P “wr (P'orR) =R

IIT) If Q and R are given, then the set S(Q, R) = {P € F(A x B) | P “wrQ =R} is

called the solution set of P OwT Q=R forP.

Following theorem gives the maximum element of S(Q, R).

Theorem 3.2.7 [F]: Let Q € F (B x C), R € F (A x C) be two fuzzy relations. If S(Q,

R) # ¢, then the fuzzy relation R “wr Q' € F (A x B) is the maximum solution of the
fuzzy relation equation P owT Q=RforP.
Proof: Let P € S (Q, R) be such that P “wr Q =R.

Then P c (P wr Q) wr Q!



Thus, Pc R OWT Q!

Therefore, P “wr Q 5 (R “wr Q) “wr Q

i e.Ro (R “wr Q) %wr Q

But by Theorem 3.1.12(ii), (R “wr Q) “wr Q) 2R
Hence, (R “wr Q) “wr Q=R.

3.2(d) SUP -(Dy FUZZY RELATION EQUATIONS

In this section we will discuss solution of a given sup-()g fuzzy relation

equation P O(Ds Q =R, when any two of the fuzzy relations are given. Followings are

the cases:

I) Given P and Q, R can be obtained by using the definition of sup-0)g composition. In

this case R is unigue.

II) If P and R are given, then the set S(P, R) = {Q e F(B x C) | P O(DS Q =R} is

called the solution set of P O(Ds Q=R forQ.

Following theorem gives the maximum element of S(P, R).
Theorem 3.2.8 [F]: Let P € F (A x B), R € F (A x C) be such that

Sup B(2z) < min (A(x), C(y)), forallx,y € X
ze X

If S(P, R) # ¢, then the fuzzy relation P* g0 R € F (B x C) is the maximum solution of

the fuzzy relation equation P OCDS Q=RforQ.
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Proof- Let Q € F (B x C) such that P s Q =R. Then Q ¢ P 0 (P " Q)
Thus, Q c P o R

Therefore, P °®s Q = P “®¢ (P* s0 R)
i.e. Rc P 04 (P'soR)
But by Theorem 3.1.16(iv), P 0(1)S (P'soR)cR

Hence, P 00)S (P'soR)=R

1) If Q and R are given, then the set S(Q, R) = {P € F(A x B) | P s Q =R} is

called the solution set of P O(DS Q=R forP.

Following theorem gives the minimum element of S(Q, R).
Theorem 3.2.9 [F]: Let Q € F (B x C), R € F (A x C) be such that the following
conditions hold:

1) Sup B(z) <min (A(x), C(y))
ze X

2) Sup C (z) <min(A(x), B(y)), forallx,y € X
ze X .

If S(Q, R) # ¢, then the fuzzy relation R OO)S Q" € F (A x B) is the minimum
solution of the fuzzy relation equation P OO)S Q=R forP.

Proof: Let P € S (Q, R) be such that P OO)S R=R.ThenP o (P OO)S Q) O(DS Q.
Thus, PO R O(DS Q

Therefore, P O(DS Qc(R OC{)S Qh o(x)s Q



LeRc R0 0w Q
But by Theorem 3.2.22(ii), (R “®¢ Q") °®s Q<R

Hence, (R OCDS Q™ 0(x)S Q=R
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