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CHAPTER 5 EQUATIONS OF FUZZY NUMBERS

In this chapter we study real and complex fuzzy numbers and discuss fuzzy 

equations of these numbers. Necessary and sufficient conditions for the existence of 

the solutions are given.

5.1 FUZZY NUMBERS

In this Section we define fuzzy numbers and discuss the existence of solutions of 

linear equations based on fuzzy numbers.

Definition 5.1.1 [K.,, K2]: Let A = [ai, a2] and B = [bi, t^} be any two closed bounded 

intervals. Then

1) A + B = [ai + bi, a2 + bj

2) A - B = [aj - h?, a2 - bj]

3) AB = [a, b], where a = min{aibi5aib2,a2bi,a2b2} and b = max{aibi, a^, a2bi, a2b2}

ifO £ B

5) - A = [-a2, -ai]

6) 1/A = [l/a2, I/a,], if 0 £ A.

Definition 5.1.2 [K2]: A fuzzy set A: 3 -» I is a fuzzy number, if

1) A is a normal fuzzy set

2) “ A is a closed interval, V a e (0, 1 ]

3) Support of A is bounded set.
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Remark 5.1.3: 1) It is obvious that fuzzy numbers may or may not have continuous 

membership functions.

2) Some authors [Ki, K2] call fuzzy numbers with continuous membership functions 

as continuous fuzzy numbers.

3) Throughout this chapter we consider fuzzy numbers with continuous membership 

functions.

Theorem 5.1.4 [K2]: Let A, B be two fuzzy numbers and * e {+, •, /}. Define

A * B : 3 -> [0, l]as follows:

A * B(z) = Sup {min {A(x), B(y)}}, for all z e 3
z = x * y

Then “(A * B) = “A * aB, a e I

Proof: Proof of this theorem can be found in [K2],

Theorem 5.1.5 [K2]: Let A, B be two fuzzy numbers and * e {+, •, /}. Then A * B

is a fuzzy number.

Proof: Proof of this theorem can be found in [K2].

Remark 5.1.6: Real numbers and real intervals are special cases of fuzzy numbers.

5.2 SOLVING A + X = B

Now we discuss solution of the equation A + X = B, when fuzzy numbers A and

B are known. Following example shows that X = B - A need not be a solution.
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Example 5.2.1 [K2]: Let A = [a,, a2] and B = [bj, b2] be two fiizzy numbers. Then 

X = B - A need not be a solution of A + X = B.

Solution: Since, A + (B - A) = [ai+ bi - a2, a2 +- ai] B.

Theorem 5.2.2 [K2]: Let A and B be fiizzy numbers. Let a - cut of A be 

“A = [ai“, a2“] and that of B be raB = [bj“, b2a]. Then A + X = B has a solution if and 

only if

i) bj“ - a ia < b2a- a2a, for every a e (0, 1]

ii) a < P =>, bja - ai“ < biP - a iP < b2p - a2 p < b2“ - a2“.

Proof: Suppose that A + X = B has a solution X.

Let aX = [xia, x2a] be a - cut of X.

Since, A + X = B, a(A + X) = aB 

Thus, “A + aX = aB

Therefore, [aia, a2a] + [x,a, x2a] = [b,a, b2a] 

i. e. [aia- xia, a2a+ x2“] = [b,a, b2a]

Therefore, aja + xia= bia and a2“ + x2“ = b2a 

Thus, xia = bia - aia and x2a = b2a - a2a 

But Xla < x2a

Hence, b,° - a,a < b2a - a2a.

Let a, P e [0, 1] be such that a < p.

Then pXeaX,

Thus, [x^, x2p] c [x,a,x2a]

Therefore, xi“ < xjp < x2p < x2a

Hence, bs“ - aia < biP - aiP < b2p - a2p < b2a - a2a

Conversely, suppose that conditions hold.
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Take xi° = bi° - a,“ and x2a = b2a - a2a 

Then [xi“, x2a] is an interval 

Choose “X = [xia, x2a]

Since PX c “X, for all a < P, {“X} is a nested sequence of intervals. 

Now ai“ + xia = bia and a2“ + x2“ = b2a 

Therefore, a(A + X) - aB, for all a e (0, 1]

Thus, A + X = B

Hence, X is a solution of A + X = B.

5.3 SOLVING A X = B

Now’ we discuss solution of the equation A • X = B, when fuzzy numbers A and 

B are known.

Theorem 5.3.1 [K2]: Let A and B be fuzzy numbers in 3+ and “A = [ai“, a2“], 

aB = [bi“, t^11] be a - cuts of A and B respectively. Then AX = B has a solution if and 

only if

i) b,'7aia < b27a2a, V a e (0, 1]

ii) a < P => b,a/aia< b,(Va,p < b2lVa2p < b27a2a 

Proof: Suppose that X is a solution of AX = B 

Let “X = [Xla, x2“] be a -cut of X.

Since AX = B, a(AX) = aB 

i. e. aA“X - aB

Thus,[a1a,a2a][x1a,x2a] = [b1a,b2a]

Since a,a > 0 and bja > 0, [aia xia, a2ax2a] = [b,a, b2“]
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Thus, aia x,a=b,°and a2“x2tt = b2“ 

i. e. xia = bi“/aiaandx2a = b2“/a2"

But xi“ < x2“

Hence, b,7a,a < b2a/a2a 

Let a < p. Then Px c aX.

Therefore, [xjP, x2p] c [xia, x2a]

i. e. xia < X]P < x2p < x2a

Therefore, bia/aia < biP/aiP < bzl^-z ^ b27a2a

Conversely, suppose that the conditions hold

Take x,“ = bi“/aia and x2“ = b27a2“

Thus, “X = [xia, x2a] is an interval

Since c “X, for all a < p, {aX} is a nested sequence of intervals

Now a,“x,a = bia and a2ax2“ = bz01

Therefore, aAaX = aB

i. e. a(AX) = aB

Hence, AX = B.

5.4 TRIANGULAR FUZZY NUMBERS

Definition 5.4.1 [Bi]: A frizzy number N: 3 -» I, is called triangular if, there exist real 

numbers ni < n2 < n3 such that

1) N(x) = 0, ifx £ (ni, n3)

2) N(x) = 1, if x = n2

3) N(x) is continuous and monotonically increasing from 0 to 1 on [ni, n2]

4) N(x) is continuous and monotonically decreasing from 1 to 0 on [n2, n3]
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This triangular fuzzy number is denoted as N - (ni| n2| n3).

Definition 5.4.2 [Bi]: Let N = (nj| n2| n3) be a triangular fuzzy number. Then

1) N > 0, if n, > 0

2) N > 0, if n, > 0

3) N < 0, if n3 < 0

4) N < 0, if n3 < 0

Proposition 5.4.3 [Bi]: Let N = (ni| n2| n3) be a triangular fuzzy number. Then for 

a e I an a-cut of N is given by aN = [nia, n2a] and hi“ = (n2 - ni), n2a = (n2 - n3), 

where n,a=^(n:a).

Proof: Consider the points A, B, C, D, E as A = (ni, 0), B = (n2, 1), C s (n3, 0), 

D = (ni“, a), E == (n2a, a)

Equation of line AB is: x - (n2 - m)y - ni = 0

Since D(ni“, a) Les on line AB, nia - (n2 - n5) a - ni = 0

Therefore, ni“ = ni + (n2 - ni) a

Similarly E(n2a, a) lies on BC gives, n2a = n3 + (n2 - n3) a 

Thus, a - cut of N is [n3 + (n2 - ni) a, n3 + (n2 - n3) a]

Differentiating nia and n2a with respect to a, we get ni“ - (n2 - ni), n2a= (n2 - n3).
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Theorem 5.4.4 [Ki]: If M and N are triangular fuzzy numbers, then so is M + N.

Proof: Let M = (mi| m2| m3) and N = (m| n2| n3).

Let “M = [m“, m2a] and “N = [n“, n2a] be a-cuts of M and N respectively.

Since, “(M + N) = aM + “N,

a(M + N) = [mi + a(m2 - mi), m3 + a(m2- m3)] + [ni + a(n2 - ni), n3 + a(n2- n3)]

= [(mi + ni) + a(m2 + n2 - mi - ni), (m3 + m3) + a(m2 + n2 - m3 - n3)]

For a = 0, °(M + N) = [mi + m, m3 + n3].

Let x e “(M + N). Then (mi + m) + a(m2 + n2- mi - m) < x and 

x < (m3 + n3) + a(m2 + n2 - m3 - n3)

a < [x - (mi + ni)]/[m2 + n2 - mi - ni] and a < (m3 + n3) - x]/[m3 + n3 - m2 - n2]

But 0 < a < 1

Therefore, 0 < [x - (mi + ni)]/[m2 + n2 - mi - m] < 1 and

0 < [(m3 + n3) - x]/[m3 + n3 - m2 - n2] < 1

Therefore, mi + m < x < m2 + n2 and m2 + n2 < x < m3 + n3

Thus, a < [x - (mi + m)]/[m2 + n2 - mi - ni], for mi + m < x < m2 + n2 and

a < [(m3 + n3) - x]/[m3 + n3 - m2 - n2], for m2 + n2 < x < m3 + n3.

Also M + N(x) = 0, for all x 0 (mi + nt, m3 + n3)

Hence, M + N is

(M + N) (x) = 0, if x a (mi + m, m3+ n3)

= [x - (mi + ni)]/[(m2+ n2) - (mi + m)], if mi + m < x < m2+ n2 

= 1, if x = m2 + n2

= [m3 + n3 - x]/[(m3 + n3) - (m2 + n2 )], if m2 + n2 < x < m3 + n3.

Now we discuss the solution of linear and quadratic fuzzy equations based on

triangular fuzzy numbers.
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Theorem 5.4.5 [Bj]: Let A = (ai | a2 | a3) and B = (bi | bz | b3) be triangular fuzzy 

numbers. If A + X = C, then X is triangular fuzzy number.

Proof: Let “A = [ai“, a2a], “C = [ci“, c2tt] and “X = [x,a, x2a] be a - cuts of A, C and X 

respectively.

Now “(A + X) = aC 

i. e. aA + aX - aC

Therefore, [a,“, a2a] +[x,a, x2“] = [c,a,c2a] 

i. e. [a,a+x10>a2a+x2a] = [c,a, c2a]

Thus, aia+ xia= ci“and a2“ + x2“ = c2a.

Hence, x,a = c,a - a,a and x2“ - c2a - a2a.

Therefore, x* = [ci + a (c2 - cj)] - [aj + a (a2 - aj)] 

and x2“ = [c3 + a (c2 - c3)] - [a3 + a (a2 - a3)]

i. e. x,a = (ci - ai) + a [(e2 - a2) - (ci - ai)] and x2a = (c3 - a3) + a [(c2 - a2) - (c3 - a3)] 

But “X = [xia, x2:i]

For a = 0, °X = [ci - au c3 - a3]

Therefore, X (x) = 0, for all x £ (cj - aj, c3 - as)

Let x e a X. Then x e [xia, x2a]

Therefore, (ci - aj) + a [(c2 - a2) - (ci - at)] < x 

and x < (c3 - a3) + a [(c2 - a2) - (c3 - a3)] 

a < [x - (ci - ai)/[(c2 - a2) - (ci - ai)] 

a < [(c3 - a3) - x]/[(c3 - a3) - (c2 - a2)]

But 0 < a < 1. Therefore 

0 < [x - (ci - ai)]/[ (c2 - a2) - (ci - at)] < 1 and 

0 < [(c3 - a3) - x]/[(c3 - a3) - (c2 - a2)] < 1 

Therefore, ci - ai < x < c2 - a2 and c2 - a2 < x < c3 - a3
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Thus, a < [x - (ci - ai)j/ [(02- a2) - (ci - ai)], for ci - ai < x < C2- a2 

and a < [(c3- a3) - x]/ [(c3- a3) - (c2- a2)], for c2- a2 < x < c3- a3

Hence, by Theorem 1.1.16,

X(x) = 0; if x g (ci - ai, c3 - a3)

= sup{a|a< [x-(ci-ai)]/[(c2-a2)-(ci-ai)],ci - ai < x <c2-a2. 

= sup { a / a < 1 }, x = C2-a2

= sup{a | a < [(c3- a3) - x]/ [(c3- a3) - (c2- a2)], for c2- a2 < x < c3 * a3 

X(x) = 0, if x g (ci-ai, c3-a3)

= [x - (cj - ai)]/ [(C2 - a2) - (ci - ai)],

= 1,

= [(C3 - a3) - x]/ [(c3 - a3) - (c2 - a2)],

if Ci - ai < x <c2- a2

if x = c2 - a2

if c2 - a2 < x < c3 - a3

Hence, X is a triangular fuzzy number.

Theorem 5.4.6 [Bi]: Let A = (ai | a2 | a3) and B = (bj | b21 b3) be triangular fuzzy 

numbers. An equation A + X = C has a solution X if and only if Ci - ai < c2 - a2 < c3 - 

a3.

Proof: Since A + X = C, “(A + X) = “C 

i.e. “A + aX = aC, by Theorem 5.1.4 

Thus, [a,a, a2a] + [ x,a, x2a] = [ c,a, c2a]

Hence, [a,a + x,a, a2“ + x2“] - [c,a, c2“]

Thus, a,“+ xi“= ci“ and a2a+ x2a - c2a 

Hence, xia = Cia - aia and x2 “ = C2a - a2a.

Since X is a triangular fuzzy number, xi < x2 < x3 and xi“ > 0, X2a < 0 

iff 1 (cia-a,a) >0 and ^ (c2a-a2a) < 0 

iff cia-aia > 0 and c2a-a2a<0
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iff C2-Ci> and c2-c3< a2 - a3

iff ci - ai < c2 - a2, and c2 - a2 < c3 - a3 

iff ci - ai < c2 - a2 < c3 - a3

Hence, the equation A + X = C has a solution iff Ci - ai < c2 - a2 < c3 - a3.

We now discuss solution of the fuzzy equation AX = C, when A, C are triangular 

fuzzy numbers and 0 g supp(A). i. e. either A > 0 or A < 0.

Theorem 5.4.7 [Bi]: (a) Suppose zero does not belong to the support of C. Then there 

exists a solution X to the equation AX = C if and only if

i) aic2> Cia2 and a3C2>c3a2, when A>0, C> 0.

ii) aic2< Cia2 and a3C2>c3a2, when A < 0, C< 0.

iii) a3c2> Cia2 and aiC2<c3a2, when A>0, C< 0.

iv) a3c2< cia2 and aic2>c3a2, when A<0, C> 0.

(b) Suppose zero belongs to the support of C (c2 = 0). Then there is a solution X if 

and only if zero belongs to the support of X (x2 = 0).

Proof: (a) Since AX = C, “(AX) = “C. 

i. e. “A“X = “C

Thus, [a,“, a2“] [xA x2“] = [ c,“, c2“], where “A = [a,“, a2a], aX = [x,a, x2a], 

aC = [c,°, c2a] are a-cuts of A,X and C respectively.

i. e. [min S, max S] = [ci“, c2“], where S = {a“ xi“, ai“ x2“, a2“ xi“, a2“ x2“} 

(i) If A > 0, C > 0, then X > 0 

Now [ai“ xi“, a2“ x2“] = [c,“, c2“]

Therefore, a,“ x,“ - c,“, a2“ x2“ = c2“

Hence, Xl“ = c,“ / a,“ , x2“ = c2“/ a2“.

Then x “ > 0 iff ai“ cja > c,a ai“



iffaia (c2“Ci)>cia (a2-a0

iff [ai + a (a2-ai)] (c2-ct) > [ci + a (c2-ci)](a2-ai)

iff ai (c2-ci)>ci (a2-ai)

iff ai c2 > ci a2

Similarly x “ <0 iff a3 c2 > C3 a2.

(ii) Suppose A < 0, C < 0 (X > 0)

Then [a,a x2a , a2ra x,a] = [ c,a, c2“]

Thus, xi“ = c2a / a2a ,x2a - c,“ / aia 

But x “ > 0 iff a2a c2a > c2a a2a. 

iff a2a (c2-c3)>c2“ (a2-a3)

iff [a3 + a (a2-a3)] (c2-c3) > [c3 + a (c2-c3)](a2-a3) 

iff a3(c2-c3)>c3(a2-a3) 

iff a3c2> c3 a2.

Similarly x “ <0 iff ai c2 < ci a2.

(iii) Suppose A > 0, C < 0 (X < 0)

Then [a2“ xia,aia x2a] = [Cla,c2a]

Thus, x,a = cia / a2a, x2a = c2a / a,a 

x “ > 0 iff a2a Cia > c,a a2a.

iff a2a (c2-ci)>cia (a2-a3)

iff [a3 + a (a2-a3)] (c2-d) > [ct + a (c2-ci)](a2-a3)

iff a3 (c2- Ci) > ci (a2- a3)

iff a3c2>cia2.

Similarly x “ < 0 iff ai c2 < c3 a2.

(iv) Let A < 0, C > 0 (X < 0)
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Then [a2“ x2“ , a,a x,a] - [ c,a, c2a]

Thus, xia = c2a/a,re ,x2a = c,u/a2a

x “ > 0 iff a,a c2a > c2a a,a.

iff aja {c2-c3)>c2a (a2-ai)

iff [ai + a (a2-a,)] (c2-c3) > [c3 + a (c2-c3)](a2-ai)

iff ai (c2-c3) > c3 (a2-ai)

iff ai c2 > c3 a2.

Similarly x “ < 0 iff a3c2 < Ci a2.

(b) Let 0 e supp (C). Then C(0) > 0.

So take c2 = 0

Since for X < 0 or X > 0 and A > 0 or A < 0, AX > 0 or AX < 0. 

But c2 = 0

Therefore let us assume that x2 = 0 

Now “AaX = aC

i.e. [a1a,a2a][x,a,x2a] = [c,a,c2a]

As c2 = 0, we ha\'e only two cases given below:

i) Suppose A > 0

[a2a xi“, a2a x2a] = [ Cla, c2a]

Therefore, x,a = cia / a2a, x2a = c2a/ a2a

Then x “ = [a2a c,a - c,a a2a]
(»2 f

Now a2a cja - cia a2a =a2“ (c2-ci)-ci“ (a2-a3)

= [a3+a (a2- a3)] (c2- ci) - [ci+a(c2-d)] (a2- a3)

= a3 (c2- ci) - cj (a2- a3)

= a3 c2 - ci a2 

= a3 (0) - ci (a2)
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= -c\&2 > 0 as ci <0

Therefore, x “ > 0

Now x “ = (l/a2)2(a2aC2a - kt)

But a2act“ - cj“ a2“ = a2a (c2 - c3) - c2a (a2 - a3)

= [a3 + a (a2 - a3>] (C2 - c3) - [c3 + a (C2 - c3)] (a2 - a3)

= a3 (c2 - c3) - c3 - (a2 - a3)

= a3C2 - c3 a2 

= a3 (0) - c3a2 

= - c3a2 < 0,

Therefore x2" < 0. 

ii) Suppose A < 0 

[a,aX2a, a,ax,a] - [c,a, c2“]

Thenx,a = C2a/a,a, x2a = c,a/aia 

Thus, xia = (1/ aja )2 [aia 02“ - 02“ aia]

But a,ac2a - c2aa,a = a,a (c2 - c3) - c2a (a2 - a,)

= [ai + a (a2 -ai)] (c2 - c3) - [c3 + a (c2 -c3)] (a2 - ai)

= ai (c2 - c3) - c3 (a2 - ai)

= aiC2 - c3a2 

= ai (0) - c3a2 

= - c3a2 > 0 

Therefore, xia > 0 

Similarly X2a < 0.

Now we will discuss fuzzy quadratic equations. Here onwards we assume that 

0 £ support of A. i. e. either A > 0 or A < 0.
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Theorem 5.4.8 [Bi]: Fuzzy numbers Xi > 0 and X2 - - Xi are solutions of AX2 - C if 

and only if

i) aiC2 > Ci a2 and a3 c2 < c3 a2, when A > 0, C > 0

ii) aic2 < cia2 and a3 c2 > c3a2, when A < 0, C < 0.

Proof: Set U = X2. Then U > 0 and AU = C.

Let Xi = VU> 0 and X2 = - Vu < 0

Now “(AU) = “C 

i. e. “AaU = “C

[aia. a2a] [u,a, u2“] = [c,“, c2a), where “A = [ai“, a2a], ttU - [u,a, u2a], aC = [Cla, c2“] 

are a - cuts of A, U and C respectively.

i) Suppose A > 0

Now [a,au,“ a2“u2a] = [cia, c2a]

Thus, u,a = cia/a“, u2a = c2a/a2a

Then there exist solutions iff ui“ > 0 and u2a < 0

iff a,a c,a > c,aa,a and a2a c2a < c2a a2a

iff aia (c2 - ci) > cia (a2 - aj) and a2a (c2 - c3) < c2a (a2 - a3)

iff [ai + a (a2 - ai)] (c2 - ci) > [ci + a (c2 - ci)] (a2 - ai) and

[a3 - a (a2 - a3)] (c2 - c3) < [c3 + a (c2 - c3)] (a2 - a3)

iff atc2 > cia2 and a3c2 < c3 a2. and a3 (c2 - c3) < c3(a2 - a3)

iff ajc2 > cia2 and a3c2 < c3a2

ii) Suppose A < 0, C < 0

Now [a,au2a,a2au1a] = [c1a, c2a]

Thenu,a = c27a21,u2a = c1a/a,a

Therefore, there exists a solution iff in01 > 0 and u2“ < 0.

iff a2ac2a > c2a a2a and a,ac,a < c,a a,a
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iff a2“ (c2 - c3) > c2“ (a2 - a3) and aja (c2 -Ci) < Ct“ (a2 - ai) 

iff [a3 + a (a2 - a3)] (c2 - c3) > [c3 + a (c2 - c3)] (a2 - a3) and 

[ai + a (a2 - aj)] (c2 - Ci) < [ci + a (c2- Ci)] (a2 - ai) 

iff a3 (c2 - c3) > c3 (a2 - a3) and a, (c2 - Ci) < ci (a2 - ai) 

iff a3c2 > c3a 2 and ai c2 < Cia2

5.5 EQUATIONS OF FUZZY COMPLEX NUMBERS

Throughout this section V stands for a set complex numbers.

Definition 5.5.1 £Bj, B2, B3, B4]: A fuzzy set X: V -> I is called a complex fuzzy 

number, if

i) X is continuous

ii) “X = {z e V | X(z) > a}, for 0 < a < 1 is open, bounded, connected and simply 

connected, for all 0 < a < 1

iii) ’X= (z e V | X(z) = 1 }is non-empty, compact, arc wise connected and simply 

connected

Definition 5.5.2 [B i, B2]: Let Xj and X2 be real fuzzy numbers. Define a fuzzy set 

X: V —» I by X(z) = min{ Xi(x), X2(y) }, where z = x + iy. Then X is a complex fuzzy 

number which we shall denote as X = Xi + iX2 and call it a rectangular complex fuzzy
jt-

number.

If A and B are crisp sets, then A + iB = {x + iy|xeA, y e B}.
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Theorem 5.5.3 [Bj, B2]: If X and Y are rectangular complex fuzzy numbers, then

i) “X - “X, + i “X2

ii) X + Y=(X1 + Y,) + i(X2+Y2)

iii) a(X + Y) = (aXi + aY,) + i(aX2 + a Y2)

Proof: Let X = Xi + iX2 and Y = Yi + iY2 be rectangular complex fuzzy number. Let 

z = x + iy, zi = xt + iyi and z2 = x2 + iy2 be complex numbers.

i) ze “X o X(z) > a 

o min{Xi(x), X2(y)} > a 

o Xi(x) > a and X2(y)}> a 

o x e aXi and y e “X2

<=> z - x + iy = “Xi + i(I(X2)

Hence, aX = cXi + ia(X2)

ii) X + Y (z) = sup {min{X(zi), Y(z2)}}
Z = Z] + z2

= sup {min{min{Xi(xO, x2(yi)}, min{Y,(x2), Y2(y2)}}
Z = Zi + z2

= min { sup { min{Xi(xi), X2(yi)}, min{Y!(x2), Y2(y2)}}
Z = Zi + Z2

= min{ sup {min{Xi(xi), Y^x^ }, min{ X2(y0, Y2(y2)}}
Z = ZI + z2

= min{ sup {min{Xi(xi), Yi(x2)}}, sup {min{ X2(yi), Y2(y2)}}} 
x = xi + x2 y = yi + y2

= min{ Xi + Yj(xi + x2), X2 + Y2(yi + y2)}

= min{ Xi + Yi (x), X2 + Y2(y)}

= (X, + Yi) + i(X2 + Y2) (z)

iii) z e a(X + Y) o X + Y (z) > a

o min{ Xi + Y, (x), X2 + Y2 (y)} > a
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o Xi + Yi (x) > a and X2 + Y2(y) > a 

o x e u( Xi + Yi) and y g “( X2 + Y2)

OX€(“X,+ aYi) and y g (“ X2 + “Y2)

O z = x + iy 6(“X,+ aY,) + i(a X2 + aY2)

Definition 5.5.4 [Bj]: Let R and 0 be real fuzzy numbers. Then a fuzzy set X: V -» I 

defined by X(reie) = min{R(r), 0(0)} is a complex fuzzy number. We shall denote 

X = X = Re,e and call it a polar complex fuzzy number.

Theorem 5.5.5 [Bi]: If X and Y are polar complex fuzzy numbers. Then

i) “X = “ Rx ei<f<0x)

ii) XY = (Rx Ry) ei(0x'°y)

iii) “(XY) = (aRx“Ry) eif<0x+of0y)

Proof: Let X = Rx ei0x, Y-Ryei9y, z = reie, z, = r,ei91 and z2 = r2ei02.

i) z g “X o X(z) > a 

o min{Rx(r), 0X(0)}> a 

o Rx(r) > a and 0X(0)> a 

or g a Rx and 0 g “ 0X

oz = rei0G “Rxei(V)

ii) XY (z) = sup (min{X(zi), Y(z2)}}
z = Z]Z2

= sup {min{min{Rx(rO, 0x(0i)}, {min{Ry(r2), 0y(02)}}
z = ZiZ2
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= min{ sup {min{Rx(ri), 9x(0i)}, min{Ry(r2), 0y(02)}}}
Z = ZiZ2

= min{ sup {min{Rx(ri), Ry(r2) }, sup {min{ 0x(0i), 0/62)}}} 
r = rir2 0 = 0i + 02

= min{ RxRy(rjr2), 0X+ 9y(9)}

= (Rx Ry) ei(0x+0y)(reie)

iii) z e “(XT) o e XY(z)> a

<=> (Rx Ry) ei(0x+6y) > a

o min {Rx Ry( r), 0X+ 0y(0)} > a

<=> Rx Ry{ r) > a and 9X+ 0y(9) > a

o r € a( Rx Ry) and 0 e “(0X+ 9y)

oz= re'0 e w(Rx1ly)e1 (1jx,")y)

A fuzzy complex number X is neither rectangular complex fuzzy number nor 

polar complex fuzzy number, if the equation contains both multiplication and addition.

If the equation contains only additions and/or subtractions and all parameters are 

rectangular complex fuzzy numbers, then X is also a rectangular complex fuzzy 

number.

If the equation only multiplication and all the parameters are polar complex fuzzy 

numbers, then X is also a complex fuzzy numbers.
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Theorem 5.5.6 [Bi]: If A + X = C is fuzzy equation where A, C are rectangular 

complex fuzzy numbers and X is a complex fuzzy numbers, then Ai + Xj = Q, i = 1, 2.

Proof: Let A = Ai + iA2, C = Ci + iC2 and X = Xi + i X2.

Then A + X = C gives (Ai + iA2) + (Xj + i X2) = Ci + iC2

Therefore, (Ai + Xj) + i(A2 + X2) = Ci + iC2

Thus, Aj + Xi = Ci and A2 + X2 = C2

Theorem 5.5.7 [Bi]: Let A and C be rectangular complex fuzzy numbers. Then the 

equation A + X = C has a solution X, a rectangular complex fuzzy numbers iff the 

equation A; + X; = C; have solution X;, i = 1,2.

Proof: Let A = Ai + iA2, C = Ci + iC2 and X = Xi + i X2.

Suppose A + X = C has a solution X, which is a rectangular complex fuzzy number.

Since A + X = C, (Ai + iA2) + (X, + i X2) - C, + iC2

Therefore, (A, + X,) + i(A2 + X2) = C, + iC2

Thus, A, + Xi = Ci and A? + X? = C2

Conversely suppose Xi is a solution of A; + X; = Cj, i = 1, 2

Therefore, Ai + Xi = Ci and A2 + X2 = C2

Thus A + X = (A, + iA2) + (X, + i X2) = (Ai + X,) + i(A2 + X2) = Ci + iC2= C 

Hence, X is solution of A + X = C.
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Theorem 5.5.8 [Bj]: If AX = C is a fuzzy equation, where A and C are polar complex 

fuzzy numbers and X is a complex fuzzy number, then Ra Rx - R« and 0a+ 9X = 0C-

Proof: Let A = R^03, C = FLe^and X = Rxei0x.

Then AX = C gives Ra ei0a Rx eiGx = R* ei0c

Therefore, Ra Rx e‘(Ga ‘0x) = R* el0c

Hence, Ra Rx = Rc and 0a+ 0X = 0C.

Theorem 5.5.9 [Bi]: The equation AX = C has a solution X, a polar complex fuzzy 

number if and only if

i) Rg RX — Rc has a solution for Rx

ii) 0a+ 0X = 0c has a solution for 0X.

Proof: Let A = Raei0a, C - Rcei0cand X = Rxei0x.

Suppose the equation AX = C has a solution X, a polar complex fuzzy number.

Taking a-cuts of both sides “(AX) = aC 

i. e. aA“X = “C

Thus “(Raei0a) “( Rxei0x) = “( Rcei0c)

Therefore, “(Ra Rx) e^(0at 0x) = aRce^0c 

Thus, “(RaRx) = “Rc and “(0a+ 0X) - “(0C)

Hence, Ra Rx = Rc and 9a+ 9X - 9C-
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Conversely Ra Rx = Rc and 9a+ 9X = 9C.

Then AX - Raei0a Rx ei0x = Ra Rx e‘(,)a+ 0x) = Rcei0c = C

Hence X is solution of AX = C.


