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CHAPTER 5 EQUATIONS OF FUZZY NUMBERS

In this chapter we study real and complex fuzzy numbers and discuss fuzzy
equations of these numbers. Necessary and sufficient conditions for the existence of

the solutions are given.
5.1 FUZZY NUMBERS

In this Section we define fuzzy numbers and discuss the existence of solutions of

linear equations based on fuzzy numbers.

Definition 5.1.1 [K,, K;]: Let A = [ay, a;] and B = [b,, b,} be any two closed bounded
intervals. Then

1)A+B=[a; +by,a+ by

2)A-B=[a;—by, a;—by]

3) AB =[a, b}, where a = min{a;b;,a;by,a2b1,a2b2} and b = max{a;bi, aibs, azby, azbs}
4) A/B = [a, b], wherea = min {ﬁ, 4 4 fz-}and b = max {f’-‘- 4 4 f-’i},
2

if0gB
5) -A= [-32, -a;]

6) 1/A =[1/az, 1/a;],if 0 ¢ A.

Definition 5.1.2 [Ko]: A fuzzy set A: 3 — I is a fuzzy number, if
1) Ais a normal fuzzy set
2) *Aisaclosed interval, V a € (0, 1]

3) Support of A is bounded set.
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Remark 5.1.3: 1) It is obvious that fuzzy numbers may or may not have cortinuous

membership functions.

2) Some authors [K;, K;] call fuzzy numbers with continuous membership functions

as continuous fuzzy numbers.
3) Throughout this chapter we consider fuzzy numbers with continuous membership

functions.

Theorem 5.1.4 [K;]: Let A, B be two fuzzy numbers and * € {+, -, -, /}. Define
A*B:3 [0, 1]as follows:

A*B(z)= Sup {min {A(x), B(y)}}, forallz e 3

z=x%*y
Then*(A*B)="A*“B,a eI

Proof: Proof of this theorem can be found in [K5].

Theorem 5.1.5 [K,]: Let A, B be two fuzzy numbers and * € {+,-,-,/}. Then A * B
is a fuzzy number.

Proof: Proof of this theorem can be found in [Ka].

Remark 5.1.6: Real numbers and real intervals are special cases of fuzzy numbers.

5.2 SOLVING A+X=B

Now we discuss solution of the equation A + X = B, when fuzzy numbers A and

B are known. Following example shows that X = B — A need not be a solution.
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Example 5.2.1 [K;]: Let A = [a;, a;] and B = [b;, by} be two fuzzy numbers. Then
X = B - A need not be a solution of A+ X =B.

Solution: Since, A+ (B - A)=[a;+ by -as, a2+ by -a;] #B.

Theorem 5.2.2 [K;]: Let A and B be fuzzy numbers. Let o - cut of A be
*A = [a;°, a,"] and that of B be *B = [b;%, b:"]. Then A + X = B has a solution if and
only if

) b“-a" < b ay’, foreverya e (0, 1]

i)a<B=b"-a" < bf-af<blf-a’<b-a"

Proof: Suppose that A + X = B has a solution X.

Let “X = [x1%, x2"] be a - cut of X.

Since, A+X=B,%A+X)="B

Thus, “A +*X =B

Therefore, [a1%, a,"] + [x)%, x2"] = [b1% by"]

i e [ar" =~ x% a2+ x"] = [b1%, b"]

Therefore, a;* + x;* - b1* and a,* + x;* = by*

Thus, x;” =b;* - a;% and x,* = b” - a,°

But x;* < x,*

Hence, b;” - a;” <by* - ax”.

Let o, B € [0, 1] be such that a < B.

Then "X c °X,

Thus, [x:*, xP] < [x1%x2"]

Therefore, x,* < x;? < x® < x,*

Hence, by* - 2, < b’ - a,P < b,% - a,° < b,* - a,®

Conversely, suppose that conditions hold.



Take x;” = b;” - a;" and x,” = b," - a”

Then [x,%, x2°] is an interval

Choose “X = [x1%, x2°]

Since X < ®X, ferall o < B, {“X} is a nested sequence of intervals.
Now a;* + x;% = b;® and ay” + x” = by*

Therefore, “(A + X) =B, forall a € (0, 1]

Thus, A+X=B

Hence, X is a solution of A + X = B.
5.3SOLVING A-X=B

Now we discuss solution of the equation A - X = B, when fuzzy numbers A and

B are known.

Theorem 5.3.1 {K,]: Let A and B be fuzzy numbers in 3" and *A = [a,%, a,"],
“B = [by”, by"] be o - cuts of A and B respectively. Then AX = B has a solution if and
only if

i) b"/a;” < b,Yay”, V a € (0, 1]

i) o < B = b™a:* < biPa,® < b/’ < byYa®

Proof: Suppose that X is a solution of AX =B

Let “X = [x;*, x2*] be o -cut of X.

Since AX = B, %(AX) = °B

i.e. "A"X="B

Thus, [a,%, a,"] [x1°, x2°] = [b1", b2"]

Since a1°‘ >0 and b]u > 0, [al" X1a, aquZa] = [b]u, bza]
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Thus, a;* x;*=b;"and a;"x;" = by"
i e. x;" =b;*/a;" and x," = by" /a,"
But x;* < x”
Hence, b;%/a;* < by*/ay"
Let o < . Then FX c *X.
Therefore, [x:%, x2"] ¢ [x1%, x2°]
e x®<xP<x? <x”
Therefore, b;™/a;* < bi’/a;” < bf/a,” <b,%/a*
Conversely, suppose that the conditions hold
Take x;* = b*/a;" and x," = by"/a,"
Thus, *X = [x%, x”] is an interval
Since PX < *X, for all a < B, {*X} is a nested sequence of intervals
Now a;%x;” = by” and a;"x” = by"
Therefore, *"A“X = °B
i e. (AX) = “B

Hence, AX = B.

5.4 TRIANGULAR FUZZY NUMBERS

Definition 5.4.1 [B,]: A fuzzy number N: 3 — I, is called triangular if, there exist real
numbers 11 < ny < ns such that

DN(x)=0,ifx ¢ (n;, n3)

OINE)=1,ifx=n

3) N(x) is continuous and monotonically increasing from 0 to 1 on [ny, n;]

4) N(x) is continuous and monotonically decreasing from 1 to 0 on [n, n3]
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This triangular fuzzy number is denoted as N = (nj} ny| n3).
Pefinition 5.4.2 [B;]: Let N = (| ny| n3) be a triangular fuzzy number. Then
1) N > 0, if n; 20
2) N > 0, if n>0
) N <0, if n3 <0

4) N < 0, if n3

IA
[}

Proposition 5.4.3 [B]: Let N = (ni| no| n3) be a triangular fuzzy number. Then for
o € I an a-cut of N is given by °N = [n,% n,*] and 0® = (nz - my), 2" = (n - m3),
where 01” = & (n;%).

Proof: Consider the points A, B, C, D, E as A = (n, 0), B = (m, 1), C = (n3, 0),
D =(m% a), E = (", a)

Equation of line AB is: x - (nz - ny)y-m =0

Since D(n;%, o) Lies on line AB, n;* - (nz-n;) o -ny = 0

Therefore, m;” =n; + (np - ny)

Similarly E(ny*, a) lies on BC gives, ny" = n3 + (nz - n3) o

Thus, o - cut of N is [y + (n2 - my) @, n3 + (nz - n3) a

Differentiating n," and n," with respect to o, we get n® = (g - ny), D™= (3 - m3).

A

1t

0 nm nj ny nza n;
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Theorem 5.4.4 [K,]: If M and N are triangular fuzzy numbers, then so is M + N.

Proof: Let M = (my] my] m3) and N = (nq] ng| m3).

Let °M = [m;®, m;*] and “N = [n{%, "] be a-cuts of M and N respectively.

Since, M +N) ="M +“N,

M +N) = [my + a(my - my), m3 + a(mz - ms)] + [y + a(nz - my), n3 + oz - n3)]

= [(m;+ n1) + a(my + nz - my - 1), (M3 + m3) + o(mz+ np - m3 - n3)]

For =0, °(M + N) = [m;+ 1y, m3+ n3}.

Let x € (M + N). Then (m; + ny) + a(mz+ n2- m; - ny) < x and

X £ (m3+ n3) + o(my+ n2- ms- n3)

o <[x-(m+n))/[mz+ nz-my-n] and o < (M3 + n3) — x}/[ms+ nz - mz - 0z}

ButO0<a<l

Therefore, 0 < [x - (m; + n)}/[mz+ nz- my - ny] < 1 and

0 < [(ms+ n3) —x}/[m3+ n3- mp-m} <1

Therefore, m;+n; < x <mp+mand my +np;<x <m3+n3

Thus, a < [x - (my + ny)}/[mz+ nz - my - ny], for my+ n; < x <my+ ny and

o £ [(m3 + n3) — x}/[m3+ n3 - mz- nz), formp+ N < x <m3+ ns.

Also M +N(x) =0, forallx ¢ (m;+ ny, ms+ n3)

Hence, M + N is

(M+N) (x)=0, if x ¢ (m;+mn, mz+ n3)
=[x - (m + n)J/[(mz+ nz) - (m+ )], ifm+m<x<me+
=1, ifx=my +ny

=[ms+ n3— x}/[(m3+n3) - (m2+nz)], if m+ny; <x<mz+ns.

Now we discuss the solution of linear and quadratic fuzzy equations based on

triangular fuzzy numbers.
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Theorem 5.4.5 [B,]: Let A = (a; | a2| a3) and B = (b | bz | b3) be triangular fuzzy
nurbers. If A + X = C, then X is triangular fuzzy number.
Proof: Let “A = [a,%, a°], *C = [¢1°, ¢2"] and “X = [x;°, x2"] be a - cuts of A, C and X
respectively.
Now %A + X) = °C
Le "A+%X=°C
Therefore, [a;”, 2" +[x1"%, x2*] = [¢1%,¢2”]
Le [a"+x1% a™ + x"] = [¢1%, ¢2%]
Thus, a;” + x;* = ¢;*and a,* + xo" = ¢,
Hence, x;% = ¢;% - 31" and x* = ¢,” - a,™.
Therefore, x;” = [¢; + a (c2 - ¢1)] - [a1 + o (a2 - a;)]
and x;” = [c3 + a (c2 - ¢3)] - [a3 + & (a2 - a3)]
e xi®=(cr-a) +o[(c2-a) - (1 —a)] and x* = (c3 — as) + o [(cz - @) - (C2 — a3)]
But “X = [x;%, x2°]
Fora =0, °X =[c; - ay, c3 - a3]
Therefore, X (x) =0, for all x ¢ (¢; - aj, ¢3 - a3)
Letx € * X. Then x € [x;", x2°]
Therefore, (c1-a1) + o [(c2-a2) - (¢1 - a1)] <£x
and x < (c3 - as) + o [(c2 - a3) - (¢3 - a3)]
a<[x-(c1-a)/[(c2-az) - (c1 - a1)]
o < [(c3 - as) - x]/[(cs - a3) - (c2 - @2)]
But 0 < a < 1. Therefore
0 <[x-(ci-a)[(c2-az)-(ci-a))] <1 and
0 <[(c3-as)-x][(cs-a3)-(c2-a2)] <1

Therefore, ci-a; <x<cz-azand cy-ay < x <c3- a3
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Thus, a0 <[x~-(c1-an}/ [(cz-az)-(c1-a)], for ci-a1€ x € cz2-a2
and o <[(c3-a3)-x)/[(cs-a3z)-(c2-ar)}, forcz-a < x £ ¢c3-a3
Hence, by Theorem 1.1.16,
X(x)=0;if x ¢ (c1-a1, c3-a3)

=sup{a | a < [x-(c1-a)) [(c2-az)- (c1—a],c1- a1 £ X <c2-ap.

=sup { o/ a < 1},Xx = ca-a2

=sup{a | <[(c3-a3)-x])/[(c3-a3) - (c2- a2)], forcz- a2 < x < ¢c3-a3
X(x) =0, if x ¢ (c1-a1, c3-a3)

=[x -{c;- a1}/ [(c2- az)- (c1—a1)], ifc;- a1 € x £¢c-az

=1, if x = cp-ay

=[(c3-a3)-x])/ [(c3-a3) - (c2-az)], ifcr-ar £ x < c3-a3

Hence, X is a triangular fuzzy number.

Theorem 5.4.6 [B;]: Let A = (a; | az| a3) and B = (b; | bz | bs) be triangular fuzzy
numbers. An equation A + X = C has a solution X if and only if ¢; - a; <cz - a3 <¢3 -
as.

Proof: Since A +X =C, A+ X) =°C

ie.*A + “X = °C, by Theorem 5.1.4

Thus, [a,% a"] + [ X% %" =[ 1% ¢2]

Hence, [a," + x;%, a2” + x2°] = [¢17, ¢2°]

Thus, a;"+ x= ¢;* and a" + x," = ¢*

Hence, x;°=¢"- 21" and x*=¢)* - ax™

Since X is a triangular fuzzy number, x; < x» < x3 and x;* > 0, X,* <0

iff & (c*-a”) >0 and & (c2*-a") <0

. . . P [
iff ¢i*-a* > 0 and ct-at <0
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iff C2-C1 > ap-ag, and c2-C3 < 4z~ as
iff c;-a1< c2-az and cy-a; < C3-a3
iff c1-a;<cz-a< c3-as

Hence, the equation A + X = C has a solution iff ¢;-a; <cz-a<c3 - as.

We now discuss solution of the fuzzy equation AX = C, when A, C are triangular
fuzzy numbers and 0 ¢ supp(A). i. e. either A> 0 or A <0.
Theorem 5.4.7 [B,]: (a) Suppose zero does not belong to the support of C. Then there
exists a solution X to the equation AX = C if and only if
i)y aicy> ciaz and asco >cza, when A>0, C> 0.
i) acy< cja; and asc; >csa,, when A<0, C<O.
ili) asco> cjap and ajcz <csap, when A>0, C< 0.
iv) asca< cjap and ajcr >c3a;, when A<0, C> 0.
(b) Suppose zero belongs to the support of C (¢2 = 0). Then there is a solution X if
and only if zero belongs to the support of X (x; = 0).
Proof: (a) Since AX =C, “(AX) =*C.
ie. TA"X =°C
Thus, [a;%, 22" [x1% x27] = [ &1%, 2], where A =[a,%, a,"], *X =[x{% x"],
“C =[c,% ¢2"] are a-cuts of A, X and C respectively.
i. e. [min §, max S] = [ci% "], where S = {a;" x,*, a;* %%, a® x1*, &" %%}
(i) IfA>0,C=20,then X 20
Now [a1* x1%, a2” x2*] = [¢1%, €2%]
Therefore, a;” x,° = ¢;%, 2" x2* = ¢,*
Hence, x" =¢i* /a,” , x*= o .

Then x ¢ > 0iff a,%¢,* > c* a,°



iffa;* (c2—c1)> 1" (az-ay)

iff [a; + o (a2-a1)] (c2-c1) > [c1 + a (ca-c1)](ar-an)
iff a; (cz—c1)>cy(az-ay)

iff ajc2>cra

Similarly x § <0 iffasco>c3a;.

(ii) Suppose A<0,C<0(X = 0)

Then [a;* x2* , a2" x,%] = [ ¢2”]

Thus, xi1=¢* /2" , x2" = o/ a,”

But x & >0 iff a® & >c* &%

iff a," (cz2- c3)> ¢ (az- a3)

iff [as + o (az-a3)] (c2-c3) > [c3 + a (c2-c3)](a2-a3)
iff a3 (cz2-c3)>c3(az-as)

iff azcy>csa.

Similarly x 5 <0 iff ajcz<cjas.

(iii) Suppose A>0,C <0 (X <0)

Then [a;," x;%, 2" %] = [ ¢ "]

Thus, x;* =¢,* / &%, x2" =¢o* /a*

X% >0 iff a® &% >ce” a

Hf a* (c2-c1)>er” (az- a3)

itf [a; + a (az-a3)] (c2-¢1) > [c1 + a (c2-¢1)](az-a3)
iff a3 (c2-c1)>cy (az-as)

iff azcy>cpan

Similarly x § <0iff ajc; <c3as.

(iv) Let A<0,C 20 (X <0)
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Then [a" x2*, a" x:T = [ & 2]

Thus, x;* = ¢*/a;" , %" = ¢/ /"

x>0 iff a® &> art

iff a;” (cz-c3)> ¢ (az-ai)

iff [a; +a(az-a)] (cc3) > s+ a (cz—c;,)}(_az-a,)
iff a;(c2-c3)>cs(az-ar)

iff ajca>csan

Similarly x ; <0iff azcz<cjan.

(b) Let 0 € supp (C). Then C(0) > 0.

Sotake ¢co=0

Since for X <0orX>0and A>00rA<0,AX2 0Oor AX < 0.

Butc; =0

Therefore let us assume that x; =0

Now *A’X = “C

Le [a” a"] [xi% x"]=[¢1" "]

As ¢; = 0, we have only two cases given below:
i) Suppose A> 0

[a2” x% & %"1=[c"

Therefore, x1* = ¢;* / a” , x2* = 2/ a”

Thenx | = ( L e &% - o &7

o f
Now a2® ¢1* - ¢,% 8% =a,* (C2-¢1) - ¢&1* (a2~ a3)
= [asta (az2- az)] (c2- ¢1) - [erta(ca-c1)] (a2- a3)
=as (c2- ¢1) - €1 (a2~ az)
=aszCz2 ~Ci a

=a3(0) -c1(az2)

80
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=-¢cja; > Qasc; <0

Therefore, x { >0

Now x § = (1/a2)"(a2°C2" - o &%)

But a,"¢y* - 6" a* = as0t (Cz - €3) - €2 (az - a3)
= [as + ot (@2 - a3)] (c2- ¢3) - [c3 + @ (c2 - €3)] (a2 - a3)
= a3 (Cc2-¢3)-c3-(a2-as)

= asCz-C3z az

= a3 (0) - C3ay

=-c3a2<0.

Therefore X;* < C.

if) Suppose A <0

[a1"x2%, a1™x1"] = [c1%, ¢27]

Then x;* = ¢,%/a;*, x2* = ¢;%a,*

Thus, Xi* = (1/ a;* )* [a," &2* - ¢2* &,%]

But a;%¢:% - c%ar™ = a;" (ca - ¢3) - &2* (a2 - 1)
= [ar +a (az -a1)] (c2 - ¢3) - [e3 + o (2 -¢3)] (a2 - a1)
=ay(c2-¢3)-c3(az-ar)

= a1C2 - C3a&2

= a1 (0) - csa;

=.c3a;>0

Therefore, ;q“ >0

Similarly x,* < 0.

Now we will discuss fuzzy quadratic equations. Here onwards we assume that

0 ¢ support of A. i. e. either A> 0 or A <0.
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Theorem 5.4.8 [B;]: Fuzzy numbers X, > 0 and X; = - X, are solutions of AX*=Cif
and only if
iyajco>crazand azc; <czaz, whenA>0,C20
i) ajc2 < €132 and a3 ¢z > ¢33y, when A <0, C<0.
Proof: Set U= X Then U >0and AU=C.
Let X; =YU>0and X, =-VU <0
Now *(AU) =*C
ie "A"U="C
[a:% 22" [wi”, w] = [c1", 2], where “A = [a,%, a;"], “U = [u/%, w”], *C = [¢1%, ]
are a. - cuts of A, U and C respectively.
i) Suppose A> 0
Now [a;"u1%, a2"ux"] = [¢1”, %]
Thus, u* = ¢;%a-%, u* = c,%a,"
Then there exist solutions iff 1;* > 0 and U,* < 0
iffa,” ¢, > ¢,%a® and a,* &% < ¢” a®
.iﬂ’al“ (c2-c¢1)>c1” (a2 - ar) and a;" (cz - €3) < ¢ (a2 - a3)
iff fas + ¢ (@2 - a)] (c2-¢1) > [c1 + a (c2 - ¢1)] (az - a;) and
(a3~ o (a2 - a3)] {c2 - ¢3) <[c3 + o (C2 - ¢3)] (a2 - @3)
iff ajcz > ¢1a;2 and asc; < c¢;3 a;. and as (cz - ¢3) < ¢3(az - a3)
iff aic; > cjaz and asc; < cia;
ii) Suppose A<(,C<0
Now [a,* ua”, 2" w;”] = [¢1%, 2]
Then uy” = ¢;%ax”, ux* = ¢,*/a;”
Therefore, there exists a solution iff i;® > 0 and 1, < 0.

. L4 '] »
1ﬂ‘.'ag“cz°‘ > Cza az" and a;“c;“ < C]Q é)a
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iff 2, (c2 - €3) > ¢2” (a2 - a3) and a;” (¢ -¢1) < ¢1” (a2 - a1)
iff [as + o (a2 - a3)] (c2 - ¢3) > [c3 + & (€2 - ¢3)] (a2 - a3) and
[a1 + a (a2 - an] (c2 - ¢1) <[c1 + a (c2- ¢1)] (a2 - ay)
iff a3 (cz - c3) > ¢3 (a2 - a3) and a; (2 - ¢1) <c1 (az - ay)

iffazcy > csa 2 and ay ¢ <c¢jaz

5.5 EQUATIONS OF FUZZY COMPLEX NUMBERS

Throughout this section V stands for a set complex numbers.

Definition 5.5.1 [B;, B,, B3, B4]: A fuzzy set X: V — 1 is called a complex fuzzy
number, if

i) X is continuous

i) *X={zeV | X(z) > a},for 0 <o <1 isopen, bounded, connected and simply
connected, forall 0 <a <1

iy 'X={ze V | X(z) = 1}is non-empty, compact, arc wise connected and simply

connected

Definition 5.5.2 [B,, B;]: Let X; and X; be real fuzzy numbers. Define a fuzzy set
X: V — 1 by X(2z) = min{ Xi(x), Xa(y) }, where z=x + iy. Then X is a complex fuzzy
number which we shall denote as X = X, + iX; and call it a rectangular complex fuzzy

number.

If A and B are crisp sets, then A+iB={ x+iy|x € A,y € B}.
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Theorem 5.5.3 [B;, Bz]: If X and Y are rectangular complex fuzzy numbers, then
i) *X="X;+i%K,

i) X+Y=(X;+Y)+i(Xa+Yy)

i) (X +Y)=(X;+%Yy) +i(*X2+“Y2)

Proof: Let X =X, +iX;and Y =Y, + iY; be rectangular complex fuzzy number. Let
z=Xx+1y, z; = x; + iy, and z; = x, + 1y; be complex numbers.

ze“X ©X(z)>a

< min{Xy(x), Xa(y)} > o

> Xi(x) > aand X5(y)}> o

o xe Xjandy € “Xs

o z=x+iy £ "X, +i%(Xy)

Hence, °X = “X; +i%(X2)

i) X+Y(z)= sup {min{X(z1), Y(z)}}
Z=z21+ 2

= sup {min{min{X(x1), X2(y1)}, min{Yi(x2), Ya(y2)}}
z2=21+ 23

=min { sup { min{X;(x1), Xa(y1)}, min{Y(x2), Y2(y2)}}
z=21t )

=min { sup {min{Xi(x1), Yi(x2) }, min{ Xa(y1), Ya(y2) }}

z=z1+ 23

=min{ sup {min{Xi(x1), Yi(x2)}}, sup {min{ Xa(y1), Yo(y2) }}}
X = X1+ X; Y=Yity2

=min{ X; + Yi(x1 + x2), X2 + Yao(y1 + y2)}
=min{ X; + Y1 (x), X2+ Y2(y)}

= X1+ Y1) Ti(X2+ Y2) (2)

i) ze(X+Y)oX+Y(@)>a

= mm{ Xi+Yy {X), X2+Y: (y)} >a
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S XitYix>aand Xo+ Ya(y) > a
& xe!(Xi+Y)andy € Y Xa+Y2)
< xe(®*Xi+%)andy € (“ X2 +%Y>)

< z=x+iy € (“Xi+ V) +i(* Xo+ *Y2)

Definition 5.5.4 [B,]: Let R and 6 be real fuzzy numbers. Then a fuzzy set X: V — |
defined by X(reie) = min{R(r), 6(8)} is a complex fuzzy number. We shall denote

X=X=Re“andcallita polar complex fuzzy number.

Theorem 5.5.5 [B,]: If X and Y are polar complex fuzzy numbers. Then
) °X = ® Ry (™

if) XY = (R R,) @ ¥

i) “(XY) = R ) ei("ax +%0y)

Proof: Let X =R,e™™ Y = Rye 9 z=re® z; = 11® and z; = r,e*>.
) ze XXz >a

<> min{Ry(r), 6(8)}> a

<> Ry(r) > a and 64(6)> o

<r e “Reand® e 6y

oz=rePe *R, e o

i) XY (z)= sup {min{X(z1), Y(z2)}}

Z=242p

= sup  {min{min{R.(r1), 6,(61)}, {min{Ry(r2), 0,(62)}}

Z= 212y



=min{ sup {min{Ry(r1), 0(01)}, min{Ry(r2), 05(02)}}}
Z = 2122

=min{ sup {min{R«(r),Ry(rz)}, sup  {min{ 6(61), 6y(62)}}}
r=rih 9:91+92

= min{ RyRy(rir2), O+ 0,(0)}

—_ (Rx Ry) ei(9x+ Qy)(reiﬁ)

i)z e “XY)<= e XY(z)>a

& (RyRy) "% > o

<> min {Rx Ry( 1), 0x+ 6,(6)} >

< Ry Ry(r)>a and 6,+ 64(0) > a

ore Y(ReRy)and 6 € “(64+6y)

, < L
oz= e e (RyR)e ™
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A fuzzy complex number X is neither rectangular complex fuzzy number nor

polar complex fuzzy number, if the equation contains both multiplication and addition.

If the equation contains only additions and/or subtractions and all parameters are

rectangular ccmplex fuzzy numbers, then X is also a rectangular complex fuzzy

number.

If the equation only multiplication and all the parameters are polar complex fuzzy

numbers, then X is also a complex fuzzy numbers.
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Theorem 5.5.6 [B;]: If A + X = C is fuzzy equation where A, C are rectangular

complex fuzzy numbers and X is a complex fuzzy numbers, then A; + X; = C;, i=1, 2.

Proof:LetA=A1+iA3,C=C1+iC2andX=X1+iX2.

Then A+X=C giVCS (A1+iA2)+(X] +iX2)=C1 +1iC,

Therefore, (A; + X)) + (Az + X3) =C; +iCs

Thus, A; + X;=Cyjand Ay + Xy = C,

Theorem 5.5.7 [B;]: Let A and C be rectangular complex fuzzy numbers. Then the
equation A + X = C has a solution X, a rectangular complex fuzzy numbers iff the

equation A; + X; = C; have solution Xj, 1=1, 2.

PI’OOftLetA:Al'{’iAz,C:C]+iC2&ﬂdX=X1+iX2.

Suppose A + X = C has a solution X, which is a rectangular complex fuzzy number.

SiﬂCeA"f‘X:C,(A1+iAz)+(X1+iX2)=C1+iC2

Therefore, (A; + Xl) + I(Ag + Xz) = C1 + 1C2

ThuS, A+ Xy=Ciand Ay + X3 =C,

Conversely suppose Xiis a solutionof A; + X;=C;,i=1,2

Therefore, A; + X1 =Cyand Ay + X;=C;

ThUSA+X=(A1 +iAz)+(X1 +iX2):(A1 +X1)+i(A2+X2)=C1+iC2:C

Hence, X is solution of A+ X =C.
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Theorem 5.5.8 [B;]: If AX = C is a fuzzy equation, where A and C are polar complex

fuzzy numbers and X is a complex fuzzy number, then R, Rx = R; and 8.+ 6x = ..
Proof: Let A = R,e™™ C=R.e®and X = Ree™™

Then AX = C gives R,e '™ Rye ™ =R.e ™

Therefore, R, Rye' @9 =R e

Hence, Ry Rx = Rc and 0,+ 6, = 6..

Theorem 5.5.9 [B]: The equation AX = C has a solution X, a polar complex fuzzy

number if and only if

i) Ra Rx = R¢ has a solution for Ry

if) 6.+ O = O has a solution for 6.

Proof: Let A=Rae™™, C=R.e*and X = Rse™™.

Suppose the equation AX = C has a solution X, a polar complex fuzzy number.
Taking a-cuts of both sides *(AX) = “C

iLe “AX="C

Thus “(Rae ™) % Ree ™) = % Ree ®)

Therefore, *(Ra Ry ei‘({e‘” ™ =Re oo

Thus, “(RaRy) = *Re and “(0,+ 6x) = *(6.)

Hence, R, Ry =R and 6,+ 64 = 6..



Conversely Ry Ry = R and 0,+ 64 = 6.

Then AX = Raei()a Rxei()x: R, Rxei(()"+0")=R¢eiGC= C

Hence X is solution of AX = C,
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