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SOME PROPERTIES OF UNIVALE MT

FUNCTIONS WITH NEGATIVE
I

COEFFICIENTS

ABSTRACT

Let S denote the class of normalised univalent functions 

f defined on the unit disk E = £z: Jz |«£1 } having Taylor 

series expansion of the form
oo

f (z) = z + 52 an zn.
2

Recently Kulkarni-Thakare f behave introduced the new 

subfamily of Univalent functions, S («* , in E,

satisfying the condition,

zf‘/f - 1

r 2 ^ (zf 7f -«) - (zf'/f -1 5L.

Where p C (0,1 ], , 0 4 < < 1/2$. In

this chapter, we obtain several interesting different results 

of S (o< ,p, on the lines of Silverman H» ^

Sarangi - Uralegaddi, [7 3 and Gupta [2 ] .



We also obtain very nice results for the new subfamily 
D of univalent functions introduced by f5j .

£we have adopted the letter K to denote the class of 

convex functions, But since Gupta £2] has accepted K(*(fp) 

as the class of close-to-convex functions, here in chapter 

II- ,-we have used the same notation as that of Gupta [2]
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1 ) INTRODUCTION :

In tf^s chanter • ^ obtain tb~' several properties 

of holomornhic univalent 'unctions that are the n-.-nijers of 

clase 3 the subfamily of the class of univalent

functions 3. This new subfamily S (c< ,p, of 3, was 

introduced by Kulkarni-Thakare [b ] # We say that f in S 

belongs to the class S (o<. ,p, if f satisfies the 

condition

zf’/f ” 1

< P ’
[2 ^(zf’/f- <) - (zf*/f -1 )]

where p S (0,1^ , 1/2 < 1, 0 ^<*<1/2^ , We observe

that S(0,1,1) is the class of starlike functions in E and

3 ( c< j1 j1) is the class of starlike functions of order <

1 + c<
04 o< < 1. The classes S ( 0, p, —— ) and S (<* ,1 , p ) 

are the classes studied by Lakshminarsimhan [d J and 

Juneja - Mocjra [4] resnectively. The class of functions 

considered by Gupta and Jain [3J is also a particular 

case of the family S (c< ,p,^).

»

We shall generalise our considerations for those 

members of 3 (c<jp»H ) that have negative coefficients.
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We are motivated to carry out such study from the recent

investigations carried out by Silverman H. ,Gupta

and Jain [3] , Gunta {^2 J , Snrangi - Uralegaddi [7] .etc.

Let T be the subclass of S of holomorphic functions

in E, that have the following nower series representation
oo

(1.1) f(z)' = z )an j z •

We obtain very nice results, for those holomornhic

functions which lie in both families S(o^,|i,^) and T.

We denote S* « ,p, \ ) = G (<* ,p, H T.

We state the lemma relating to the coefficients that

completely characterises the members of S The

proof of which can be found in [_ 5 J
oO

1.? : A function f(z) = i - JT|an | z" is in S*(oC,p,Lemma

if and only if

oO
E|an| {( n-1) -p [n-1+2 5* -2n^]} ^ 2p^(1- ).

This result is sharp.

We prove some distortion properties of univalent 

functions with negative coefficients.
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2} SOME THEOREMS :

Theorem 2.1 : If f G r' (<* ,then,

2 p 1 ~ c< )
r -

4 r +

{(n-1)-p (n-1 +2E^ -2n^)j-

2f^( 1 - c(')

{(n-1)-p(n-1 + 2^-2n^)}

For [ z | = r

r2 <lf!

with equality for

f(z) =
P\ (1-<<) z-

z -
{(n-1)- |?(n-1 + 2^-2n^ )}

Proof : We have f(z) = z - E^[an| zn, imolies

^0 n
f (z) ^ r + J Jr , which gives

f(z) r + r
pO
£|

n

In view of the lemma 1.2, the above inequality reduces

2 ( 1 -< )
f (z) 4 r + r

{(n-1) - p (n-1+2^ - 2n^fj*

to
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Similarly

f (z) r - r“

P-^( 1 )

{(n-1) -p (n-1+2^-2n^ )}

Keeping our intentions in view, we go to state several special

cases of Theorem 2.1.

Sorollary:1 A function f having the form (1.1) belongs 

.... #
to S (*=< ,1,1) i.e. starlike of order o< , then

r -
1 -'«<

- K
*2 I t! ^ r +

1 -<<

n - <

*'ext is the similar characterization for those univalent 

holomornhic functions of Lakshminarsimhan { 6 j , having 

negative coefficients.

Coro).Vary, ; 2 j - If a function having the coefficient

# It- <?(
expansion (1.1) is in S* ( 0, p, —-— ), then

r -
P (1+«)

{(n-1 ) +p(noc +1 jj
r^/ ff|^r ♦

p (!+<*)

{(n-1 )+ p(n<+1 )}

In the same vein we also have a corresponding result f-r

the univalent holomornhic function studied hy Juneja - Mogra [4]
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Cgr.q.Uary : 3 If a function having the coefficient

expansion (1.1) is in S* (o( , 1, p), LliOn

r -
(1 ) 

(n -oc ) *24 lfl ^ r +
(i-«) 

(n-<*.)

Which is the same as obtained in corollary 1.

In the next theorem we obtain the distortion properties 

of derivative of the normalised univalent functions having the 

power series expansion given by (1.1).

; ?.?, - If f S S* (<* ,p, ^), then 

2 p^(1- * )
1 - r

{(n-1) -p (n-1+? 2n^)}
n <yi

•2 pK d~o< )

{(n-1 ) - p (n-1+2c(^ —2n ^ )j

Equality holds for

f (z) =

(z = + r ).

z -

n

(2pV(1-oC)) z7 

{(n-1) - p(n-1+2*K -2njJ T

Proof We have by (1.1)
oO

f(z) = z - X3 |an| zn» which give® after

differentiation and using the modulus inequality,
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. c>0
'(*) / 1 + 23 n

I 2 n
n-1

In view of Lemma (1.2) we obtain,

Jf' (z) J 1 + r
? pV (1- c* )

Similarly,

|f’(z) 1 - >r

{(n-1) - p (n-1+2e*^ -2 n ^

2 (1-*)

{(n-1) - p (n-1 + 2<\ -2n \ )}

n

n

We state several special cases of the above theorem.

Corollary :1 : - If a function f havinq the coefficient expansion

(1.1) belongs to S (°^1,1), then, we have

r
n 0-*)

(n-oC)
<! |f'l / 1 + r y>0-°c)

(n- °C)

Mext is a similar result specialised for the univalent holomorphic 

functions considered by Lakshminarsimhan [£} but having 

negative coefficients.

Corollary : 2 : - If f <3 S* (0, p, 1~ ) then,

p. (1 + o4 )

£(h-1 ) + p (nc< +1 )}
n<|f’|4l + r p (1 f®< )

{[n-1 )+ p (n«< +1
n

*Lastly, we state the result for the Class ' S (c< ,1, p) studied 

by Juneja and **ogra , having the negative coefficient

expansion 0*0.
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Corollary ; 3 If f S S (<*,1, p), then, we get the same

distortion as o' ' - ned in o-rollary 1.

In tho nexl theorem wo determine the radius of Convexity 

for Iir; functions in 5* (<* ,p, ^).

Theorem :?«3 If f e S (oC,p,^), then f is convex in

the disc,

J z |< r = r (<*,p,^) = inf
(n-1) - p(n-1+2o^-2n^)

1/n~1 )

( n2 2 pr (1 ~o<)
* —1

for n =2, 3, 4, ..................7 7 } * 1

Proof in view of the definition of convexity of function

it is sufficient to show that,

-»« zf
4: 1» for I 2 I r «t p, ^).

We have by routine calculations,

ft
zf

c>o .
(n-1) jan| zn~1

t
f oO

1 - IT" K 1 *n"’
%

00

|an] |z|"~1

oo
1 ' fan| h|n'1
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Clearly, 

O0 .

zf “/f’ 4i, ir

I oO
n(n-1) |an| |z)n“1^ 1 - C n |anj |z I,n-1

DO

oo

alternately if jan | lzln*"^ 1

By usina the le^ma (1.2)

£M) -p (n-1f2°^ -2n^)j

■n

2

£

The expression will be true if,1 i

n2 j n-1 / (n-1 ) - p(n-1+?o<^ -2n^)

2 p^(1 -*)

Solving this inectualitv for jzf, we obtain

{(n-1) -t p (n-1+2£ot -2n^)]
l/(n-1 )

^ 2 p ^ (1-«<)

The desired result follows by mere substitution of

|zj = r (c<tpi\) in the last expression. We state some 

particular cases.

*
: 1 If f 6 S (* ,1,1) then f is convex in

the disc.

| z K r = r (o< ) = Inf
71

n- e<

n2( 1 -< )

'/(n-1 )
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Corollary : 2: - If f 6 S* ( 0, ), the subfamily

of univalent h ol o'" o ruble fun-tions studied by Laksh">inarsimhan

[6] , but having negative coefficients.

|z|4r = p ( O.jJ, i±=S) = Inf (n~1 )+p(noC+1 )
l/(n-1;

n p (1 +«£< )

Lastly we state a corollary due to Juneja and Mogra £4*] .

*
Corollary : 3 ; - If f 6 S (K , 1 ,p), but having

negative coefficient, then

|z|</ r = r(o<,l,p) = inf ( n -* )

n ( 1 -o<)

■/

Which is exactly same as in corollary 1. We also

*obtain trie exireme points for the class S (c< T^)»

The extreme values on F, F being any compact family of 

univalent functions, of the real part of any continuous linear 

functional defined over the set of holomorphic functions 

occurs at one of the extreme points of the closed convex 

hull of c. Keening this intention in mind, we try to obtain 

the extreme noints of the family F; which will helo us to

solve many extremal problems for F. Here we particularly



23 ..
obtain the extreme noints for the class S* (o< 

Theorem : 2,4 Let f-j (z) = z and

f (z) = z - n
2 p 1 - ) .n

(n-1 ) + p(2n^+1 - 2^o( -n)

n = 2, 3, yf....Then f £ S*(c<, p, if and only if it

can be expressed in the form 
OO

f(z) = 5Z. An fn <z)> where
n=1

An >0

00
n = 1, 2, and Y'Xn = 1»

1

Proof Sunoose,

go od a 2 B l (1 -<*)^)=EAnVz) = z-EAn ----
2

n
(n-1) + p(2n^+1-2^-n)

Then,
ooy-^pCw-D-t-p (2n^+1-2\* -n) ^
2 V 2p^(1 -<* )

2p ^ (1-<K )

(n-1 H p (2n ^+1-2?vc< -n) .

50= EAn ='-U'- 
2

Therefore f 6 S (<*,p,^)
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Conversely, s,moose that f C 5* (c*,p, ^))S0 by Leimn 
2 p ^ (1-o<)

'"14
Let
i

(n“1) + p(2n ^+1-2 $o(. -n) 

(n-1) + p(2n|^+1 -2*^0^ -n)

n - 2, 3, . .

2 P V 0 "*>
M

Then, 
oo a , --V' An -4 1,' An 0

Therefore ,
oc

f(z> = ZZ Xn fn(*>

This completes the Droof.

We state some particular cases of the above theorem.

~-UarY : 1 " If f 6 S* (oc.l, 1), then the extreme points 

of S are the functions

f(z) = z ~ (W)
(n-c< )

Where f^z) = z, and f^(z) -

,n

z -

( n = 2, 3, Vj. . . )

1 - * n
n - «

which is same as proved by Silverman.H. [ 8 J
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Corollary : 2 If f 6 S*(o, p, then the extreme

points are the font. i. Ions

(1 + oO p
f (z) = z and fn(z) - z - ----------------- zn

(n-1) + p(no< +1 )

This is due to the class studied by Lakshminarsimhan [6] .

Lastly, the following is the corollary for the class of 

functions introduced by Juneja - Mogra. [4 ] .

Corel 1 ary ;_J_: If f 6 p), then the extreme

points are the functions

0-*) n
f (z) = z and f (z) = z ----------------- z

1 (n-oC)

which is suprisingly the same as studied by Silverman H. []8j .
*

3 ) In continuation of the discussion of the properties 

of univalent function with negative coefficients we define 

the class K (<* ,p, with the usual restrictions on oc , p, 

as defined in s (o< ,p, ^)* This class K (c* ,p, is known 

as the ciose-to-conved functions of type p. Recently Gupta 

1^2J has obtained some results in connection with Y (o(,R),

the class of close-to-convex function of orders and type
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Our attempt lies in generalising these results. 

definition Let S denote +)■• class of functions

form ,
f(z) = z - £ |an| zn

Of the

that are holomorphic in the unit disc. A function f 6 S

is said to be in K(o(,p,T^), the class of close-to-convex

functions of tyne p, if there exists a function ^ (z) £

CxD
such that yiz) = z satisfying

S

zf *

T 1

2\(~f -o zf

Y

where p £ (0,1] , 1/2^^ < 1, 0 ^ e< < 1/2^

For this class, we obtain the results concerning coefficient 

estimates, distortion theorems and covering theorems.

M A I M RESULTS

Theorem : 3.1_i~ If f £

OO

V {°T (,5s'1)n|an|

K (oL ,p, then

d-p +?W M}<2 PV1"45
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Where bn's are the coefficients of the function belonging to 

class 5.

Proof By definition of K (c* if f 6 K(<*
06

then there exists a function 'F(z) » z - 2 , JbnJ zn in S
2

satisfying

*

9

zfF.
zf * zf2\( Y .«) - ( ^ -1 )

P
zf y

[2 \ (zf'- <*f ) - ( zf' - y ) J

oC ~^ {n |an| * Ibn| } z"

^ P

(z - 1-2 n |anJ zn ) (2^-1) -(1-2*£o<) (z -Z^|bn| zn)E2
4
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We select the values of z, on the real axis so that,

zf'(z)
Tw is real, simplifying the denominator of above

expression and letting z 1, through real values we get,

oO

Ianl - Klj^ p y[n lan | <2^-1) +

+ 0-2\=O /bn J

. orollarv Upon replacing^ by 1, in the above inequality, 

we get the result of Gupta [?J , which we merely state 

Theorem =.1.2;- If f e K(«* ,p), then

DO

?[(1+P) " K1 ‘ f'-f+2c< ft) [b„|j<. 2 p (1-a<).

oO
02 it is shown that jp n |bnl^ 1> which gives further

oO z
that C|bn)4 1/2, Hence the inequality of theorem, 

3.1., can be expressed as
OQ '

72 nfaj,/ 4 PV'-*) + Of +2*^)

2 Q+p (2^-1 j)

We define the class in the following way
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t*9

A function f(r) = z - ^-'|anl 7" is sald t0 be in ^ ^ ’f*
2 oo

if there exists a function y-'(z) = z - 2Z |bn| 

satisfying

zn in S

(i) oo
X3 |Cl+p <2v1^)n I an I “{1~F+20<vP^lbn!

and

(ii) n |an| - |bn | ° for every n

Theorem : 3t3 : -

B («*,p,\) £f K (<*,p,^)
Consider zf

r -1

zf . zf'^ -y- -•<) - ( y -1 >

oo5T™*"V2^ S’ n■[" Ian! - |bn l}2"

4

2(1-<*)fe* - 'Cn lan | (2^-1) +(1-2«^) Ibl zn
> oo 2
^?Cn M ‘ fbnfj

<*> |an | + 0-2^00 |bn|
2

This expression is bounded above by p if the inequality of

theorem holds :
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Hence B(<*,p,^)C t^)-

Next we state the theorem concerning with coefficient

estimate of the class K (oC

oo
Theorem = z }an| zn be In

then,

an .4
?p£j1-.A)n+ (1-p+2 »<. ^ p)

n2 ( 1 + P (2^ -

with the extremal function

fn(z) - z
2p^(1“K) n + (1-p+2*p^)

n2 (t+p (2^ -1 ))
.n

Proof By theorem 3.1 the ineauality gives,

<f+P ))n- |an[^ 2pJJ1-cO+(1-p+2*p^) |b„|

4- 2B-^(1-0<)+(1-p+2o(.p n*1
Because y/(z) = z- Ip |bn| zn e S, jbnj ^ \jn

2p^O-s<)n + (1-p+2(H.^ )
H4

n2 (j+)3 (2^-1))

which is the required condition.
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Theorem : 3.5 (Distortion Theorem )

if f 6 B (^ >p'» \)9 then for | z| ^ r 1. 

(3.6) '*

r 4 (l+p(2^-lj) 4lf|4r +
1+4p^-p-2oCp^ 
4(l+p(2 ^-1 >3 r2

(3.7);-

1+4ptv-|3-2oC[)^ ~
2

Proof t- The inequality, f' n la I / -* ?\

2 ‘ 1 n| ^ 2(l+p(2^“1 )J

1 - 2('+pC^-|))j ' ' + r

can be regarded as the necessary condition, for f to be in 

B eve" if we dron the condition (ii) in the definition

of this condition can also be taken as the sufficient

condition.

We can write down,

OQ2 ? IM<
oo
z:
2

1 + 4j

n M<
2(^+p (2 5^ -1 ))

Hence f(z) C r + HZ
■2

m
n

= r + r £ jan|
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1 + A

= r + r'
F V P -9 ^ P\

4 0 + P
and similarly

f f z.) r -
00

.2 r-' 

2
n

r - r

1 4- 4 P\ -p-2o<p^

40+ p (2\ -d)

Thtjs (3.6) follows :

Further- f(z) s z » an« 2
n

f'u) - 1 - £

2
jf’(:)|4l ♦ XT

n |anl If-1

" ,an| Hn-1

4’ X^n | an|

4 1 + r
1 + 4 ffs - P -g«PK

Similarly |f'(z)|'^1 - r

2(j+ p Cl^*1 >)
1 + 4 PV ■ p - 2°<F\

2(1+ P <2\‘V)

Hence proved (3.7)
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We not© that the bounds obtained above are sharp and

the equalities are attained for the function

(3.8) :-

1 + 4 p^-p - 2oi^
f(z) = z - t2z » z = + r

4 (l + p (2^-1))

Theorem ; 3.9 Let f € B(«< ,p, ^). Then the disc

|z|-0 is mapped onto a domain that contains the disc

M / 3 - 3P ^ T'K1 ^ 4^1+p (2^-1 ))

The result is shar£ and the extremal function is given by (3.8) 

Proof :- By putting r equal to 1 in (3,6) we get the 

desired result? ,

Theorem :3,10 :- The class B (c< is convex.

prn_of **“ We shall make use of the definition of convexity.
OO GQLet f<|(z) = z - yZ |an| zn and f2(z) = z -} 1c [ z11
2 I I 21 '

be in b (&< , p» with respect to function .

oo M
Yl (z) = z -20 jbn| zn and y2 (z) = z -JC|dn| z"
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in S .For o4A^S we try to show that

\ po ■
F(z) = Af1 (z) + (1-A )f2(z) = z - 22 |en <X ) I zn € R

2 . \

with respect to ^(z) = Xy^fz) + (1- \ )KfJ (z)

DO
= 2 * 12 jtn (X) ] z" G ' S.

The function F (z) will belong to B (tX if

lr &+P_(2 V"1 ]) nK (M_ < px0-*>

n en (X) ' *n <^>>0 for each n

and since " M - ibnl k- 0

and n jcn| - Jd 4 ^ 0 for each n

Therefore, n en <X ) - tn (X) 0 for each n

• oo
• • ” (lt(2V,j)|8n (X)

!
- (1-p +2<<j9^) tn (X)

2

= C1+P(2t‘1>) " |an| - (1-p+a>tp^) |bn| +

+ O-X) £p (l+pC2^-D) n jcn[ -.(l-pM^p) jdn|

< a < 3
and hence proved.
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4 - Sarangi - Uralegaddi [7] has obtained the radius of 

univalence of certain holbmorphic functions with negative 

coefficients under the different conditions^ We continue 

our discussion of univalency on the same line for our class 

s and P to obtain more surprising

results.

Theorem if- Let F(z) = z - 12 |an[ zn 6 S* (o<,p,^)

and f(zj - 1/2 £z F(z)j Then f(z) is starlike of order \

and type £ in the disc JzJ ^ r = , <S ) given
\

[(n-1)- p(n-1+2^°< -2n^)J (2£-X -1 1)

4.
2 p^n-°Q^n+lj (n-\)

ffroof By definition of f(zj we have 

f(z) = 1/2 [ z F <*)]'

n+1■n| HNow zF (Z ) a z2 - I a.
2

(zF(z)) = 2z - ' (n+1 ) J anJ zn
2

1/2 (zF(z)j -zbfcl.)(~2~J W n
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oo
now f'(z) = i - yS-

2

n(n+1)

2 an 2
n-1

=> z f (z) =
cc n(n+1 )

n
n

zf (z)

f(z)

n(n+1 ) n

00z - z: (t) an z
n

«1» > zf \Z)

f(z)

-<£ -

n+1

2 2

/ n+1
z - KT; |an|anl z

n

zf (z)

f (z)

-<

^Vn+1 ,

(,'S)+ N
1 -

n+1
2 \ 7 [an| <zl n-1



.. 37 ..

Hence zf (z)

f (z)
- L ^ 6-X if

(1- t>) + |anj|zjn-1(n-4)4 |an| if'

COz: n
i-r’iCT) '•■»>]

4
(2 4 - 1)

On account of the lemma 1.2, we get

oor; n
(n-1) - p ( n-1+2£cC -2n^)

1-<* )

c© ^
f-N fzin_1 ^ 2"+1 (n-X ) C|an|^(n-1)-p(n-1+2X«< -2n

(2 4 - X - 1 ) 2P ^O-*)

solving for |z| , we get, the desired result

^(n-1) - p (n-1 + 2 ^ -2n ^)J £(^2 & - X ” 1

t Zl^
2p^(1-°0 ( <n*^)

We state some particular cases,

l/n-1
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Corollary t 1 If F(z) £ S*(oC,1,1) and & =1, \ ** p

we get,

Izi4

2 (n-<) (1-X)
-l/(n-1)

(n+1) (1- c< Xn-X )

which is the same as obtained by Sarangi - Uralfegaddi £7] .

1 +o(,
Cor oil ary t ? If F(z) 6 S* (0,p, -5- ), the class

studied by Lakshminarsimhan, T»V. £6^ but having negative coeff*

iclents. 2 £(n-1) + p(1+noc)J (2i - A -j)

Corollary :3

p(1 + »< ) (1-<*) (n+1) (n-\)

If F(z) S S (oc,1,|9), the class studied by

Juneja - Mogra £4] hMt having negative coefficients,
l/(n-1)

:I4 . . . . . . . . . . . . . . . . '
(1-0<) (n+1) (n-X)

We also state and prove another theorem,

Iheprerc If F(z) ^ 2 - 5^ |anj zn £ S (o<,p,^)

and f(z) = 1/2 (zFCz))' , then Re f'(z)>,); for 0^ X ^ 1

1

and ' | z|<^ r ’ r (o< ,p, ^,X j * given by

r +?
I
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Inf
n

(1-X) [(n-1) - p (n-1+20<^ -?n ^ )J l/(n-1}

n(K+1 ) p ^ ( 1 - cX)

££9.of. We show that

jt'(z) - ij/: (1-A),
for hl< r (* ,p, ^ )

We have,

-'U{h?~ N ii""J - 1

!'’<*> - l|4 5 ^00

2™ 2 N f*;|
n-1

Hence jf''(,) - , j ^ (1. X )
00 if

n+1?n t M i-rv o-\)

By temma 1.2

OO
*?N

(n-1 )-jp(n-1+2e<^ -2n^ )

<
2 n

^ n(n+,>KIH 

20-X)

n-1
^ |an| {(n-1 )-fS(n-l+2e<^ -2n yj

2f^(1-°(}
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(1-A) £(n-1) “ p(n-1+2«*<^ “2n^)J ^

n ( n f 1 ) P\(1- oO

gives the desired result.

We state some corollaries -

Corollary : 1 If F 6 S# (« ,1,1 ), with the remaining

conditions as stated in Theorem, 4.2 then, ;

Re f (z) X in 

2(1- X) (n-c< )

L n(n+1 ) .(1-o< )
This is a new result for starli

«

'/(n-
1)

ke
Corollary ; 2 If p 6 q* (a n \ .------ x r 5 ^°»p> 2 ) and other
restrictions remaining same, then Re f'(z)^> A in

4(1 “A ) p (no< +1 ) ~f 1/(n-1)

functions of order

fz l< n, (n +1)
F having negative coefficient.
Corollary : 3 - if F € s* (*flf p)f then>

Re f (z)> X,but having negative coefficient, then

2(
1-A) <n-*J T/"4-1’

n(n+1 ) (1- o<)
I zl4

5 We also obtain the new interesting results on the

above lines but for different class, D (* ) defined
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by Kulkarni - Thakare [bj . P((X ,p, is a subfamily of 

S of normalised univalent functions f that are holu ”;iphic 

in the open unit disc E and satisfy the condition

f' - 1

[2^(f'.’ - K ) - ( f’ -1)]

Regarding the class D(e{,j3, we note . down the following 

points.

The class D (<<) = D (0,o<,1) is precisely the class 

of functions in E , studied by Caplinger £l] . The class 

D 5 = D C »p Jl is the class of holomorphic functions

discussed by Juneja - Mogra [«]•

Where f 6 (0,1] ,1/2 < ^ 1, 0 4c<<1/2^

Let T be the subclass of S of holomorphic function* ini Ef

-having the power series’ representation. , We define
♦P (o< jp> ^5 = T HD ( °(»p» 1^) we have the following theorem 

based on the above subclasses of S, before this we state the 

following coefficient theorem the proof of which can be found 

in [5] .
i

8735
ft
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Lemma ; 5.1 : (coefficient) A holomorphic function

f(2) = z - p /•'>„i *n is in P (o< , P’V i f a nri

^ n janj [l+p (2^-1 )*j 2p^(1-oO.

This resalt is sharp.

We shall anoly thi.s coefficient theorem in case of the 

following theorems :

Theorem Let F (z) = z- ) ' Jan| z be in P*(c<

f(z) = 1/2 (zF(z)) . Then F(z) is starlike of order X

type £ in | z | / r given by

fzK
n [l+p(2^-1)} (2£ -1- A )

p\(1- o<)(n+1 ) (n -2 & - A )

1/(n-1 )

Proof We show that Re z f (z)*
f (z) >X

for |z| £ r (<K ,p,X,6 , X)

F(z)=z - £ jan[ z"

(2F(z))' =2*-C (n+1) Janj zn

1/2 (ZF(z)j A. 0+1
= f(z) = z - 2Z? —

2 2 n
n

only if

•P-V

and
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Now

zf (z)

f (z)

- Jl - n (n+1 ) Ja^ | z°

- £z - z—r (n+1) 2 2 M *n

zf I r

-L

,CX) | | ,.«• i«(1- & )+ / I (n+1) jan| |z'j (n- <£ )
2 2

n-1

1 - ^ |an| Izl
n-1

( f - x >
Also making use of the coefficient inequality the lemma 5.1

and solving for j z | , we get

n £l+ p(2^ -1 (2& -1- A )

H4
1/< n—1)

p\(1-^)(n+1) (n-2 & - A )

’.Ye state some particular cases in the following :
*

Corollary :1 If F(z) 6 P (<*)» where

P* (c< ) = D ( Oon . T

and f(z) = ”1/2-(^zF(z)) , then F(z) is starlike of order A ,

type & in

n (1 + *) {2L -1-X) 1/(n-1}

«< (n+1 )(n-2 & -A )
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This new result would he obtained for the class D(<<, ) defined

by Caplinqer [ 1J

Corollary :2;- If F(z) 6 D («(,1,p)n T, and

f(z) = 1/2 (zF(z)^ , then F(z) is starlike of order

type & f J&ut having negative coefficients.

1 1/(n-1)

<
n (2) (2 S -1- X )

(1- *)(n+1 ) (n-2S - A)

This would be a new result for Juneja-Mogra [4J .

Corollary :3:- If F(z).6 D(e(,p, 1)flT = P* (<* ,p)

and f(z) = 1/2 (zF(z)) , then F(z) is starlike of order X f

tyne Xhis class was studied by Gupta and Jain £3J *
l/(n-1)

1<
n(1+p) (2 £-1-A )

p(1-o<)(n+1)(n-2f - \)

We state and prove a very new result for the combined class

H(«< ,p, \) and T,

oo _
Theorem :B.3t- If F(z) = z- ZD |an j z e fly

and f (z) = 1/2 (zF(zf) . then Re f'(z) V for J z | ^ r

Proof We prove that |f'(z)-1 J ^ (1- X )

By the definition of f(z), we have
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f (7.) -1

00
"(n+U |an | |z|

n-1

Hence If'(z) - 1 'f

13 n (n+l) |anj |*| H'1 ^ 1 ~ ^ °<^<1

Rut we have

00
r

x

Therefore,

00

n |s„| {1 + B<2^ -1)j

1

2J^ M-o<)

n-1 oO
n(n+1) Jan| |z| " * n |anJ (1+p(2^-1)

^ .

2(1 - X ) 2jl yi“K)

Implies,

I zl^

(1->0 (j+£ (2^-0)
l/(n-1)

(n+1) B^(1-»<)

We put some particular cases :

Corollary :1 If F (z) P. P(0, o<.,1 ) ft T and f(z) =1/2(zF(z|) 

Then, Re f (z) \ » for jzj r, but having negative

coefficients

z 14

(1- X )(1 + *01

L
(n+1 )

l/(n-1)

This is due to Caplinger £l~[
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£o™UaixJL2i_- If F(z) G 0 T» and f(z> = 1/2(zF(z))

then Re f * (z) )► X , f or | z | < r, but having negative

coefficients

I zl<i
2 (1-A )

(n+1) (1-OC )

This is a new result obtained for the class defined by 

Juneja - Mogra £4j ,

Corollary :3»- If F(z) € P*(* ,p) = D(<* ,p,1 )pj T, and

f(z) = 1/2 (zF(z)) , then Re f (z) for

| z|<^ r, given by

■14
"d-> )(i+p)

(n+1 ) p(1-«K )

l/(n-1)

This is a new result obtained for the class defined by

Gupta and Jain C3]
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