CHAPTER -.l I

SOME PROPERTIES OF UNIVALEMWMNT

FUNCTIONS WITH NEGATIVE

COEFFICIENTS

ABSTRACT

Let S denote the class of normali,s"ed univalent functions
f defined on the unit disk E = (z: |2 l<1 } having Taylor

series expansion of the form

: oo
f(z) =z + Zan 2",
2

Recently Kulkarniw'[hakare [5 Jhave introduced the new
subfamily of Univalent functions, S (¢ ,’3 ,§) y Iin E,
satisfying the condition,

2zf'/f - 1

< P

“.'hereFG: (0,11, 1/2£ K1, 0g « < 1/23\. In

[2 E (zf'/f ~%) = (2£'/f = 1) ]

this chanter, we obtain several interesting different results

of S (¢ 1P %) on the lines of Silverman H, (3]

Sarangl - Uralegaddi, [7] and Gupta [2 ].



We also obtain very nice results for the new subfamily

D (0(,P,"E\), of univalent functions introduced by [5] .

EVe have  adopted the letter K to denote the class of
‘convex functions, But since Gupta 2] nas accepted K(« »p)
as the class of close-to-&onvéx functions, here in chapter

II.y-we have used the same notation as that of Gupta [:2ﬂ



In th3s chapter - » ohtain th~ several npronertios
of holomorrhic univalent ‘:nctijons that are the mumhers of
clage & {o(,,P,'g.\), the subfamily of the class of univalent

functions S. This new subfamily § (« ,P,E\) of 5, was

introduced by Kulkarni-Thakare [5 ]. We say that f in S

D

belongs to the class S (« ,B, Q) if f satisfies the

condition

z£'/f - 1

L P

[2 (2" /8- %) = (2f'/ -1)]
whare P'S (0,11 , 1/2¢< ES 1 0 éo(<1/?.’s\. YWe observe

that 5(0,1,1) is the class of starlike functions in E and

"85 ( 4141) is the class of starlike functions of order« ,

14+ oC

0L X <1, The classes S ( 0, P ) ands(o<,1,p )
are the classes studied by Lakshminarsimhan [6 ] and
Juneja = Maqgra [4] resnectively. The class of functions

considered by Gupta and Jain [3J is also a particular

case of the family S (X ,p,e\).

We shall generalise eur considerations for those

memhers of S (o(,p,g\) that have negative coefficients.
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We are motivated to carry out such study from the recent

investigations carried out by Silverman H. [8] yOtinta

and Jain [3], Gunta [2], narangi - Uralegaddi [7) sete.
Let T be the subélass of S of holomorphic functions

in E, that have the following nower series representation

' 22 n
(t1.1) | f(z),fz-;}an’z.

We obtain very nice results, for those holomornhic
functions which lie in both families S( ,F, ’g\) and T,
We denote S* (X ,P, Z\) =95 (KA ,P, E\) N T,

,,‘y{emrstate the lemma relating to the coefficients that
comnletely characterises the members of 5" (0(,f%, z\). The
proof of which can be found 1in [5]

<
. -y - n »
Lemma 1,2 ¢+ A function f(z) = 2 22 [2n] z is in s (L 1P 1:\)

if- and only if

00

Lo Joa] {1 = p [reteze amg ]} 2 1= <.
This result is sharp.

We preve some distortion properties of univalent

functions with negative coefficients.
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§2) SOME THEOREMS

»

. QPE\(1-0<) f] r2<lf’
{(n-1 )-F (n-1 +2Q( -2n5\)} =

| 2pg (1 - oL )
< |- .
{(n-1 )-P(r?ﬂ + 2&(-2n5\ )} |

For [z[ =r

with equality for

2 pr_(1-) 22

f(z) =z =

{n=1)- pn-1 + 25« -2ng 9}
o0

f(z) = 2z - Z;:Iah I z", imnlies

Proof : We have

o9
f(z)< T + ;Ian Irn, which gives

o0
f(z)<x+ r2\4;lan}

In view 4of the lemma 1.2, the above inequality reduces to

B '2pg\(1-d<)

» —

] f(z‘)]é T + r2

{(n-1) - P (=142 - QnE\)}
L a
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Similarly

2p.5\(1-—°<)' ]

2

’f(z) > r - r

-

{(n=1) - p (n=1425-2n )}

Keeping our intentions in view, we go to state several special

cases of Theorem 2,1.

Corollary:l :- A function f having the form (1.1) belongs

to S"(et,1,1) 1.e. starlike of order o« , then

-
L

1 S A 1 -
N D L £ L+ |12
n -« n -«

Next 1s the simlilar characterization for those univalent

holomorphic functions of Lakshminarsimhan {,6:] y having

negative coefficients.

Corollary ¢ 2 & - If a function having the coefficient

. 1+ «
expansion (1.1) is in S ( O, P, 5 ), then
p (14x) P (1+ )
- 2 £ 2
r r é; [ }éé r + T

(n=1) +P(”°("'1)j {(n~1)+ p(no(ﬂ)}

In the same vein we also have a corresnonding result for

the univalent holomornhic function studied hy Juneja - Mogra [4]
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Corollary : 3 := If a function having the coefficient

expansion (1.1) 1is in s* (et y 1, P), Lhen

(1-X 1=
r - ——*—~2~ rgsé_ ]fl é:, r + ( :

(n=o<) (n-.)

Which is the same as obtained in corollary 1.

In the next theorem we obtain thé.distortion nroperties
of derivative of the normalised univalent functions having the

power series expansion given by (1.1).

Theorem : 2.2: = 1f §f € g% (¢ ,By %), then

. 2 Bef1~ &) . '
1 f{(n-ﬂ —F (n-1+42 o(‘;\--Zn{\)}] élf I

1

" 2 Be (1-)
<1 +, T {(n-x) -F {(n-142 o(r,\----mn,:k 7}'

Equality holds for

f(z) = 2 - (i) &
B {to=1) - pln-te2ey ong )}

Proof :-~ We have by (1.1)

o0
f(z) =2z - 2 ’an] z", which giveg after
2

differentiation and using the modulus inequality,



lf'(z)

éé: 1+ EE: n

In view of Lemma (1.”) we obtain,

!f' (z)lé 1+ r[{ ?Pk (- ) n

(n=1) = B (n-1+2ett,_ -2 ny )¢

et}

Similarly,

Lo - IS AN Shied ¥
ol = [{ e )|
i

.

We state several special cases of the above theorem.

Corollary :1 : - If a function f havina the coeffisient expansion

(1.1) belongs to 5 (o41,1), them, = we have

M (1-¢C) \ : ‘" (1-o<)
1 = r [(n-()J< lf,\41 + T [

(n=o0)
Mext is a similar result specialised for the univalent holomorphic
functions considered by Lakshminarsimhan [6:]’ but having
neqgative coefficients.

Corollary : 2 : - If f € s* (o, By Iy enen

>3

oL ' ) -
1 B, (14e¢) }J L[l v e B (1+e<) ))J

- T -

{(‘n-f) + p (not +1) {n-1)+ P (ned +1
Lastly, we state the result for the Class - S* (X 1, P) stucdied
by Juneja and Mogra (4] , having the negative coefficient

expansion{l.l)_
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' *
Corollary : 3 s~ If f € S (o(,1, P), then, we get the same

distortion as o' ‘ned in c-rollary 1.
In the npext theorem we determine the radius of fConvexity
*
for tin: functions in § (o(,F, E\).

*
Theorem :253 :~ If f € S (ot,P, QJ, then f is convex in

the disc,

2(n~1)
(n=1) = p(n-142e¢§ ~2n¥, )
l21< 7 = r (eopyg) = e | T PIRTTR "))

R n? 2 pE | ~() J

for n = 2, 3 ’ 4 ) .,n'. G o

Proéf :- In view of the definition of convexity c¢f function

it is sufficient to show that,

"

zf

'

f

éh fOrszé r (°(9Ps\§\)~

We have by routine calculations,

o0

zf" zi:n (n=1) |2n | zn»1

f 1 - z:jn ‘an] :z'"“1
pu .
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Clearly, [zf"/ f" L, i
n-1 _ n-1i
:%::n(n-1) [ant | z] :£;' 1 %;: n fanf |z 1

©0
alternately if 2;:n2 120 | [z} "1 éé; 1

By usina the lemma (1.2)
(" - —q -
o0 i(“—” P (n-142% Z”VS < |
Z S T - &
< 2 p ‘g\( 1=k )

The expression will be true 1if,

4

(n-1) - (n—1+?o(‘g,\ -Qngﬁ)

n2 v/ n-1 -—--—-~—-~~P-»-
I I é 2 PE\“ -o()

Solving this inequality for ,z{, we obtain

121
3

The desired result follows by mere substitution of

T{n-1) < B (n=142g& -2np )} ] 1/("-1)
F L\ &

n2 2 P (1= )

]z] = T (,p, {\) in the last expression. We state some

particular cases.

*
Co¥ollary : 1 := If f € S (« y151) then f 1is convex in

the disc.

1 -
n- & /Qn H
Inf —

r= () ~
|z | L r n 1)

I}
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Corollary 3 2: = If f € 5* ( o, F,-lgg~), tha subfamily

of univalént holo~nrrhic fun-tions studicd by Lakshminarsimhan

1/<n-1 )

[67, but having negative coefficients.

(n~1)+P(nog+1)

[z] =1 ( O,F, 1—;-3(-)= Inf

n? P (1 +X)
LLastly we state a corollary due to Juneja and Mogra [4] )

»*
Corollary : 3 : - If f € s (X 1 ,P), but having

negative coefficient, then
1/(n=1)

n -
| z| £ r=1 (X,1,p)=1Inf ( )

n

n? (1 ) '

which 1is exactly same as in corollary 1. We also
obtain tiie t"exi.:eme? points for the class S* (X ,P, T\).

The éxtrsme vaiues on F, F being any compact family of
univalént functions, of the real part of any continuous linear
functional defined over the set of holomorphic functions
occurs at one of the extreme polnts of the closed convex
hull of ¥*. ¥Keening thls intention in mind, we try to obtzin
the extreme noints of the family F; which will heln us to

solve many extremal problems for F. Here we particularly



N
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*
obtain the extreme noints for the class § (K ,F,i\).

Theorem : 2.4 :~ Let f,4 (z) = z and

2 p g ( 1~ )

f (z)=12z - ? z"
n

(n-1) + P(2n ;\+1 - 22\04 -n)
=2y 3y qepeeens Then £ € S (K, P»§) if and only'if it

can be expressed in the form
QO

f(z) = 2 >\n f, (z), where :'\n 7/0

n=

o |
i
el
-
N
-
-,
.
[V
o |
Q
8
>
1}
wul
-

.- N
jroof :~ Suopose,.

w0 o0 2 (1 -K)
TRES o SRR, Wl d
1 2 (n=1) + P(Qn ‘E\H-'z‘&o(-n)

Then,

i[‘(;ﬂ 4B (2n g +1-2 % =n) ')\ 2p g (1=et)
n
2 2Pf\(1 - ) (n=-1)+ p (2n \;\+1-—2 E A —n),}

=§;jl>\n =1“>\1-<1'

i e »
Therefore f € S (& ,P,‘i\)
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*
Conversely, supnose that £f & § (o(,r, Q)’so by Lemma

[*n[<

2 F a (1-x)

- n:?, 3’ oooooo

(n-1) + P(Zn 5\-;-1-2 EX =n)

Let (n=1) + F(2n2<f1-21<x -n)

}\n = | ’an [

2;1&(1 - )

Then,
0 ' 00
e M My e e 5,
Therefore,
o0
f(z) = EE:: >\n fn(z)
1

This completes the proof,

We state some particular cases of the above theorem.

Corollary : 1 :-If £ g g* (X41, 1), then the extreme points

of 5% (X 4y1,1,) are the functions

£(2) o) (n=2,3 )
z2) = z - z n =2, 3, ...
e (n"d ) - 9
43 e 1 -q n
Where f4(z) = z, and f (z) = z - z .
N n n -x

which is same as proved by Silverman. H. [8] .
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Corollary 3 2 :~ If f‘G 5*(”, P, “%O('

——

)y then the extreme

points are -the funcilons

(1+o<)P
f1 (Z) = z and fn(z) =z - zn
(n-1) + P(no(-H)

This is due to the class studied by Lakshminarsimhan [6] .

Lastly, the followinu 1s the corollary for the class of

functions introduced by Juneja - Mogra, [4].

Corollary : 2 + - If f € S*(o(,1, P), then the extreme

noints are the functions

(1=-d)

f (z)= 2z and f {(z) =2z - —_—Z
‘ " (n=ck )

n

which is suprisingly the same as studied by Silverman H. [87].

v

3 ) In continuatiorlw of the discussion of the properties

of univalent function with negative coefficients we define

the class K (o WP ‘&,\) with the usual restrictions on « , P, E\
as defined in S (K ,F, %)+ This class K (o 1P f\) is known
as the close-to~conves functions of type P. Recently Gupta

[2] has ohtained seme results in connection with ¥ (d ,P),

the class of close-to-convex function of order o and type r,.
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Our attempt lies in generalising these results.

Nefinjition := - Let S denote ti class of functions of the

form

1

1
[

60
f(z) = 2z - 22: lanl 2"

that are holomébrphic in the unit disc. A function f € S

is said to be in K(d,ﬁ,?\), the class of close-to-convex

functions of tyne P, if there exists a function Y(z) & S

o0
such that Y(z) = z - 22: lbnl z" , satisfying

L

1

- 2t 2f .
LIS S . AR
A ¥

—~—

where P € (0,1 , 1/2L F(.‘E 1, 0 LXK 1/2;\
For this class, we obtain the results concerning coefficient

estimates, distortion theorems and covering theorems.

MAIN ReESULTS -

Theorem : 3.1 := If f € K (o ,f*, E\) then

o .
22{(1+F (2% -1) n l20] - (1-p 2§l P) ]bn]}gz F;\(x-o()
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Where b,'s are the coefficients of the function belonging to

class S.

Proof :~ By definition of K (& ,P,“{,\), if f € K(« ,{%,‘E\)

00 ;
then there exists a function };/(z) =z - Z: lbn‘ zn in S
2

satisfying

é

N

—

zf

¥ .

Y

-1

) [2;\( E\}-f-'_d)—(_if.’.;.qil

zf'-\)l/

[zg(zf'- oY) - (2 - Y )]

o0

Z; {n lan[ - lbnl} 2"

00

which gives,

Re

2

{“, {n Jan|

(z -QZ n lan1 z" ) (25 -1) -(1-2%K) (z

o0
";lbnl z")

2{\2(1;6.«)-2? [n !an’ (2;\-1 J+(1-2 5 X) ‘bn’ zrj

/

~
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We select the values of z, on the real axis so that,

2f ' (z)
-—FTY~3— is renl, simplifying the denominator of ahove
P4

expression and letting z —» 1y through real values we get,

é{n ]én] - ,bnl}\é P {2&(1-«)—23;& !an, (2F\"1)+

+ (12 ) Ibnj]}

) o0
: ?{(1+P(2t\-1))n EN —(1-F+2°(E\P)Ibn'}< 2F{\(1~<>()

Corollary :- Upon renlacing ‘E\by 1y in the above inequality,

we get the result of Gupta [2] , which we merely state

Theorem :3.2:- If f € K(« ,F), then

o0
g{(ufs) nfa |- (1-—F+?.d\ F) b, I}\é 2 F (1-a(),
of
In [4) it is shown that }gj n b |&L 1, which gives further

)
that § fbn];é 1/2, Hence the ineauality of theorem,

3.1, can be expressed as

o

L ey g tPROO s 0
2 ' 2 (HP (25\-19

We define the class B(d ,Fﬁ\) in the following way
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A function f(z) =z =~ EL:[anl 2" is said to be in 3 (ot ql,ﬁ\)
2
o0
if there exists a function yV(z) =z = :%;: lbnl z?' in s

satisfying

OF fep el g ] g

and
(14) n 'aNI - [bn{ 727 0 for evef& n .

Theorem : 333 : -

B (ePrg) &= K(oi,p,;\)

Consider '

2(1-O()E\, - f;n lan!‘ }(2‘{‘\-1) +(1-—2c><2\) ,bnl 2"
L [m lonl = [onl]
23 (1-%)= 3> n lon] *+ (=282 b,

2

\

This cxpression is hounded above by P if the inequality of

theorem holds :



LR 4 30 L 4
Hence B (« ,F,‘i\) c k((?(vp’ 1 ).
Next we state the theorem concerning with coefficient

estimate of the class K (« ,P,{\).

~ :
n
Theorem & 3.,4:~ If f(z) = z-Z: ;an' z be in
2

n(x,ﬁ,‘a‘}: then,
<‘ 2p f\(1-0§)n + (1-P+2 oq\p)
S~ .

n2 (1 +.p (2‘%.-‘19-

with the extremal function

2n

2p{(1—x) n + (1-p+2oABY% )

fn(z) = z - n
n2 Q+P (22\ -1))

Proof :~ Ry theorem 3.1 the ineauality gives,

G«&P (2@19&? lan[é?,%‘g\(hok)-rﬁ-f;ﬂokp\!\) ‘bnl

é 2P}\(1-0()+(1-p+20(p g) nt

Because \W(z)

2= g:[bn] 2" e s, |p| <L 1/n

1

. S 2pr;(‘1-?°<)n + (1-ps2ak )
= L proc g P

n2 (1+p (2g -1))

which 1s the required condition.
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Theorem : 3.5 ;- (Distortion Theprem )

If £ € B (X,By%)y then for |z|] £ r <.

. b

3.6) 3=

(4B P-2A PR | . 1+4p % ~P=2¢ B 2
|4 (1+F(2‘;.\-1)) = élfK‘ 4Q+P(2;\-1))

(3.7):-

_ 1+413t:\-f—2a<p§kw . . . 1+4P{‘\.:E:_2o(mk ~
1 [ 2(1+P(1§.,)):] élfl <1 [ 2 ({.,.F(%_'DJ

0 .1+ 4BY -R-2
Proof :- The inequality, Z n Ian ( PP AN
-~

. 2(1+P(2 Y- ))

can be regarded as the necessary condition, for f to be in
B ( ’P"\)’ even if we dron the condition (ii) in the definition

of R ,P,‘E\), this condition can also be taken as the sufficient

condition,

We can write down,

. PP 24P,
2 };,lanl\<,22: n lanl\< : :

QQ+F (2% -1;)
Hence ,f(z)];é r + Zo‘f lan, LI

2

= r+r° i]anl |
. 2
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T 1+Apf\-,-—9o(pt\n

L 4 (1 + P (2{-—-1)

and similarly

’f‘(ﬂ"}, r - 2 i: ,an[
2

144 Py -p2 X Py B
| -4(1+F (2% -1))

L]
H

- Tr

This (3.6) follows :

Further- f(z) =z = §-ﬁ, ’anl z"

4
f(z) = 1 =

n |a nl o
g}f'(z)Iéi +

wm& Mmg N

Ial
<1 +r }:_:n ‘anl :
u . [1rape - p 2epr |
4 | [ 2(+F(2{,\-1)) _J

1+4PE\‘ -P-ZO(PE\ ]

Similarly ’f'(z)") 1‘ - r

i 2(1+P A(2;,§~1;))

Hence proved (3.7) '
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We note that the bnunds ohtained above are sharp and

. the equalities are attained for the function

(3.8) :-

1+ 4 PL\—F - QOCPE\ 5

| 4 '(1- +p (2r\-—1))

Theorem : 3.9 :- Let f € E(oL,r, &3. Then the disc

f(z)

’ r

n
i+
)

]z|<i 1 'ié mappe§ ontc a domain that contains the disc
r"‘ < 3 - 3}'-1 + 4P}j\ +2okPE\
. 4Q+F (2;\-—1))

The result is sharp and the extremal function is 7Jiven by (3.8)

Proof :~ By putting r equal to 1 1in (3.6) we got the

desired result:.

Theorem 33.10 :~ The class B (o(,P,E&) is convex.

“roof :- We shall make use of the definition of convexity.

2 o =2 n
Let fq(z) = z -~ %;: lanl z and f2(z) = z-Z_JCh! 2
2

be in B {(, Ps§) with respect to functions,

\}/1 (Z) = 2z "%O: lbnl zn and \fj2 (z) =z -Eldni LN
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in S . For Oé)\é 1y we try to show that

. o0
F(z) = Ay (2) + (1=Afa(2) = 7 = )0 fe, (N3] 2" & m @)
2 .

with respect to “M(z)

AW (2) + (- IV, (2)

z-Z,t (}\) 2 & s.

The function F (z) will belong to B {« Prl) if

2 {waﬁgzrk«-@ nle (_)\)[- ( 1-F+2ocpl¢&),tn!>\)ilt<2 PRI )

n e (>\)-. t .(}\)>0 for each n

n

and since n Ianl - ,I_bnl 7, 0
and n Icn, - | ld,d? 0 for each n

Therefore, n e, (N) - 'trn (A) > 0 for each n

> f (“F(?'(‘*)Ien (}\)l- (1-p +2a(pq)|tn [?\)I

2
A2 Gp@ERa) e - Gopatpr) oy ¢

£ (-X) %"’:@Frzg_-n) nfed - O e p) o
< 2 BR(1-( )

and hence proved.
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§41 - Sarangi - Uralegaddi [7] ‘has obtained the rédius of
univalence of certain holémorphic functions with negative
coefficients under the different condition§. We continue
our discussion of univalency on the same line for our class

s* (M,F,K) ~ and P*(°( ;F, ‘E.\) to obtain more surprising

results.,

o n *
Theorem :4.1:~ Let F(z) = z - % ,an’ z € S (°<,P,Y&)

)
and f(z) =1/2" [z F(z)], * Then f(z) is starlike of order)\

and type § . in the disc ,zl < r = r(a(,P,‘g 2”3 & ) givan by

!

— L T 1/(n-1
'{(n—1 )= P(n=1+42% -2n{\)} (25 -k -1) /(n )

2l

2 pz\u-u)(’iﬂ) (n=\)

2

®roof :- By definition of f(z’ we have

4

£f(z) = 1/2 [ zF (z)]
,2 _f;: ol [ n+1
2z - ﬁ (n+1) ,anJ z"
. 5

Now zF(z)

I

)

(zF(z))'

/2 G—;F(z)) = 2 -.§ (2;—1-) Ian[ "




Now

£'(z)

z f'(z)

]

L ] 36 LN

. g 5?: n{n+1) ,an’ -1
o 2
n(n+1) | in
RN
n(n+1) _
SR
00
z - 2. n+1 2"
2

(z-ﬁ‘ H(B:l) [
2 2




Hence zf'(Z)
f(z) -8 1; \<\ 5= A N
(1- &) + 3 ?.;. lan, ,z'in-1(n*8)é (&- )\)21"%:2; ,an’ er-1}
= " n—-14 n+1 |
g 3(7) ‘“'“} /

(286 =X'= 1)
On account of the lemma 1.2; we get

i ,‘a %(11-1) - F ( n-142 ;\o( ~2n&)}

2 n '
2 pg (1-%)

L

S5 n-1 Q" | 2 '

szlan, ,z, 1 SL'E- ’(n-)r\ )'}< %: lan[%n-ﬁ )fF(n*1+2}\°(, -2n '8\)}
| R | §
(26 - 2= 1) o 2p £ (1-X)

solving for lz‘ ,’?iWe‘ggt, the desired result

r“[_(nﬂ )&.fr_.P‘(n-1 + 2% =2n \E\)J [(25” 5 - 1_))..1, 1/ -1
214 _

.  2 (1-o¢) ( BEL) (n-N)

We state some particular cases, | '

SAKN . omEXRR L\ﬁﬁkj"
ﬂw‘ﬁn Ut EBSITY. KOLRAPY

ENPES
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Corollary : 1:~ If F(z) € s* (0C41,1) and <S=1, )\=P

we get,

_ 1/(n-1
2 (n=K) (1=-XN) /(n )
121 L - :

(n+1) (1= o) (n=n) |

which-is the same as obtained by Sarangil - Uralegaddi [7] .

,,,,,,,,,, ' REC
Corollary 3 2 3~ If F(z) € s* (O,rl, 5~ )y the class

studied by Lakshminarsimhan, T.V. [61 but having negative coeff~-

~2 [(n-1) + P(1+no( )] (25 -\ _971/0’\"1)

icients.

214

-

P(1+) (1) (n+1) (n= )

. .
Corollary :3 : - If F(z) € S (o(,1,’3~), the class studied by

Juneja = Mogra [4] byt having negative ocoefficients.

~ 1 -1
™ 2 (n-ot) (26 =\ - 1) /(n :

21¢

(1=&) (n+1) (n=N\)
by ‘J

We also state and prove another theorem,

00 »
— - n
Theorem :4.2:~ If F(z) = z ;:]anl z € 5 (« P ¥ )

and f(z) = 1/2 (zF(z))l s then Re f'(z)>. )\ for 0K A Z 1

’ 1

) aﬁd ' [z](r Lm0 (K ,P,Y\a,)x 9, S given by
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(1—>\) [(n-—‘l) ~P (n-1+‘2°(E\ “2n | )] 1/(1'1"1)

Inf

n(h+1) FF\ (1= )

e ased

Proof :~ We show that
if'(ﬁ) - 1I\< ' (1")\), for |z{¢ r (¢ ’Ft {’ R )

We have,

f (2 - 11\4 [; n(n+1) ’anl Izln—j _ }

T

2
Hence If'(z) - 1[ 4 {1~ )\) if
& 1 -1
2 n = !an, Izln < {(1-\)

) 2

By Lemma 1.2

———

o | n=1)pln=te2t 20y, )

***** S [ <
. 2 PE (1-)

00 n(n+1)lan’ anl {{n=1)-B(n~142 -2n% )

= 41 | ftomo-pe & g}

201~ \) 2?@“ o)
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N (1=-)\) [(n-1) - pln-1+2ecy -2n§\)]« 1/(n—1)

=K

( nt1) (1= )
L P&

aiveS the desired result.

.

We state some corollaries -

Corollary : 1 :=~ If

*
F € S5 (k,1,1), with the remaining

conditions as stated in Theorem, 4.2 then, i

Re f'(z)> >\ in

: < 1/(n=1
2(1-X) (n-ot) /(" )

|21
n(n+1) (1-x)

This 1is a new result for starlike Tret functions of order of
-+ .

> ). and other

*
Corollary : 2 :- If F € § (0,p,

]
restrictions remaining same, then Re f (z).> )\ in

4(1=-A) B (noc+1) 1/(n-1)
[z 1€

F .having. negative "c:c.:.éfficient.

Corollary : 3 : - If F ¢ s* (X ,1, B)s then,

"n,_(n -0;1)

Re f "'( z)> )\,bdt- having negative coefficient, then

-

qu-'/\) (n-oé) rh/("w)

nin+1) (1-)

.

g 5 s We also obtain the new interesting results on the

above lines but for different class, D (o(,P,%) defined
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by Kulkarni - Thakare [5] . n(& ,F, E\) is a subfamily of
S of normalised univalent functions { Llint are holoniphic

in the open unit disc E and satisfy the condition

-

f -1

Ez\_(f‘._' - o) - (f -1)?]“

Regarding the class D(o(,P, ‘g\) we note . down the' following

points.

The class D (L) =D (0,6{,1) is precisely the class
of functions in E , studied by Caplinger [1] . The class

D (0<,1,P ) =D (X ,F Jd is the class of holomorphic functions

discussed by Juneja - Mogra [4] .

Where P & ;',,A(?’,«q-‘f”/z 4 LR P é°(<1/2‘5\
Let T be the subclass of S of holomorphic functions tn: E,
—-having the power serie¢ representation., We define
P*(o( ’P’¥K) =TND (o(",p,.}t\) we have the following theorem

based on the above subclasses of S, before this we state the

following coefficient theorem the proof of which can be found

in [3] -
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Lemma : 5.1 1 (coefficient) :- A holomorphic function

n *
= - 7 A if and ly if
f(z) = 2 %% l'sn, z in P (¢ ,P,‘E\) ind only i

ii a 1+p (2%, -1 } 2BE (1-().

0 ol {1 @0} < R0

This result is sharp.

We shall annly this coefficient theorem in case of the

following theorems :

: o0
Theorem :5.2:~ Let F (z) = z2- 2E|an| 2" be in P*(X ,P,‘E\)

s
£(z) = 1/2 (zF(z)) . Then F(2) is starlike of order A\

type § in |z| £ r given by

. S "
n {I4p(2g 1)} (25 -1-A) /1)

2l

R(j-—_%)ﬁﬂ) (n =26 -A)
: -
Proof :- We show that »R [z f (z)

£(2) ] >)\

P
A
N

=

1

2z'- Z:_: (r‘.1+1). lanl 2"

’ | 1
1/2 (zF(z)) = flz) = z - 2 —n-g-

5 an, z

-~

R e
U I BT T S
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Now
2f' (2z) z - jfé ﬁ (n+1) ,an’ zn
2 2
£(z) z - E;. (n;1)\ [‘n] 2"

' . [0.9] .n=1 c
" -(-1-5)+22(g;_1) Pa| 1217 (n=35)
S | | n-1
: ey 1

L 6= )

Also making use of the coefficient inequality the lemma 5.1

and solving for Iz, y We get

S

-

n {1+ plag - )} (2g-1-ry |
1< - S

SRR (1=s)(n+1) (n-28 = A)

L— —

»

We state some Sarticular cases in the following :

*
Corollary :1 :- If F(z) € P («), where

PP () =D (o) N .T
. !
and f(z) = ﬁ/2-(}F(zZ) 4 then F(z) is starlike of order A ’
type & 1in

=I<

n (1+) (26 -1-)) 1/(n-”

£ {n+1)(n-2g =)

e

-
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This new resuit would be obtained for the class D(o ) defined

by Caplinger [1]

Corollary :2:~ If F (z) € D (0(,1,|3)ﬂ T, and
)
£f(z) = 1/2 (zF(z)) s then F(z) 1is starlike of order K,

tvpe §, but having negative coefficlents.
4 1/(n-1)

—

n (2} (2§ -1- X))

HES

—

(1- &) (n+1) (n=25 = A)
]
This would be a new result for Juneja-Mogra [4J .

Corollary :3:-. If F(z) € D(d,P, "nT = p* (O(,ﬁ)

'
and f(z) = 1/2 (zF(z)) , then F(z) is starlike of order A ,

tyne 8, This class was studied by Gupta and Jain £33 .

1 -
n(1+P) (2 §=1=-A) ] (r=1)

21K

P(1=c)(n+1)(n-2 6= 3|

.
We state and prove a very new result for the combined class

N{ ,P, E\) and T,

Theorem :8.3:- If F(z) = 2z«

on]
£'(z) >>\ for |z |(r

Proof :- We prove that ff'(z)-1l é (1- )\)

[o.¢]
2 e D(d,P,E\) NT
and f(z) = /2 <zF(z))‘ . then Re

By the definition of f(z), we have
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P%z)-1[<:§i n(nt1) |2n] |2 ]

n-1

Hence lf'(z) - 1‘ g(‘l-)\) i f

2on () e |z ""\< 1-)\ 0L M1

2 2 AN

But we have

f nlanl {1+B(2&-1)%

1 —

.<1

QP{\ (1=-c()
Therefore;

-1

00
i n({n+1) |an] |z n 2_2_— n Janl (1+P(2\§\-1)
- <

—

2
2(1= M) 2P § (1- )

Implies,

—

1/(n-1)

.
(1-X2) (+p (25 -1)

| =1 <&

! (n+1) FE\U-‘()

We put some particular cases :

7
Corollary :1:~ If F {(z) € D(0,KXyt)NT and f(z) =1/2(zF(z»

Then, Re ¥ (z) > W |y for lzl Z ry but having negative

. 1/(n-1)
coefficients (1- A )(1+x)

=14

& (n+1)

This is due to Caplinger [1]
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/
Corollary :2: - If F(z) € D(o«4p) N T, and £(z) = 1/2 zF(z))
'

!
then Re f (z)>/\ y for IZI < Ty but having negative

11 fn-1)
coefficients N 2 (1=)) /
| 2|

(n+1) (1-)
L. i
This is a new result obtained for the class defined by

Juneja - Mogra [4] .

Corollary :3:- If F(z) € p*(rx ,P) = D{( ,P,i)ﬂ T, and
f(z) = 1/2 (zF(z))l y then Re f'(z) >>\ for

| 2|, r©y given by

(-2 (1ep) ] 1/('""”
1< |-

-
(n+1) pB(1-x)
PR

This is a new result obtained for the class defined by

Gupta and Jain [3] .
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