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CHAPTERS-T1

CHARACTERIZATION OF THE MAGNETOFLUID SCHEME

1.1 Introduction

For the perfect fluid in which velocities are isotro-
phically distributed, the mean free paths between the
oscillations and time are very short (Weinberg 1972)., But
generally this is not true, This necessitate the study of
more relativistic fluids, So we study the relativistic
magnetohydrodynamics comprising highly conducting self-

gravitating charged perfect fluid (Shaha 1974),

Although the orioin of magnetohydrodynamics is in the
Minkpwaski's electrodynamics of moving bodies, the discovery
that celestial bodies are highlv magnetized, is indirectly
responsible for the development of magnetchydrodynamics,
(Ferraro 1966), Bigelow in 1899 showed that sun is a great
magnet, upto which earth is the only known celestial body
which is magnetized, Hale in 1908 found that sun-spots are
highly magnetic. These discoveries opened a new chapter in

the theory of astrophysics,

Parker (1964) has applied the technique of claséical
magnetohydrodynamics (CMHD) to study the behaviour of magnetic
field in solar winds, while Wilson (1968) applied this theory
to study the sun-spots and Hewish (1969) to study spiral amms,

The gravitational fields in astrophysical events are stronger
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than electromagnetic fields, This motivates the study of

astrophysical events in context of relativistic magnetohydro-
dynamics (RMHD), The recent discoveries of pulsars, neutran
stars, the cosmic microwave radiations and gravitational waves

have accelerated the study of RMHD (Patil 1978).

Lichnerowicz (1955), Pandev and Gupta (1970) studied non-per
perfect schemes in relativistic hydrodynamics. Coburn (1963)
examined the effect of self induction of entrophy and basic
Cauchy problem in BMHD, In the generalized version of Godels
universe, Raval and Vaidya (1966) considered imperfect fluids,
The field ecuations of RVMHD are derived by Lichnerowice (1967).
He has established the existence and uniqueness of 3MHD solu-
tions, Greenberg (1971 a,b) derived the Post-Newtonian apnro-
ximatiqns ﬁgsﬂ%b%&?guation of RMHD. Lichnerowicz?®s (1967)
theoryégéigég§§od21s (1971) to study galactic cosmology,
gravitational collapse and pulsar theory, Date (1972,73,a,b)

considered the local behaviour of congruences in RMHD,

The thermodynamical differential equations considered by
Lichnerowicez (1967) for the magnetofluid does not incorporate
the possible effect of electromagnetic field on internal
structure of the fluid, This fact is successfully tackled by
Maugin (1972) with the use of action principle in the Fuleriah
description for general RMHD, Greco (1974) used Maugin (1972)
scheme and determined the discontinuities, characteristic
equations, associated rays and velocity of propogation, Maugin

(1974) has derived the field equations of a non conducting
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charged perfect fluid interacting with electromagnetic fields
and endowed with spins of magnetic origin. from variation

principle,

Taub (1970) obtained equations of motion for self gravitating
charged fluid with finite electrical conductivity, Self-gravi-
tating magnetofluid schemes wers investigated by Shaha (1974)
while Asgekar (1976) studied self-gravitating matter distribu-
tions in the realm of RMHD, Ths necessary and sufficient
conditions for the perfect magnetofluid to be Lie invariant
along the preferred directions are found by Patil and Date
(1978), With the use of Maugin (1972) scheme for a relativistic
perfect magnetofluid, the relation between convective deformation

” TEeNHOY
of the matter tensor and deformation is derived by Patil (1979).
Fennelly (1980) introduced magnatic fields and fluids with a
finite conductivity in Bianchi type-I universes and found the
corresponding consequences, A,Chaljub et,al,(1980) have found

some global solutions of Lichnerowicz equations in general

relativity on an assymptotically Euclidean complete manifold,

This rapid progress in the field of RMHD has stimulated us
to work on relativistic magnetofluid, The dynamical features of
space time filled with the magnstofluid under particular

symmetry character are to be investigated,

Evolution of the stress en=rgy tensor for the magnetofluid
and the properties of this stress energy tensor are presented in
second secticon, It is shown that this stress energy tensor is

physically transparent, Third section deals with various space
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symmetries, Einstein space, C~space and P-space are defined
and incompatibility of Einstein space is established in this
section, The field equations are given in fourth section,

Consequences of Maxwell equations are obtained and these are

expressed in terms of Ricci rotation coefficients,

1.2 Evolution of a stress energy tensor for the

relativistic magnetofluid

(a) A stress energy tensor for the electromagnetic field :-

We have the expressions for "the polarization magnetization

two-form (Gab)", and "electric field magnetic induction two-form

(Hab)" (Grot and Eringen, 1966,a)
H =( eu. -eu )+ L € J:—Bcud (1,2.1)
ab b~ a ab VjI abed 9 ? *o.
bcd
b a b b a 1 N
G%° = (L%° - %) + = mu, . (1.2.2)
V-1 e cd

with e? as the four electric current,

eabcd as the Levi Civita's alternating symbol,

a . . s .
B is the magnetic induction vector

such that
Bu? =0, (1.2.3)
and
La = Gba Ub . (10204)

According to Lichnerowicz (1967) the approximations for perfect

magnetohydrodynamics are infinite electrical conductivity ( ¢ )



20

and constant magnetic permeability ( p ). These assumptions
necessiates the electric field vector e to vanish, Hence for
perfect magnetohydrodynamics the expressions (1,2,1) and (1,2,2)

get reduced to

- 1 -~ o~ -c . d
Hap = ;;f;“ Cabcd‘/"g BYu, (1.2.5)
abecd
gaP = L 2 mu, , (1.2.6)
V| Jooooo©d

where magnetization vector m, is defined by (Maugin 72)

m_ = B - h (1.2.7)

Further if the magnetic induction depends 1linearly on the
magnetic field then for isotropic perfect magnetohydrodynamics

we have

B = ph?. (1.2.8)
Thus it follows from (1.2,7) and (1.2.8) that

m = (1-uyt)B¥=(pn-1)n, (1.2.9)

which gives

u_m = 0. (1,2,10)

From the equations (1.2,%) and (1,2,6) the general form of the

invariant @ of the electromagnetic field given by
& = 2 F_F (1.2.11)
2 ab y LIRS )

and the stress energy tensor for the electromagnetic field

without involving‘<fﬁ , 3 7 can be derived in the form
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(Maugin 1972)

$ =1 (ee®-83%), (1.2.12)
T?zm) = ¢ ¢®P= (e® + n?BP ) + B%h PP +
+ e D uaub + uavb + Waub . (1.2.13)

=]

Here Aa is the electromagnetic potential, J is the four

electric current and D? is the electric displacement vector,

The defining expressions for V and W are

'1bacd
v L € e hu, , (1.2.14)

\/:-l" -\7:-__,_,;——— acd

~ bacd
<

W = ;7%1 | DBy . (1.2.15)

V-9
In case of thermodynamical perfect fluid with infinite

electrical conductivity we have
e. = L. =D = 0, (1.2.16)

Making use of (1.,2.,12) and (1,2,16) in (1,7.13) we get
c

ab - 1 c_ab apb c_ab
T(em) = -5 BB’g"" - h"B” + B h'p .

From equation (1,2,8) it follows that

b 1 2.2 b b 2
Tiom) = 5 ¥h° ¢°° - wnn® - wnp®®
i.e, T?Zm) % p‘2h2gab _ phahb _ Ph2 (gab_ uaub ,

: ab 2 ab 2 ab b
e, T = - p (1- 2) n7°g®° - wn°

E
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Thus we get the final form for the stress energy tensor of

electromagnetic field as

190 = B [ wiP - (1 - B ®® In? - wnPn® (1.2.17)

b) The stress energy tensor for thermodynamical perfect fluid :

We consider the stress energy tensor for the relativistic

perfect fluid (Lichnerowicz 1967)

b

122 = (r+p ) wP - pg?P (1.2.18)

where 1r 1is the energy density and p is the isotropic
pressure of the fluid, The energy density r consists of a
proper material density @ and a specific internal energy GT,

where € is the function of two thermodynamical variables of

the fluid ¢ and ,p ,

ioeo e = e ( q H p ) . . (102019)

r=Q(l+€), g>0. (1.2,2C)

Hence (1,2,.18) becomes

120 = [ gU+g)en ] vl - pg®®

i, e,
T?g) =Q (l+€3+p/? )uaub - pgab .

If the specific enthalpy i is defined as

i=¢€+pl , (1.72.21)
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then

: . b b
T?ﬁ) = q (1+i) ud® - pga ’

which can be also put in the fomm

ab ab abh
= - 2.
'T(m) g f uu pg s (1.2.22)

where f 1is the fluid index with the expression

f=1+€+p/g =1+1i , (1.2.23)

The equation (1,2,22) characterizes the stress energy tensor

for the thermodynamical perfect fluid,

c¢) Lichnerowicz's stress energv tensor for magnetofluid :

Considering the Minkowaski's energy tensor Lichnerowicz
(1967) developed the stress energy tensor for the perfect fluid
with infinite conductivity and constant magnetic permeability

in the form

2
15 = (gf + un’) wu® - (o + B 0?0 - wh®

where Q is the proper matter density,
f is the fluid index and

p is the isotropic pressure,

d) The stress energy tensor for Maugin's magnetofluid scheme

A new stress energy tensor is constructed by Linear
superpositions of stress energy tensors (1.2,17) and (1,2,22)

(Maugin 72) .
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. rab ab

where T?em) is the stress energy tensor for electromagnetic
field given by (1,2,17) and T?i) is the stress
energy tensor for the thermodynamical perfect

fluid given by (1,2,22).

By utilizing (1,2,17) and (1,2,27) in (1.2,24) we get

2
Tab Q £ uaub _ pgab - uaub - (1- % )gab 1 h° -
- hahb ’

( of + ph®) uuP- [ prp(l- B)n® 1g%%- whPh® | (1.2,25)

o)
D
—

"

Note : The stress energy tensor (1,2,25) characterizing the

magnetofluid is used throughout this dissertation,

Remark : This stress energy tensor reduces to the stress energy

tensor given by Lichnerowicz (1967) if (1 —-% = % ) .

v

Various aspects of the stress energy tensor for the magnetofluid :

The various contractions of tensor (1.2.25) can be

summarized as follows

2 2
ab - h b

T, = [ r+ 2] 07, (1.2,26)
ab B 2 2

T ujupy = r + g‘h , (1.2.27)

1% | = T = r-3p- 2pn+24°h°, | (1.2.28)
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ab _ h b
% _ =-[p-%> ]h, (1.2.29)
2 2
ab _ h 2
182 4y h, = 0 (1.2.31)
ab ’ o2
2 2 2 2
he\2 h*\2
T3P = (r+ B0 )% 3 (p - B )7 4
+ 2 ph? (2p - ¥R° + ph?), (1.2.32)
b 3 2.2 y)
T® P.p =5 Kh™ - 3p -2 pn° . (1.2.33)
(ph)°
The equation (1.2,27) gives the eigen value ( r + E? ) with

respect to eigen vector u Moreover it is the energy density,

a.
The trace T of the stress energy tensor (1.2.,25%) is

(r-3p - 2uh° + 2 (ph)? ) which is given by (1.2,28). The
equation (1,2,30) is the #igen value corresponding to eigen

vector h® and the expressions (1,2,32) and (1,2,33) provides

the invariants for the magnetofluid.

Energy conditions

The famous Hawking and Ellis (1968) energy condition to be
satisfied by all known forms of matters and equations of state
is

ab 1
™ uu 2y 57T. (1.2.34)
For the magnetofluid given by (1,2.25) we have

2.2
v+ B0 L rspow® 42 (wn)? ],

—
e
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i.e. T+ 3p+p(2-p) h 30 ; (1.2, 35)

which is true since the magnetic permeability p is the 7
constant and always less than unity, This establishes the

fact that the stress energy tensor given by (1,2,25) is
physically transparent.

1,3 Field eqguations

The field equatibns for the magnetofluid consists of the

following equations.

a) Einstein equations

1

Rab bt '5 R gab = - K Tab y (10301)

where Tab is the stress energy tensor given by (1,2,25),

If we take the gravitationalconstant K= -1 and velocity of
light ¢ = 1, then the field equations are

1

Rab = 3R 9 = Tip -

Remark : The Einstein field equations are the most revolutio-

nary equations, They form the unifying bridge between

geometry and dynamics of the space time,

b) Maxwell equations

According to Maugin (1972), the Maxwell equations for the
magnetofluid are
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where h? 1is the space-like macnetic field vector with

uaha = 0, haha = - h* , (1,3.3)

c¢) Thermodynamical equations

The relations connecting thermodynamical variables are

(Lichnerowicz)1967)
TdS - di + 9% =0 , (1,3.4)

where T 1is the proper temperature,
S 1is the entropy,
i is the enthalpy,

Q is the proper material density,

Consequences of Maxwell equations through Ricci rotation

coefficients

The equation (1.3.2) can be written as

b b b b

a a
ua;b h° + u?h .p = U ,ph® = uh®, =0, (1.3.5)

1) Contracting (1.3.5) with u, and using (0.3.4) we get

b

b
h ;h)

a =
- h -b uah =0,

Which on using (1.%,3) supnlies

b _ b, a
Consequently
* . a b
uh® = -h, . (1.3.6)
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Thus magnetic field vector h? is divergence free if and only if

the four accleration is orthogonal to the magnetic field vector he

By the use of Ricci rotation coefficients the equation

(1,2,6) can be rewritten as

b

[+ Va+y Wa+7y Na]h®=-h" , (1.3,7)
414 424 434 '
e, 1 Vgh® 4y Woh® 4 v Nah® = - nP
414 424 434 '

Thus for divergence free magnetic field,aieﬁg~eﬁe~oi:ih§

spacew%%me;ie%fag3we have

r =0, = 0, =0,

7 ¥
414 424 434
II) Transvecting (1.3,5) with ha and using (1,3,3) we get

b b

b

2 b

2 1
ua;b h,h” + h.u +5h° L u =0 (1.3.8,3)

From (0,3.5) and (0,3.15) it follows that

[ Sap * Wap * 38 Pt G0y T2 o+ 517 W =0,

This equation with (0,3,10) and (1.3,3) gives

6éb h3h° + % o[ 9ab- UaYp ] heh? + Ko + % }'12’b W = 0 ,

i.e. 6, h%n° - Lo n? + 4 h2’b L+l e=o0,

e, o7, WP + 2o n? + & hz,b w® =0 . (1.3.8)

In terms of Ricci rotation coefficients the equation (1.3.8)

takes the form
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1 1 , 1
(++20@)VV_ + (v +%60)WW +(r+50) NN +
[ 411 3 ab 422 3 ab 433 3 ab
1 . 1
+=( 7 + v ) (VW +WV)+=(r + v ) (WN_ +NW)+
2 '4lp 421 @b Tabt n 2 o3 437 @b A
+ % (r + 1) (N, + VaNb) ] T % (r+ v+ 1) o+
431 413 an 412 433
1.2 b
+‘2‘h’bU "O P

On introducing the value of @ in this equation we get

1
{=[ 2171 -7 )VV + (=7 +27y =7 )WW +
3 411 422 433 2P 411 422 433 2P

1
+ (=7 = v + 27 )N.N +=T ( v+ ) (VW +WV)+
411 422 433 @b I*sl 412 421 ab a'b

b
+ (v +7 ) (WN_+NW )+ (r+7r )NV, +VN)h®h -
423 432 a’b = Ta’b 431 413 @b ab ]
2 2 1.2 b _

411 422 433

1,4 Space symmetries

We innumerate below some important spaces existing in

literature,

a) Einstein space : (Petrov,1969)

The Einstein space is defined as the "™Riemannian manifold"

]

of any dimention and metric gignature satisfying the conditions

Rip = C 95, ©(1.4.1)

where C is a constant,
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Riemannian manifolds satisfying (1,4,1) originate in the
theory of Lie groups and almost all the present variants of
unified field theory, Every Riemann space of constant curvature

js an Einstein space (Petrov 1969).

Note : The contraction of equation (1,4,1) yields

® R, = C 9%,
i.e, R = 6a.a ’
i.e. R=4C,
ie. C=%R.. (1.4.2)

Thus (1.4.1) becomes

1

Rab = "4"" R gab y (10403)
i,e,
- 1 i
Hence Tabuaub gives
ab_ 1 a b
Tabu u- = ZT 9gp U U > (1,4,5
i,e
o e - a b - .]-_-
Tab u u - A T . (lodo6)

From (1,4.6) we conclude that the condition (1.2.34) is

not satisfied, Hence Einstein space is incompatible with

magnetofluid space-time .,

b) C-space

The Weyl conformal curvature tensor has the defining

expression (Ellis, 1971)
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Cabcd = Pabcd T %afdc]o T %b[c'd]a" 3 9a[d%]b - (1.4.7)
This Weyl tensor satisfies the relations
Cabcd T “[ab][cd] - (1.4.8)
Cbed T O (1.4,9)
Ca[bca] = © - (1.4.10)

Remark : 1) This Weyl tensor has ten independent
components,

2) We observe from (1,4,7)

Robed =9 % Cypeqg =0 » but

Cabc:d = O7E7 Rabcd O .

Thus the flat space-time implies conformally

it

flat space-time but not the converse,

Definition : The space in which divergence of the Weyl

tensor vanishes is called C-space, (Szekers 1964),
C-space is the Riemannian space governed by the

relations
=0, (1.4,11)
c) P-space :

According to Petrov the space matter tensor pabcd is

Pabed = Babed t Sabed & W 9sbea, (1.4.12)

where the fourth rank tensors hove e expresmions .
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1

abcd ~ 2 [ 92cTbd = %adlbe * Y%dalac = e |

S ad ] 1 (104013)

9abed = %ac%d = 93d%c (1,4,14)

and \p is a scalar,

This space matter tensor pabcd satisfies all the algebraic
properties of the curvature tensor Rabcd and it is more

general than the Weyl tgpsor C [ Petrov 1969 ] .

ancd
We have
Pabcd = ~ Pbacd = = Pabde T Fcdab ¢ (1,4,15)
Pafbcd] = O - (1.4,16)
Definition : The Riemannian space in which
P® =0 (1,4,17)
de;a ’ ¢ Te )

is known as P-space (Shaha 1974).



