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CHAPTER-TTI

SYSTEM _ OF  STREAMLINES

2.1 Introduction

The local behaviour of congruences in the space-time of
the magnetofluid is investigated, The vanishing of the
divergence of the stress energy tensor is the differential
formulation of the law of conservation of energy and
4-momentum, As this equation places constraints on the
dynamical evolution of the stress energy tensor it is known
as equation of motion for stress energy. Equation of stream-
line represents a line which is parallel to the direction of
fluid flow at a given instant, while equation of continuity

e

<§£:é§éginuity gquatiéﬁDis an equation obeyed by any conserved
indestr;;;ible guantity such as mass, electric charge, thermal g
energy, electrical energy or quantum mechanical probability,
which is essentially a statement that the rate of increase of
the quantity in any region equals the total current flowing
into the region, Mass conservation law is the notion that
massggeither created nor destroyed, it is vicleted by many
micfoscopic phenomena, The 1local conservation laws are
studied in section two while the characteristics of some
special flows of the magnetofluid are described in section

three,
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2,2 Differential identities

The famous Ricci identities give rise to local

conservation laws

with the help of Einstein field equations, These laws are
also the laws of conservation of energy and momentum, These

laws generate the laws of motion of the dynamical system,

The stress energy tensor for the perfect magnetofluid

(1.2.25) can be put in the form

b ab ab

T8° = Awu® - Bg b

where
A=o f+ ph? ,

and B

p+p,(l-§)h .

Then the local conservation law Tab,b = 0, for the magneto-

b

fluid described by (2,2,1) supplies the result,

b b

a b a b a a
A,b uu + Au ;bu + Auu b B,b g -

- B gab;b _ pha;bhb _ phahb.b _ p,bhahb =0,

1

i,e, (of + ph2) b uau; + ( of + ph2) ua,bub + (Qf+ph2)uaub.b -
] ’ ! ’

b

2 ab a b a
- [p+pl =50 ], 0% - w® h° - wh =

On utilizing (0,2,%2) and (0.,2.8) in above ecuation we get
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( Qf + ph2) b uaub + Qf + phz) [ a? + e u® ] -

a b b

b _ uh ., N - ph®h® = 0. (2,2.2)

2
-[p+r (-3 1 ],

Equation of Continuity :

By transvecting equation (2,2,2) with u, we derive the

continuity equation for the perfect magnetofluid in the fomrm

b a

2 2 .
( Qf+ ph ),b uauau + (q f + ph?) [ uu® + ® uaua ] -

2 ab a b a b _
- [ p+ n(1- g) h°] 9% vy = ph® phou = puh%u b b= 0

fve. (Qf + wh’) u® + (Qf + wh’) & = [ b +u(l- &) n7] WP -

- pha;b hbua = 0, (2.2.2)

[ vide (0,3,3),(0.3.12)and (1,3,3) ]
From (1,2,20) and (1,2.,23) we have

Q f=r+p,
Hence equation (2.2,.,3) becomes

2 2 b 2 - a b
[ r+p+ph“-p-pu(l- %)h ],b u” + [ r+p+ph® J © - ph ;bh u, =0,
p’h’. b 2 a b
iees [T+ 55 ],b u’ + [ r+p ]® + ph"© - ph phu, =0,

which on making use of (0,3,5) and (1,.,3,3) takes the form

* ULy hohP = o .

2,2
( r+ 353— ) b uP o+ (r+p) © + ph2ub
’ ;b ;

This with the usage of (1,3.,8,a) can be reduced to

2,2
(r+ 80 W s (o) 0+ (- 02 )
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2h2 h2 b
i.e, [ r + Eﬁ— - H§ ],b u + (r + p) & =0,
e SR (- n? ] P (reple =0 (2.2.4)
1oeo [ r 2 p' ’b p L] « e

This is the equation of continuity for the magnetofluid,

Equation of continuity in Ricci rotation coefficients

In the form of Ricci rotation coefficients the equation

of continuity (2.2.4) can be put as

-2 (1-ph ] P+ (rtp) [-r =1 -7 ]=0
r H P H 4 7 *
[ =3 b [411 422 433]

O. (2,2.8)

i

ive. [ r- £ (1-ph? ] 0P (oep)(z 4 1 4 1)
’ 411 422 433

Effect of thermodynamical variables on equation of continuity

From the thermodynamical equations (1,2,20) and (1.2.21)

we have
r=¢ (L+1i-p/q),
i,e., dr = d [ ¢ (1%1 -p/e) ],
i.e, dr =dg (1+i - p/q ) + g d(1l+i-p/e). (2.2.6,a)

On account of (1,2,21) this equation becomes

dr = dg (1+€,+ ¢ di - ed (p/¢),

i,e. dr = (l+€)dg + qdi - ¢ [ SR - PdQ 1
i.e, dr = (l+€)dqQ + Qdi - dp + % do
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i,e., dr = (1+€&+ p/qQ ) dg + Qdi - dp ,

(1+€+ p/g) dg + g (di - SB )

H

-

(

.

Q.

H
i}

1t follows from (1.7.23) and (1.3.4) that

dr = fdg + Q T4S ,

. (2.2.6,b)

i.e. 7 = f?,a + Q T S,a

Hence the equation (2.2,4) i,e, continuity eauation becomes

[ (£5 ,+ 7S )-(5 » (1- &) n)

s

]saua+ Qf 8 =0,

a a

ices [ QTS’a - ( % p(li%)hz);a ] u® o+ fq,au +

Q £ u® =0 ,

;a

e, [eTS -5 w (1- B h? Ju+ £(Qu?), = 0. (2.2.6)

Mass conservation law

If the magnetofluid satisfies mass conservation law i,e,

law of conservation of Baryons
a -
(qud),, =0, (2.2.7)
then the equation (2,2,6) takes the form

¢TS4 w= L1 -2 hg’aua. | (2.2.8)

Hence we condlude that for the magnetofluid obeying mass

conservation law the flow is adiabatic if and only if

.LJ% w(1- %) he ] is conserved along the four velocity u? .
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Equations of streamlines

The equations of streamlines for the magnetofluid are
obtained by substituting the value of (?f) © from the
equation of continuity (2,2.4) into equation (2,2.2). Thus
we get

a

( gf+pn”) wi® + (gerpn?) & + g0 u® + ph’eu’® -

2 ab a, b -
-[e+p(1=-5)n ] 9% -p(®), =o0.
It follows from equation (2,7.,4) and (1,3,8a) that

b

Py (ef+ ph’) v? - [ r- £ (1-y) h?] LU’ -

(ef + uh?) b vy
’

tj
2 a b 2 ab a, b
- phguy hPu? - B b uu” - o+ u(l- 5HNT]  o7P-u(hhY) =0

o
i, e, (<§f+ph2 -+ & (1-p) he - Eg— 1y wu® - (&f+pn’)u? -
]
b 2
-1 up,hhCu%- [ pt (1= B) 07 o - (hRP) =0,

icee [ p+ p (1 g) h’ ],b (uaub - gab I §f+uh?) u? -

b, ¢ b
- By, hoh u? - u ( n®n ). =0,
. 2 ab a, b
fees [p+p (1= 17 ], 0%~ u(h®h”), -
-(§f+ph?) ua.bub - ub,chbhcua =0,

(2.72.9)

The equations (2.2.9) are the equations of streamlines,
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Theorem : The magnetic field lines are divergence free if
and only if ( p + f ( 1-y) h2) conserves along the

magnetic lines,
Proof :  The equation (2,2.2) is
(ef + th),b ud® + (¢f+ ph?) [ 4%+ o u?] -
- [o+p (1- % )h2 ],b gab~ Hha,bhb _ uhahb;b =9 .

On transvecting this with ha we have

b b

2
[ Qe+uh®] v uh = [ prp (1- $)h 1,0° -

- whyh? n® s =0,
2

From (0,3,8) and (1,3.8) we get

[gf+ ph®] 5% h_ = [ ptp (1- £ ) n? 1ph°+

2

b
uh ,bh

+ +ph? W2 =0

ib

N}t

Employing Maxwell equations this reduces to

- (¢f + ph?) hb;b - [ ptp(l - B h2],b h° +

1 .2 .b 2 .b  _
+ 5 wh® (hY 4 pn® n =0,

ie. = () %, - [p+4# (1-p) 1’ ],bhb =0,

ice. [p+ % (1-pn® 0% = (s6) B°,, . (2.2.10)

This result justifies the statement of the theorem,
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Note : From (1,3.5) and (2.2.10) we derive

2,3

and

[ p+ & (1= ] 0° = =(5) U ph? (2.2.11)

By introducing the value of ba in Riccl rotation

coefficients the equation (2.2,11) becomes

B ooyl b _ _re , a
[p+ 5 (l=p)h ],bh [gf][4{4va+4£4wa+4g4Na]h. (2.2.12)

Thus we infer from (2.?.1’) that the four acceleration

is orthogonal to magnetic field if and only if the

quantity ( p + g (l-p.)h2 ) is invariant along the

magnetic lines,

The special flows of the magnetofluid

For the magnetofluid w2 have obtained the results

S o.a  _ b
Uan = - h ;b y (10306)
éabhahb+%ehz +%h2,bub= o, (1.3.8)
[ r-% (1-ph° ] P (c+p)B =0, (2.2.4)
2 .
[p+& (1-p) h ],bhb = -(3f) 4. h? , (2.2,11)

Geodesic flow :

From (0.5.1) and (1.3.6) we have

W =0, (2.3.1)

Also we have from (0.5.1) and (2.2.11)

[p+% (1-wn® ], n° =0 . (2.3.2)
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Essentially expanding flow :

It follows from equations (0,5,2) and (1,3.5%)

b
h’., =0, (2.3.1)

from (0.5.2) and (1.3,8)

§en +zn’ (WP =0,

i, e, % e h2 = - % hQ’bub ,

e 50 ar " az " 4%3)h2 AR (2.9.3)
and froﬁ (0.5.2) and (2,2.11)

[ p+% (1-p) b 1s h? =0 , (2.3.2)

Killing flow :

(0.5.3) together with (1,3.6), (1.3.8), (2.2.4) and

(2.2.11) give the following results

b
h ;b =0 ’ (203-1)
> b

P pu =0, (2.3.4)

b _
r Ul =0, (2.3.5)

d hP =
an p’b O . (2.3,6)

Born rigid flow :

Utilizing (0.5,4), (1.3.8) and (2.2.4) we obtain
h B = o, (2,3.4)

and b _
r Ut = 0. (2.3.5)

3257
A
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Harmonic flow

From (0,5.5), (1.3.6), (1.3.8), (2.2,4) and (2,2,11)
we get

h ", =0, (2.3.1)

G wa.b o _ 1.2 b
b h“h -5 h ’bu s

ices [y (VW + W V) 4y (W N+ NW) +

412 423
a b _ 1.2 b
*ogy MaVp * Valp) JRTht = - 5 b7 (2.3.7)
2 b
[ r -4 (1-p) h Iy =0 (2.3.8)
and
2 b
[p+ g (1-p) h ]’bh =0, (2.3.2)
Boost flow
We have from (0,5.6), (1.3.8) and (2.2.4)
Wy’ =o0, (2.3.4)
and
r =0, (2.3.5)
?

Steady state magnetofluid

Fguation (0,5,7) with (1,3.8) and (2.2.4) provide
the results
h pui =0, (2.3.4)
b

and
r,bu = 0 , (2.3.5)



Thus fo

results

1)
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r the special kinds of flows we admit the following

For geodesic flow, essentially expanding flow, killing

flow, and harmonic flow the magnetic field is

divergence free,

In killing flow, Born rigid flow, boost flow and

steady state magnetofluid the magnitude of the

magnetic field is invariant,

In harmonic flow the quantity [ r - # (1-u) h? ]

remains unchanged,

Flow remains essentially expanding if the magnitude

of the magnetic field is not invariant,

5)

For harmonic flow,kthe projection of shear tensor

along h? andﬁig)vanishes if and only if the magnitude

T———
of the magnetic vector remains constant along four-

. Vo,
velocity. ‘%Qﬁ\

W
/t",

The energy density r isi§i£Z;>in killing flow, Born
T

rigid flow, boost flow and steady state magnetofluid,

The isotropic pressure p for the killing flow is

invariant along magnetic lines, while for geodesic

flow, essentially expanding flow and harmonic flow

the quantity [ p + % (1-n) he ] does not vary along

the magnetic lines,




