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CHAPTER III

ROUGH FUZZY SETS

111*1 INTRODUCTION
Pawlak tP13 defined rough set as an ordered pair 

of lower and upper approximations of a subset of a universal 
set.

Dubois and Prade [Di,D2] replaced the term 
"a subset" by "a fuzzy subset" of the universal set and 
introduced the concept of rough fuzzy set, as an ordered 
pair of lower and upper approximations of the fuzzy set.

In this chapter we shall discuss the properties of 
rough fuzzy set.

Ill : 2 ROUGH FUZZY SETS
Let K ■ (U, £) be an approximation space, where 

£ = { E ^ | > e A } is the partition of U. Let R be the
equivalence relation induced by £.

Definition (IIIs2:l) CD*, D23 *
For each fuzzy set X of U, the lower approximation

of X with respect to R, is the fuzzy set RX : £ -- > £0,13
defined as RX (Ei) = inf{ X (x)|w () * [x]R }; where w is 
a mapping form £ to U defined as w (E*) *={x eU |Ei = [x]R }.
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Definition (111:2:2) [Dx, D2]

For each fuzzy set X of U, the upper approximation
of X with respect to E is the fuzzy set EX : E --- > [0,1]
defined as

EX (Ej) - Sup { X(x)|w(Ei> ■ tx)R }.

Definition (111:2:3) U>i, D2J :

Let (BX, EX) be a rough fuzzy set corresponding 
to a fuzzy set X of U. The fuzzy extension w(EX) and w(EX) 
of EX and fix respectively are fuzzy sets of U, defined as 
foilows

w(RX) : U--- > [0, 1] by
w(gX) (X) - IX (Ei), if x e w(Ei) and
w(EX) s U--- > [0,1] by
w(EX) (x) = EX (Ei), if x e w(Ei).

Proposition (111:2:5) [D21 :
A fuzzy set X of U is equal to its lower and upper 

approximations, if and only if X is constant on equivalence 
classes of E.

Proof :
Suppose that the fuzzy set X of U is constant on 

equivalence classes of E.
Let x £ E
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Therefore, w(£X) (x) = IX (Ei)

= inf { X(x)(wCEj) * Ix]r }

= inf { X(x) J 
x e E|

= X(x)
Thus, w(RX) (x) = X(x).
Similarly w(tx)(x) * X(x)
Hence fu22y set X is equal to its lower and upper approxima
tions .
Conversely, suppose that X is equal to its lower and upper 
approximations.
i.e. w(RX)(x) = w(RX)(x) = X(x)
i.e. inf X(x) = Sup X(x) = X(x) 

x e Ei x & Ei
This shows that X is constant on equivalence classes of R.

Proposition (111:2:6) [D2] :
Let K = (U, £) be an approximation space. R is an 

equivalence relation on U, induced by £. X and Y are fu22y 
sets of U, then following holds, 

i) w(RX) C X C w(RX)
ii) w(R(X U Y) = w(RX) U w(RY)

ili) w(S(X n Y)) C W(fix) n w(RY)
iv) w(R(X n Y)) = W(SX) n w(RY)
V) w(S(X U Y)) 2 w(RX) n w(RY)

vi) w(-RX) - w(R(-X))



vii) w(-RX) = w(R(-X)) 
viii) w(R(w(RX))) ■ w(R(w(RX))) = w(5x)

ix) w(R(w(RX))) - w(l(w(RX))j = w(RX)

Proof
(i)

: Let X £ U be such that x e E* £ £.
W(RX){X) - SXCEi)

= inf { X(y)|wCEj) = [y]g 1
—* inf x(y)

y £ Ej
< X(x)
< sup X(y) y £ Ej
■ RX(Ei)
= w(RX) (x)

Thus, w(RX) C X C w(fX).
(ii) W(R(X U Y))(x) « R(X U Y)(Ej)

■ SUP {(X U Y)(x)} x e E{
* sup (max{ X(x), y(x) }} x e Ej

= max sup 
x e E|X(x), sup Y{x) 

x e Ej

Thus, w(R(X U Y))

■ max {RXCEj), RY(Ej)}
= max tw(RXHx), w(RY)(x)} 
- (w(RX) U w(RY))(x)
= w(fix) U w(RY).



(iii) w(S(X n Y))(x) S(x n Y)(Ei)

sup { (x n YMx) } 
x e Ei

sup { mint X(x), y(x) }} 
x e Ei

s min sup x(x), sup Y{x) 
x e Ei x e Ei

« min { RX(Ei), RY(EA) }

= min { w(RX)(x), w(RY)(x) } 

« (w(rx) n w(Ky))(x)

Thus, w(R(X n Y)) C w(RX) 0 w(SY).

(iv) w(R(X fl Y) ) (x) * R(X n YMEi)

inf { (X n Y) (x) }
X £ Ei

inf { mini X(x), y(x) }}
X £ Ei

min inf X(x), inf Y(x)
x £ Ei x £ Ei

* min { gX(Ei), RY(Ei) }

* min { w(jgX)(x), w(gY)(x) }

■ (w(RX) n w(RY))(x)

Thus, w(R(X n Y)) = w(RX) n w(RY).

= R(X U Y)(Ei)

■ inf { (X U Y)(X) } 
X £ Ei

(V) W(R(X U Y))(X)
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Thus, w(R(X U Y)) 
(vi) w(-RX)(x)

■ inf { maxi X(x), y(x) H x e Ei

2 max inf X(x), inf Y(x)
X £ Ei X £ Ei

Thus, w(-RX)

* max { EX(Ei), gY(Ei) }
* max { w(gX)(x), w(lY)(x) }
- (w(gX) U w(gY))(x)
» w(RX) U w(gY).
- -RX(Ei)
■ l-RX(Ei)
■ 1- inf X(x)

X £ Ei
* sup { l-X(x) }

X £ Ei
■ R(l-X) (Ei)
* R(-X) (Ei)
■ w(R(-X)) (x) 

w(R(-X)).

(vii) Similarly we can prove, 
w(-RX) = w(R(-X))

(viii) Since w(RX)(x) = RX(Ei); w(Sx) is a fuzzy set of U
with constant membership on equivalence classes of U 
and by proposition (III:2s5),
w(RX) is equal to its lower and upper approximations, 
i.e. w(R(w(RX))) = w(R(w(RX))) = w(RX).



48

(ix) Similarly we can prove,
w(g(w(lX))) = w(R(w(RX))) ■ w(gX).

The following proposition shows that the concepts 
of rough fu2zy set and rough set agree for crisp sets.

Proposition (111:2:7)
Let Z be a non-empty crisp subset of U, then 

lfX.z) = Xrz and
5(X2»

Proof
Let Z be a non-empty crisp subset of U. Let x e U 

be such that x £ Ej £ t.

Consider, w(g(X2))(x) = g(^-z)(Ei)

= inf v (x) x e Ei ^z

rl, ifxe { y £ U|[y]R £ Z }

0, otherwise 

r 1, if X £ R Z 

- 0, otherwise

* ^RZ<x)

= ^ RZThus, gXz
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Similarly,
Consider, w(RCY'Z))(x) » rO^HBi)

" SUP 'Xix)
x e Ei 4

- l,if x e {y e U|[y]R fl Z f tl

- 0, otherwise

Thus, R^z

r 1, if x £ R Z 

- 0, otherwise

v
RZ<x)

Hit 3 SUMMARY

In this chapter we discuss the concept of rough 

fuzzy set. Dubois and Prade ED},03] used the fuzzy set 

instead of subset of U and proceeded on the lines of Pawlak 

CP1J to obtain the rough fuzzy set. They showed that a rough 

fuzzy set have similar properties.

As we have shown in proposition (111:2:7), the

treatment of Dubois and Prade [Di,D2l is satisfactory in the 

sense that it agrees with that of Pawlak [P^3 when a fuzzy 

set is a characteristic function of a crisp set.


