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1 INTRODUCTION

Pawlak [P1] has developed rough set theory to
describe indiscernibility mathematically. Stefan Chanas and
Kuchta [C] have defined rough sets slightly in a different
way. As we shall see in this chapter, second approach is
more general than the first approach. The two concepts

coincide, if the rough set have a generator.

Throughout this work U stands for the universe and

R for an equivalence relation on U.

I:2 ROUGH SETS

Definition (I:2:1) [P1]
An approximation space is an ordered pair K=(U,R)
where U 1is a nonempty set called universe and R is an

equivalence relation on U called an indiscernibility

relation.

Hereafter we assume that K = (U,R) is an approxi-
mation space. We shall denote U/R = {E ANE A eNl, the set

of equivalence classes of U, induced by R.



Definition (I:2:2) [P1]
For each subset X C U, the lower approximation of
X with respect to the equivalence relation R, is the set

RX = U{Y e U/R | YC X} = {x e U | [x], CX }; where

R
[x]R denotes equivalence class of x ¢ U with respect to R.

Definition (I:2:3) [Pll

For each subset X C U, the upper approximation of

X with respect to R, is the set

RX=U{Y e U/R |[YNX#S =1{x eU]| [x]l,nX# &},

R

Note (I:2:4)
From above two definitions (I:2:2) and (I:2:3) it

is easy to see that R X C X C R X.

Definition (I:2:5) [C] [PI] [le

Let E = {¢} U [ E Al A &N} be the class of R-

equivalence classes together with empty set. The elements of

E are called R-elementary sets.

Definition (I:2:6) [Pl.Pz]

A subset Y C U is R-exact or R-composed set if Y

is a union of R elementary sets in the approximation space

K = (U,R), otherwise Y is R-rough or R-undefinable set.

Note (I:2:7)
Hereafter we shall denote R-rough set as rough set
and R-composed set as composed set.

The following proposition is immediate



Proposition (I:2:8)
(i) RX is the maximal exact set included in X.
(i1) RX is the minimal exact set containing X.
Proposition (I:2:9)
Let X C U and R be an equivalence relation on
in the approximation space K = (U,R).
(i) X is exact set if and only if RX = RX.

(ii) X is rough set if and only if RX # RX.

Proof : (i) Suppose that X is exact set.

Let X = UL E; | i €¢I}, where I C A
Then RX = U{ E; | E; C X, i en )
2UlLE; |[E€CX, ieI]}
2 u{ E, | 1 eIl
=X
2R X
and RX =

u{ Ei | Ei NX#®, 1 eN}
= U{ Ei | 1 & I}

(Since Ei n Ej

@V i# G, i eN)
= X
Therefore RX = X = RX

conversely, suppose that RX = RX

Let Y

UL E; | E, CX, i ¢ I}

U{ E, | E;nX# ¢ ie Il



Our claim is X = Y
Clearly Y C X

Let x &€ X. Then for [x]R, [x]1. N X # ¢

R
Hence [x]Jp CUL E; | E, nX#¢, i eI} =Y

Therefore x & Y
Thus X C Y and the claim X = Y. Hence X is exact set.

(ii) Obvious.

Definition (I:2:10) [PI'PZ'K]

Let X C U be a rough set in an approximation

space K = (U,R).

i) The lower approximation RX of X is also called

positive region of X. It is denoted as POSR(X).

ii) The negative region of X, in symbol NEGR(X), is defined

as,

NEGR(X) = U - RX, it is the complement of an upper

approximation of X with respect to U.

iii) The boundary region of X, in symbol BONR(X), is defined

as

BONR(X) = RX - RX. It is the set difference of an

upper and lower approximation.



Example (I:2:11)

Let K = (U,R) be the approximation space and

U/R = {Ell Ezl E3l E4l ES}'

DIG(T:2:1)

If X is a subset of U given in Dia. (I:2:1) then clearly

RX = { E

5 } = POSL(X)
RX

= { E;, E,, E5, E ]
U-RX = U - { E;, E,, E5, E, } = { Eg ] = NEG (X)
RX-RX = { E, E,, Ej, E, 1 - { Ej} = { E}. By, By }
= BONp(X).

Remarks (I1:2:12)

Let X C U be a rough set in the approximation

space K = (U,R).

i) The elements in the positive region of X are definitely

in X.



ii) The elements in the negative region of X are definitely
not in X.
iii) The elements in the boundary region of X are posibly

the member's .of X.

I:3 PROPERTIES OF ROUGH SETS
The following results are obvious [Pl' PZ’ P3, Cl;
(K, Nl' NZ, Wl, WZ].
Let X, Y C U be rough sets in the space K. The
followings are properties of rough sets.
i) RXCXCRX

ii) R(X U Y) X U RY

L}

R
iii) RIX U Y) 2 R X U RY
iv) RIXNnY) =RXNRY
v)ﬂan)ggxnﬁy

vi) If X C Y then

(a) RX C RY
(b) RX C RY
vii) R(-X) = -R(X)
viii) R(-X) = -R(X)

ix) RR(X) = RX = RRX
x) RRX = RX = RRX

Where -X denote the complement of X with respect to U.

The following examples shows that the strict

containtment holds in properties (iii) and (v).



Example (I:3:1)
In an approximation space K = (U,R),
let U = { X rXoo ovn 4 Xg } and equivalence relation R have

the following equivalence classes,

El = { X)X, Xg }
Ez = { Xy, Xg }

tr
H

E, = 1 x3.%, }
Consider X, Y C U as follows
X o= 0 X)X, Xq0XyuXq ]

Y = { XyrXg1XqiXg }

-;a‘-'x 1%}
—_ DG (I1:5:2)

DIG (T:%:1)

From Diag.(I:3:1), we have
RX = [ E, }

RY = ¢



and X U Y = | xl,xz,x3,x4,x7.x9 }
Using Diag.(I:3:2), it is clear that

R(X U Y) = E UE,

Hence R(X U Y) 2 RX U RY. But R(X U Y) # R X U RY.

Now consider,

X' = L X X, Xq0K, }
Yy' = |{ Xy1X30¥Xq }
o« . . . o
X9 5, *%Xy *Xy ’[Eg *g 7 x4
““““““ 0;----.0-1-.‘.._...-.4 e - e
.xs: .xz_ d Ez 'x‘ /.xz
. —— -
Dltndioetnelomtmiinsse —"-...: . §
° 3y : %, Ea ey X'NY /.3c4
. .
PPN W S S L —— -
*x, ex Es * Xy * X
U » U
’
Dig (1:3:3) oo Y DIGC I:5:4)

From Diag.(I:3:3)

RX' = El U EZ ] E4
RY' = El U E2 U E4 '
Therefore, RX' N RY' = E, UE, UE,

X'ny' = { Xy1Xg }
Using Diag.(I:3:4), we have

R( X' nyY') = E1 U E4



~r

Hence R( X' n Y') ¢ RX' n Ry'.
But R(C X' nY') # RX' n RY'

I:4 ANOTHER APPROACH TO ROUGH SETS

The rough sets defined in the previous article
assume a prori knowledge of subsets of the universel set U.
This 1is a severe constraint. Therefore a rough set is<Yyede-
fined by Chanas and Kuchta [C]. This definition does not
presuppose the knowledge of subsets of U. We shall discuss

this approach in this article.

Let £ = (E %t A EN } be a partition of U.
i.e. UE, =U&E, NE =¢, ¥ A#un; A, ne A
AeA D A B

We assume that ¢ ¢ &

Definition (I:4:1)

An ordered pair K = (U,E) is called an approximation

space. The elements of E are called elementary sets. The

union of elementary sets are called composed sets.

Note (I:4:2)
The approximation space defined in Def.(I:2:1) and

the above definition (I:4:1) are essentially the same

concepts.



If K = (U,R) is an approximation space 1in the
sense of Def.(I:2:1) then & = {¢} U { E Al A€ /A } where E,
are equivalence classes iﬁduced by R. On the other hand if
(U,£) is an approximation space in the sense of above
Def.(I:4:1) then R is an equivalence relation induced by the

partition E.

For this reasoni‘we shall use both Definition of
approximation spaces interchangeablly; where the relation-

ship between £ and R is obvious.

Definition (I:4:3) [C]
A pair (Al, AZ) of subsets of U is a rough set 1in

an approximation space K = (U,E), if

(i) A, CA

1 2
(ii) Al, Az are both composed sets in the approximation

space K.

Definition (I:4:4)

A rough set (AI'AZ) is called exact if A, = A

1 2°
Definition (I:4:5) [C]

A subset X C U is a generator for a rough set
(Al' Az) in K = (U,E) if,

(i) A

L SULYEE | YCX}=(xeU]| [xl;CX]

R
(11) A, = Ul Ye & |YNnX?o)=1IxeU]| [xl

where R is the equivalence relation induced by E.

]

nx#¢1

10
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Note (I:4:6)

(i)
Def.

(ii)

set

If R is an equivalence relation induced by E, then in

(I:4:5).

A, = Ul Ye U/R | YCX} =1{x¢U | [x]R C X} = RX
and

A, =Ul Ye UR | YNX=¢={xelU| [xl  0nX¢e]

R

= RX.

There is some difference in the concepts of rough
(exact) sets given in Def.(1:2:9) and Def.(I:4:3);
Def.(I:4:4). If X is a rough (exact) set according to
Def.(I:2:9) then RX # RX (RX = RX),is a rough
(exact) set according to Def.(I:4:3); (I:4:4), in this
case X is a generator of the rough set (RX, RX). On
the other hand if (Al,AZ) is a rough set according to
Def.(I:4:3); then X is its generator, then X is a rough
set according to Definition (I:2:9). If (AI,AZ) is
exact then Al = A2 = X. However, since a rough set in
Def.(I:4:3) can have more than one generators, a rough
set X according to (I:2:9) produces unique rough set
(A, A,) according to Def.(I:4:3) and (I:4:4) but not

conversely.

The following example depict the concept of rough



Example (I:4:7)

Let K = (U, £) be an approximation space,
Where U = { Xlr le =TT xlO } and E = { EI' EZI -
El = { Xl' X4 }
Consider,
A1 = { Xl, X3, X4, X7 }
Ry = U X), X3. X40 Xqu Xgo Xgu Xpq )

Then (Al. A,) be rough set in the space K.

E4 Eg
1
L
| ‘xc
I e
i 1
|
{
|
!
? s X
I ‘xg 2
1 -
‘'® 9 & o ® Al

DIG(T:471)
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Now consider,

X = { xll xsc X41 Xs, x7' xs } Q U,

Then
RX = El U E2 = Al'
RX = E1 U Ez U E3 U E4 = Az

Therefore X ¢ U is a generater for rough set (Al, Az).

=1 4 B2 Es  E4  Es

! T
H i
| |
L J
i e
| 'I1O|
I
' ——
| (
l 1
% o X *X2
i 8
D\GCI:A:")_) U
Remarks (I:4:8)
(i) If X ¢ U is a generator for rough set (Al, Az) in an

approximation space K = (U, E), then Al cC X ¢ AZ.

{ii) For a rough set (Al. AZ) in the space K = (U, £}, may

have many ¢generater.

The following example illustrates the above re-

marks.



Example (I:4:9)

E = { E,, E;, ---., E4 } and

E, = LX), X, } E, = { Xg0 Xg }

Ey = 1 X5, Xpp } E, = L Xg }

E5 = { X8’ xll } E6 = { X3, le }

E, = { X, ]

Consider,

A1 = { X3, X5, X6, X7, Xg, X12 }.

By = U Xyr Xp0 X3 Xyo Xgo Xgo Xqu Xgo Xygr Xy

Then (Al, AZ) is a rough set in the K.

Let X = { Xl, X3, XS’ X6’ X7, Xg, xlO' le } C
Y = { X3, X4, Xs, X6' X7, X9, xlO' X12 } C

Clearly X and Y are generater for the rough set
an approximation space K.

And A, C X; YCA

1 2’

X1t

L gt X

R
(A,, A,)

Therefore given rough set (Al, Az) has two generator.

14

in



Definition (I:4:10)1C]
Let (Al, AZ) and (Bl, BZ) be two rough sets in the
approximation space K = (U, E).

The union and intersection of rough sets are defined as

follows

Definition (I:4:11)

Let (Al, Az) be a rough set in the approximation
space K = (U, E). The complement of a rough set (Al, AZ) is
a rough set (—Az. —Al), where -AZ, -A1 are usual complements

of Al' AZ with respect to U.

Definition (I:4:12)

Let (Al, AZ) and (Bl, BZ) be rough sets in the
space K = (U, é).

(i) A rough set (Al' AZ) is included in rough set (Bl. BZ)
if and only if Al [ B1 and AZ [o BZ'

(ii) A rough set (Al, Az) is properly included in a 1rough

set (Bl, BZ) if and only if Al C B1 or Az C BZ‘

(iii) A rough set (Al. AZ) is egual to rough set (Bl, Bz) if
and only if

Al = B1 and Az = BZ‘



Remarks (I1:4:13)
Let X, Y be the generators of rough sets (Al. AZ)

and (Bl, Bz) respectively.

(1) (A;, R,) C (B, B)) iff RXCRYand RXCRY
(ii) (A, A,) C (B}, B,) {ff RXCRYoOr RXCRY
(i1i) (A;, A,) = (B,, B,) iff RX =R Y and RX=RY

I:5 PROPERTIES OF ROUGH SETS

Let K = (U,E) an approximation space and X, Y C U
be generators of rough sets (AI,AZ) and (Bl,Bz) respective-

ly. The followings are properties of these rough sets.

(1) Ay CX CAR,; B, CYCB,

(ii) R4 =9 =Rd¢; RU =U = RU
(1ii) R(X U Y) = RX U RY = A, U B,
(iv) R(X U Y) 2 RX U RY = A, U B,

(v) R(X N Y) = RX NRY = A, nB
(vi) R(X nY) CRX NRY = A, N B,
(vii) If X C Y then

a) Al c B1
b) A, C B,

i.e. If X C Y, then (Al, AZ) C (BI'BZ)

The following proposition is the direct consequence of the

Def. (I:4:5) and Note (I:4:6)



Proposition (I:5:1)
Let K = (U,E). X C U is a generator for a rough set
(AI,AZ) in the space K, then

(i) RRX = A, = RRX, (1i) RRX = A, = RRX.

1 2

Proposition (I:5:2) ‘
Let K = (U,E). If X C U is a generator for rough set
(AI'AZ)' then

(i) R(-X) = -R(X)
(ii) R(-X) = -R(X)
Proof

(i) Let x & R{(-X) iff [x]R ¢ -X
iff [x]R nxs=eo
iff x £ R(X)
iff x & -R(X)
(ii) Let x & R(-X) iff [xlo n -X % ¢
iff [x]R ¢X
iff x ¢ RX

iff x & -RX

Corollary (I:5:3)
Let K = (U,E). If X C U is a generator for rough
set (AI'AZ) in the space K, then -X is a generator for rough

set (-Az, -A.).

1

The following example shows that the strict containtment

holds in the properties (iv) and (vi).



Example (I:5:4)

In the approximation space K =

us={ LSRR PYRRY
E, = { X, Xg }
E, = { x,,xg ]
Ey = { x5,%5 1}
E, = { X4 Xg }
Consider,
A, =

1 { Xy Xg }

9x8 }, E =

Ry = 1 X1./%5, X/ Xg.Xg.Xg ]

(U,E),

{ EI’EZ’EB’E4 } where

Clearly (AI’AZ) is a rough set in the space K.

18

Let X = { Xy:Xo X Xg }, then X is a generator for (Al,Az)

Next consider,

B1 = &,

and Y

Y is a generator for rough set (BI'BZ) in the space K.

Since X U Y =

RIXUY) =E, UE, UE

1
and RX U RY =
Therefore, RX
Again since X
R(X N Y) = E,
and RX n RY

Hence R(X n Y) ¢ RX n RY. But R(X n Y) ¥ RXx n RyY.

B

{ XyrXo0.
{ Xgi1XgiXq,Xg }

ciXg } = U

{ xlleIX4leUXGIX7ox8 }!

2

Al UB

URY C R(XUY). But RX U RY ¥ R(X U Y).

nys=

1

{

4 = { X 11Xy X, Xg s Xg o Xg }
= E, U¢ =

1

Xg };

= { xl.xs‘}

AZ n B

2

= E, UE, UE

1

2

{ Xy Xg }

4
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Remark (I:5:5)
In example (I:5:4) we observe that,

(i) R(X U Y) = { X Xy Xg i Xg Xe Xg JIE X, Xg } = A, UB

1 1

Hence X U Y is not a generator for rough set
}

(11) RLXny)={x ,x.14%{x

1' %5 1 X 1 X X X0 X

1'72°74°75°"76 78
= Az n B2
Hence X N Y is not a generator for rough set

I:6 GENERATOR FOR ROUGH SETS

According to Pawlak [Pll, every rough set has a
generator, but according to Chanas and Kuchta (C]l, a rough
set may or may not have a generator. If exist then may or

may not be unique.

Let (AI,AZ) be a rough set in an approximation

space K = (U,E).

Case (i)
If Az = ¢, then obviousely Al = ¢ and X = ¢ is a

generator for (Al,AZ).

Case (ii)
If A1 = Az, then X = Al is a generator for

(AI,AZ).
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Case (iii)

IfA =¢andA, & let A, =U [ E,e & |Aell,
ICA
This has following subcases

a) If some E% is singltone set, then (AI'AZ) has no
generator. For otherwise AI will not be empty.

b) If no E% is singleton set, then by Axiom of choice
construct X = { xk Ix% € E%, A & I} where precisely
one X, is chosen from EA -for each A & I. Clearly X is
a generator for (Al,Az). .

Case (iv)

If A t ¢ and Az ¥ &, then suppose that,

A, =U{E |E ¢& AeIl, ICA.

Let Az = Ai u{ F8 } Fs e E, 8eJ1}, JC A.
and Fs 2 Al for any s ¢ J.

This has the following subcases,

a) If some Fs is singleton set then (AI'AZ) has no genera-
tor.

b) If no Fs is singleton set, construct the set Y consist-
ing of precisely one element from each Fs, 8 £ J.

Now chose X = Al U Y. Clearly X is a generator for

(AI,AZ).

The above discussion leads us to the following

proposition.
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Proposition (I:6:1)
Let (AI,AZ) be a non-trivial rough set

(i.e. Al $+ Q¥ AZ) in an approximation space K = (U, E),
then a rough set (AI,AZ) has generator if and only if

Az - Al contains no singleton set.

Note (1:6:2)

The generator constructed in the above discussion

(I:6) is a minimal generator for rough set (Al,Az).

1:7 SUMMERY

We have shown in this chapter that the first
approach to rough set presumes the knowledge of the subset
of the universal set U, while in the second approach it does

not.



