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CHAPTER -3

GENERATING RELATION

(3.1) INTRODUCTION:-

Thakare and Madhekar [37] constructed polynomials S„ (x ; k) and Tn (x ; k) 

(n=0,l,2,—, k= 1,3,5,—) that are related to the Konhauser [7,8] biorthogonal 

pair of polynomials

Z“(x;k) and Y“(x,k) 

the following form.

s k (-lyz^nirCkn-HK) -K/
2"V ’ r(kn+J-) ”v ’' (3.1.1)

S2„i(x;k)=(-l)"22“‘n!xlZk/l(xz;k) (3.1.2)

T2„(x;k)=(-l)“22*n!Yn^(x2;k) -—(3.1.3)

T2„, (x; k) = (-1)” 22"*1 nl xYn^ (x2; k) ----- (3.1 4)

We express the biorthogonal polynomials corresponding to Konhauser 

biorthogonal polynomials of first kind in to the double hypergeometric 

functions.
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(3.2) GENERATING RELATIONS:-

The first set

z;(x;k)
of the Konhauser [ 17,p. 304 ] biorthogonal polynomials is

Z“(x;k)= r(kn + a + l) n
n! j=o r(kj + a + i)

—(3.2.1)

were a>-l and k is a positive integer. An immediate consequence of 

(3.2.1) is

z;(x;k)=fi±^,Fk
n!

where A (k,a) represents the array of parameters 

a a + 1 a + k-1
PIT”"’ k

The Kampe de Feriet’s double hypergeometric function in the contracted 

notation of Burchnall and Chaundy [4, P.112] is defined by

A(k,a+l);
(3.2.2)
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p(2)
(a)(b>(c>,

x,y
mm

In this definition (a) and [(b)]n abbreviate the sequence of A

parameters aj , a2,..., aA and the product (ai)„ (a2)„------ (aA)n respectively

.Recently S. N. Singh and L.S. Singh [31,P.31(2.1)] deduced generating 

relations for the polynomials Zn“ (x; k) in terms of double hypergeometric 

function F(2) (x; k)

f [(a)lz;(x;k)yn
[(e)l(l + a)kn

--(3.2.4)
(r > (a + 0 a + k . 

k • k ’

and

z
n=0

00 [(a)L(l~^)n— (l-^zr^Cxikjy"

[(=)]„(«+i-knL

G4



Now we have

y Ka)J„ (- 0" r(kn+2^2.i(x;k)yn
■-> [(e)L(iL22nn!r(kn + «)

fKaK-OTCkn + OC-lfl^nirCkn + ^K^^2^)
^ [WLfeLz2”"! r(kn+|)

oo
= X

n=0
- by. .u sin g(3.1.1) —(3.2.6)

Replace x by x2 and put a=-l/2 in equation (3.2.4)

xti=0
p(2) (a);-;-;

(eV.-L.-3-' '’2k 2k
y? 1

V A /
—(3.2.7)

Using equations (3.2.7) in right hand side of the equation (3.2.6) we get,

« [(a)L (~ 0n r(kn + s2 (x;k)yn 
n=0 t(e)]„ (Oku n- r(kn + |)

= p(2). (»);-

(e>_L.JL 
' '2k'2k'‘

y»-
> 2^ X

V K 7
------ (3.2.8)
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Similarly

?[(a)L(-1)’s2.*i(*;1[)y” ^[(a)Lxkz/'2(x2;kV n,,n 
- [(e)L(! + lL2-'„! ~h K4fe + l)L ^ ’

by using (3.1.2)

Replace x by x and put a = k/2 in equation. (3.2.4)

f.[(a)L Z^(x2;k)yn
n=o" [(e)]n (| + Ofcn

=f(2) (a).—;—;

(e>fe^
ve/5' 1, » 1, »*....... 1, ’

y,-
r^k 

v k 2
-(3.2.10)

Using (3.2.10) in right hand side of (3.2.9), we get,

2? [(a)L(-0nS2n+i(*;k)yn _ k g [(a)]nZ^(x2;k)yn

n=0 [(e)L(i + lL22n+ln! n=0 [WUl + Ota

xkF(2) (a);-

(e);.r1 k/2+2 M+k y-
1

vky
(3.2.11)
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By equation (3.1.1) we have

S2n(x;k)
(-l)°22on!r(kn + %)Z~^(x2;k) 

r(kn + ±)

(-l)"r(kn + K)S2n(x;k) , \
22* .n!-r(kn + ^) “ 1 J

Multiplying by

f kn+I>
* l»

s n v
Ke)]n(l)kn

J n

and taking summation on both the sides over n=o, 1,2,...., we get,

f kn+i^ 
1--^

V
(-l)"r(kn + i)s2n(x;k)y-

/ nJ n

n=0 t(e)LfeL2i"nlr(kn+j)

[(a)L|l-^

= £-

( kn-l+k^
1----

/n
n=0 [(e)L(i)kn

/n
Z;,/2(x2;k)yr

------(3.2.12)
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Replace x by x2 and put a = kn-1/2 in equation (3.2.5)

QO

I
a=0

kn—i+0 r kn-i+k^
2 l- 2

k kJ n V JSn \ J

~......mm:........

n

= F(2) ------ (3.2.13)

Using equation (3.2.13) in right side of the equation (3.2.12) we get.

[ML
z -

n=0

(
1 _ kn+I^I2 (

1-
kn-i+}A21 k k

V ) „ y
(-l)nr(kn + l)S2n(x;k)/

[(e)L (2 )fa, 22n n! r(kn +1)

---------(3.2.14)

We recall (3.1.2)

SJ„,(x;k)=(-l)”22,“'n!xkZ^(x2;k)
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( ffs^ifck) t , )
22d+1 n! n v '

Multiplying this equation by

/n______
[(e)ln(l + M)kn

and taking summation on both the side over n = 0, 1,2, ...

n^-O

k(a+|)f,>
k

Jn

K4(l + ML22"'n!

S2n+i(x;k)yn

x k

= 1
n=0

\ k(n+2^j____^ k(n+K)

[(e)L(1 + M)kn

Z^(x2;k)y

n=0

\ k(p4M__Ltf
k ^ Jn k k .

ML 0 + ^)kn

Z^(x2;k)yn

------(3.2.15)

By equation (3.2.5)

£ [(a)! (!-¥)„------ (l-^)nzrto(x;k)y°

n=0 [(e)]„(a + l-kn)kn
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0|

Replace x by x and put a= kn +k/2

I
n==0

^(x2;k)yn

[(e)L(1 + M)kn

= f(2) -(3.2.16)

By equation (3.2.15) and (3.2.16) we get.

£(-!)”
n=0

S2„,(x;k)y"

[(e)l„(l + ^L2Mn!

=

(»>,
(e>. (2.3.17)
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(3.3) Generating Relations of Biorthogonal Polynomials for the Szego

Hermite weight functions:-

The Szego Hermite polynomials H^x) are orthogonal with respect 

to the Szego Hermite weight function | x| 2>1 exp(-x2) for p > -1/2 over the 

interval (-00, 00) For p = 0 these polynomials are just the classical Hermite 

polynomials..

Thakare and Madhekar [38] have introduced the following 

biorthogonal pair.

SS.(x;k)= (- l)n 22d n! r(kn + p + %)• n! 
r(kn + p+ 0 (3.1.1)

S;„, (x; k)= (-1)“ 22"' n! x‘Z^* (x2; k) ------(3.1.2)

T£, (x;k)= (-1)" 22a n! Y"^2 (x2 ;k) ------(3.1.3)

T£,., (x;k) = (-1)" 22n+1 n! xY^ (x2 ;k) — (3.1.4)

where

Z“(x;k) and Yn“(x;k)

is a pair of Konhauser biorthogonal polynomials w.r.t. the Laguerre weight 

function
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xaexp(-x) over (O,oo)ji >-™,a >-l

and k is positive integer.
Vo

We express (x;k)^double hypergeometric functions. Replace x by x2 

and put a = p -1/2 in equation . (3.2.4)

^Ka)LZn 2(x2;k)y° (2)
11=0 [(e)]n + iXn

(•>.-

(ek
n+i U+5. H—+k

2 ^ 2 2 .
y- —(3.3.5)

By (3.3.1)

SL (x; k) = (X"; k)

(- l)n r(kn + p + (x; k) _ ( 2 \
22an!r(kn + p+|) n 1 '

Multiplying both the side by

and taking summation on both the sides over n=0, 1,2

« (- l)nr(kn+y + }0- S£n(x;k)- [(a)]„yD _ a[(a)jBZ^(x2;k)yn____

n=o 22nn!r(kn + p + |)-[(e)]n(ji + i)kn „=o [(e)]n(ji +

Using (3.3.5) in right hand side of equation (3.3.6)
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» (- l)a r(kn+p + X)s3„ (x; kX(a)]n y11
n=o 22n n! r(kn + p + f |(e)]n (p + * )ta

p(2) 1 3
(^nr-ir-

-(3.3.7)

Replace x by x2 and put a = p + k/2 in equation (3.2.4) 

f [(a)Lz^(x2;k)yp
n=0 t(e)]n (f + 2 + Okn

_ p(2) (*).-

(e);
H+l+1 n+l+2

_ > — l±+|+k 
' k

-(3.3.8)

By (3.3.2)

SJB+1 (x; k)=(- If 22n+1 n! xk Z(x2; k)

( 0 ^2n+l(X»^) _ xk2,‘+^ (x2 • k)
22n+1n! « \ /

Multiplying this equation by

[(»)ly“
l(e)]„(M + i+Okn

and taking summation over n = 0,1,2,....
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fX-On[(a)]nS£n+1(x;k)yn _ « xk[(a)] Z^(x2;k)yn
n=0Ke)]n if1 + 2 + Ofo 220+1 n! n=0 M, (p +f+1 ^

n=0

Ka)Lz^(x2;k)y

[(e)L(M + !+1L
n

-(3.3.9)

Using (3.3. (}) in right hand side of equation (3.3$ )

^(-l)n[(a)LS£ i(x;k)yn

n-o[(c)L (h + | + Okn 22n+l n!

■ xkF(2) (a>,------------- ---------
u+^+1 u+^+2 H+|+k 4tfy}

We recall (3.2.5)

I-
n=0

a)L(i-^).--------- (i-^).Cta(x;k)y"

[(e)L(« + l-kn)
kn

— (3.3.10)

Replace x by x2 and put a = kn +p - 1/2
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( .____ i\ f i™^3A

l---- —i1 t
kn+u-fi

v / n

kn+u+^i—p.
j kn+n-i^

/n
[(el^ + lL

/ n

Z^(x2;k)

n=0

— p(2)
(»>.-

H-

kn+ji+i

k * *
J V

kn+n+k-t

y.-{ (-12)“ y}-

By (3.3.1)

O, (-l)”22"n!r(kn + n + k)z^(x2;k)
2” ^ ' r(kn + ji + i)

(-l)”r(kn + n + |)s;n(x;k)
22nn!r(kn +|i + |)

Multiplying both the sides of this equation by

rK(x2;k)

(

\

kn+u+~
i------__i1 k

kn+(i+ 3 'N ( kn+ji-t+k^

[(e)]n(H + i),

and taking summation over n=0,1,2

kn

(3.3.11)
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a)L! ...1-
kn+n-i+k'''

z-
n=0

s n Jn

H)"r(kn+n+})

[(e)L + iX,2!n n! r(kn +H +1)
-s;n(x2;k>-

^ kfl+n+i^ ( kn+n-i+k ^

/ n

n=0 'kn
[(e)]n (fi + i),

Using (3.3.11) in right hand side of (3.3.12)

s-Z^(x2;k^n------(3.3.12)

kn+|i+~

V
... 1-

kn+ji-t+k^
(-l)nr(kn + |i + |)

n=0 [(e)lt + i)tal2ton!r(kn + ji + *)
-S^n(x2;k)-yn

7(2) (aX-
(e>-

kn+)i+i kn+(i+k-i
2.

By (3.2.5)

a [(a)L (»-¥)■ —•"(l-f)^rh(x;k)y
«*-» [(eJUa + l-knL

-(3.2.13)
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IM
S

Replace x by x and put a = kn + p + k/2

kn+ji+|+A

V / n

(

v
kn-Hi+^4k^

[(4.^+i+iL
—Z^2(x2;k)-y"

p(2) w-
(e);-

kn+H+k+1 kn+(i+~+k
—y

■y.- -r y

By....(3.3.2)

s;„*,(x;k)=(-l)"22"+'n!xkzrM(x2;k)

(-0"sL^i(x;k) kryV-+= .x Z
2 n!

Multiply this equation by

k^(x2;k)

[ML
^ kn+n+yfl ^

1
V

f kn+(i+|+k ^

Jn
1-

V

K^L^+I + 'L
and.taking.summation.over.n = 0,1,2...

Jn

Z(-l)n
n-0

/
1-

kn+)j.+-|+l ^ (
l-

kn+^+^+k^

k k
V n

l.
y

e)]„22n+1n!(p + | + l)kn

----- (3.3.14)

yn

2n+l(x*VB
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[(a)ln 1
kn+n-t~+l^ kn+|i+3k \

/ n

n=0 Mnt + I + lL
J n 72 (xz;kV"

kir(2)xKF (»>.------- ;l
(e>,—-------

kn+(i+v*l kn+p-t-^-,,yr ------(3.3.15)

Particular cases: For p=0, the equations, (3.3.7), (3.3.10), (3.3.13) and 

(3.3.15) reduces to (3.2.8), (3.2.11), (3.2.14) and (3.2.17) respectiely.

(3.4) Generating Relation of Biorthogonal polynomials for 

Generalized Hermite polynomials:

For, P = -l/ak..., k = 1, 2, 3,..... , n=0, 1, 2, 3,... .and i =1,3,5....

Andhare and Jagtap [2] constructed following pair of Biorthogonal 

polynomials.

-S2n(x;M): (-l)nni(l+n)n 
d + P)n

z„Vv) —(3.4.1)

■S2ll+1(x;M) =--------~...5,----------------------- (3.4.2)
0-P)n

.T2n(*;M)>l),n!(l + n)"YnV;t)------(3.4.3)
2,,V J (1+P)„ "V *

•Tzn+I (X’ k, i):
(-l)ttn!2 2n+l (ft X.

(1-PX
i-Y ^(x2k;f) --(3.4.4)
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where Zna(x;k) and Y„a(x;k) is a pair of Konhauser biorthogonal 

polynomials w.r.t Laguerre weight function x“ exp.(-x) over (0,oo )

By (3.2.4) we write.

f [(*)]nZ”(x;k)yp _F(2) 
"=° [(e)L(a + 1)ifkn

(a);------------- ;-------- '~{(f)ky}‘

Replace x by x , k by l and put a = P we get,

^[(a)jz!!(x2t;<V |2|
"5 [(e)L(P + l),/n i

(*>>------- -•------ -v ---<3.4.5)

From equation (3.4.1)

(-l)"(l + P)„S2„(x;k,^) p/2t.
(l + n)„n! "V ’ ’

Multiply above equation by

[(a)Ly“

[(<=)]„ (P + 0,.

and taking summation on both the side over n=0,1,2,—

f (~ l)°[(a)L(l + P)nS2n(x;k,l)yn
no nl[(e)]n (l + p)n< (l + n)n

[(a)Lzj(x2t;^V 
^ [(e)L0 + PL ------(3.4.6)
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By equation (3.4.5) and (3.4.6) we get

g (-1)° [(a)L (1+ P), S2n (x;M)y " rf2) <•*------;-------
n![(e)]n(p + l)ffl(l + n)B {c);_tP±!),__ie±£2;_.

(3.4.7)

We recall the relation (3.2.4)

?[(a)IZn(X;k)y" r:(!|
-l(«JL0 + a\.

(a);-

(4(a+l) (a+k)__ . y-w y
k ’

Replace x by x2k, k by i and put

SJ
B=0

[(a)Lz^'(x2t;/)-y* F(2)
[(e)L0-Pdtn

(a);-

(e}(tJi) ___-'
}h l ...... ■ l ’ ’

By equation (3.4.2)

{-ij1 nlf-1 22n+V.Zyf(x2k;4

.S2n+i(x;k,£): \2

(1 ~ P)n

(- l)n (1 - p)n S2n+1 (x;k,l) = x< (x2k ^

n! 2 Jn
,2n+l

— (3.4.8)

Multiplying both the sides by

l(e)L(l-P4,
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and taking summation over n=0,l,2,.... we get,

. [(a)l,x'.7/'''(xJk;f)y'
S (-l^q-p). [(a)l|S2„tl (x;k, ■ ■

-s .r3^ _2a+, [(eM-P4, t(e)L(l-Pdn!
-1 n£

=x<f 1(4. f %2I‘;4'C (319)

By equations (3.4.8) and (3.4.9) we get,

I (-i)Jq-P)„ few
n=0

n!(3),™ y.(H*l
V^/n

W

00;-

(e)-M...M;_;
(3.4.10)

Particular cases:

(i) The equation (3.4.7) with values (3= - lA, and Hk~l and the equation 

(3.2.8) with value k=l are identical.

(ii) For P = - Vz, 1=k and k = 1 the equation (3.4.10) reduces to the 

equation (3.2.11)

By equation (3.2.5)

f [(a)L (l - ¥), - - - 0 ■- ^)n (x;k)yn
n=o [(e)L(a+i-knL

= F(2)
(a>—....,(l-e±k)

(e);-
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Replacing x by x2k and k by L and putting a=/n+p

n==0

— (l^^lM)aZP(x2t;0y,

[(e)i(l + 3L

(e);-
—(3.4.11)

By equation (3.4.1)

■S2,(x;k,<) =( 'l?;.!,'- z!(*2t-l)
M + P)n

(-l)"(H-P)cS2o(x;k,^ 2t \ 
n!(l + n)„ "V ’’’

Multiplying this equation by

[(a)L(l-^I— (i-^)„y

n! (I + n)n [(e)]n (l + f3)n(f

and taking summation on both the sides over n = 0,1 ,2,....
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we obtain,

2. (-ir(l + P).[(al(l-^)L—(l-^).S;n(x;k,Qy
i=0 nKl + n)n[(e)L(l + p)n,

00 ------ P 2k= s --ft,A -- t—^-Zy^x2k;e)yn
13=0 [(e)L(l+PL

7(2)

....

(e);-

r_x2kV

V * y
--(3.4.12)

Replace x by x2k, k by l and put a= n^-p/ in equation (3.2.5)

|d(a)L(l

n=0

l /n n
Ptsv2k(x J)y°

[(e)L(l-P*),n/

= F(2) —(3.413)

By equation (3.4.2)

(~l)Dn/-l 22n+1 x* .Z~p* (x2k ;^)

>2n+l (x;k,£) = w„
0-3),
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( 0 0 P)nS2n-i-l(X>k^)_x<
nlf-1 22n+l

/ n

Multiplying this equation by

[(e)L(l-|34,

and taking summation over n = 0,1,2,...

I
n*=0 n! rr\

U Jo 12n+l [(«)]»0-P4nt

. [(alO-5^) — (l-^)y" . ,k \I ------ .A B\------- Z,-I>'x2k;<—-(3.4.14)
n=° l(eM-Pa*

By equations (3.4.13) and (3.4.14) we obtain,

(-0"(1-P)„ Ka)]n(l - - — (l - ^).Sfatl(x;k.4"

11=0 n! f3'l 22„, K4(1-P^L

<p(2)
(«);--{4..{ 1 n

(e);-

4*1: —(3-4.15)

Particular cases:

i The equation (3.4.12) with values p= - 'A, and /=k=l and the equation 
(3.2.8) with value k = 1 are identical.

ii For P = - Vi, i = k and k = 1 the equation (3.4.15) reduces to the 
equation (3.2.17).
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