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CHAPTER - 11

BIORTHOGONAL POLYNOMIALS AND

GENERATING FUNCTIONS




CHAPTER - 2

Biorthogonal Polynomials and Generating Functions.
(2.1) INTRODUCTION:

The notion of biorthogonality is extremely useful in calculations involving
the penetration of gamma rays through matter as well as in determining moments
of certain distribution functions.

Recently Andhare and Jagtap [2] constructed a pair of biorthogonal
polynomials related to the Konhauser biorthogonal pair Z,”(x ; k) and Y,* (x ;k)

in the following manner.
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Reverting the order of summation

( l)n 211( ) ( ) x2k((n~])
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where

B= —%&-,k ~123,..n=0123 . and £=135. .
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Combining even and odd case, we get.

S (X Kk Z) 2" Mﬁx r(n€+ZB—E(2ﬁ+2ﬁf+e)+})
(1+B-2B e)py] 2
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2

Similarly,

T,, (x;k, )= (“l)zl'fg; n), YE(x2% ) - --(2.1.4)
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by reverting the order of summation.
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by reverting the order of summation.
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Combining even and odd cases
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/
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(I+B-2Be)y] - 0 ([3]-r)

s (I%FJ_(HBH_(BW)E)[

¢ %]

s

21

s—B€+l)

~—(2.1.6)



(2.2) Biorthogonality :- Let,
p(x)=w(x)=x"exp(- x**)

where k is positive integer.

T x 2 exp(—x2)S,, (x; k, )T, (x; k, £)dx

- —1)"n2?®
= [ x™* 2ex]l(-—xz“)( )(lr:-B)n(/z . ﬁ( 2. 6)

(”l)nn!zzn(%')n sf. 2x.
) Y8 (x?*; )ix. ———2.1)

[(12:;[)(21 ]2_00 2k- 2exp( x2k)z ( 2. IZ)Y ( 2k . E)dx

:[n‘];(?:’;)[(?n]z 0 2%~ zexp( Zk)Zﬁ( %xK. E)Y[l( 2%, )

Put
1
x* =y, x = 2.
2kx ¥*dx = du
- du
NS

T2k
The limits of integration are when x=0, u=0 and when x= o u=oo.

_ [n!(%)nlz 4 fo Ik : -
_mz J°u ™ exp(~u)ZP (u; £)Y? (u; O)du
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Now
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k[(1+8).F n!

_n2*[().F r(ne+g+1)
[(+8),F k

Jz x*? exp(~ x* ) S 20 (:K,€)- Topy (k. £)-dx

1) 2

(1-B),

=_[ox? exp(— -)é") x‘Z;¥ (x Zk;tf)

)2

(1-B), x56) dx -— = (22:2)

_ _ PGy, I 2t 2] x 22 exp(wxzk) (x im]z‘[“( 2. E)Y‘ﬁ‘(x“‘ E) dx

[a-8),F
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! 1
Put. x* =u.=> u/k =X = u/Zk

2kx*'dx =du
ka-—ldx — ‘_di
2k

The.. limits..of .. integration. .are..
when x=0,u=0

when X =o0o,u = 0.

U O R s
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TIORTZE o g2 ) v )
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Combining (2.2; 1)and (2.2.2) we get

Jz x*? exp(— x* ) S, (x:k,€)- T, (x;k,£)dx

k |(+B-2Be 2 )"“(2'2'3)

el { (l"t%g)[%] ] F(nﬁ +2B—e(2B+2BL+£)

= +1
A

Thus we obtain.

J=, x*? exp(—- x)-8, (x;k,£)- T, (x; k, £)dx

B [ )
k (1+B—2[3€)[%]

} r(“e +2B-e (5'3 +2pe+l), 1)-5m,n. —_(224)

where 8m, n is the usual Kronecker’s delta.
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(2.3) Generating Functions.

{A] Generating Function Related to Konauser Biorthogonal
Parynomial of First Kind: :

By definition

(-1 n22 () Z8 ;)
(1+8),

Again recall the generating function obtained by Karande and Thakare[15]

SZn (X, k’ I’) -

vtxk

m(c) (x k) t* — S kR -y
nZn =(l-t)F . ~-——(23.1
n=0 (l+(x)kn ( ) i Alk,1+a), ( 3 )

Replace a by B, x by x* and k by (in (2.3.1)

= (). Z} (xz";!?)- t" . o _x 2Kt
n=—'n = 1 B F Rk L 232
EO (1 * ﬁ)“’ ( ) o a(e+p). £° (1 - t) ( )

Now

£ 4Pl sk )7
a0 (§),0+B)yn!

_ 2 ©u0+B) 1P n2 (), 206 0)- £

5 @B Bnt by-@11)
I ONA Sl
S5 (P 233
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By applying (2.3.2) to equation (2.3.3) we get

i (C)n (1 + B)n SZn (x;ka e)' t2n
50 (1/2),(1+B),,n!

*(1 +4t2)*°1F o 4tix @34
‘ A(!,l+ﬂ);m) o

Let 0=1. 3
at

5 (c)ﬂ (1 - B)nSZnﬂ (X, kag) t2n
(1+e)n§. -0, (7). n!

£ OL020) (s sk
" (1 - Bg)nl (%)n n!

Multiplying by t on both the side , we get

t(1+0)3 (oS30 (K, ) " (1-B),

o (1-BE), (4).!

- (C)n (1 - ﬁ)n (1 + :an2n+l (x; k’g). f20+!
" (1 _Be)nl (%)nn !

ie.
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io: (c)n (1 —‘B)n (1 + Zn) 041 (X;k,f)- t2n+l
or! (1-p#),, (%), n!

© _ . .42n
=1(1+0)3 Ch( i %Z;éx)’:f) 235

By applying (2.1.2) on right hand side of the above equation.

(s 0)5 EU=BL 1m0, 2 2 b e) o

= (1-B),(1-B2), 05).n!

(120 2O Z b))
=2t-x (1+9)n§0 (- p0)s

Replace x by x** | & by - B/ and k by { in equation (2.3.2)

-—(2.3.6)

o B, 2k, p) ¢p c; 4y 2Kkt
Z(C)nZn (x ,()t ““(l—t)“chl[ tx :\

o (1-pe )n, B ae-pey £° (1 -t)]
Applying (2.3.6 ) to right hand side of equation (2.3.5) we get,

i (C)n Sonst (X; k,g)' tznﬂ (1 + 2[1) (1 — B)n
n=0 (1 “‘Be)nz (3/2)n n!

. 2 2kt
=2t (1+0)1 + 4t7)° | F, Hx
a(e-pey, £ \L+ 4t

e 2 2kt
=2t (1 +4¢2) " F, WX
a(ea-pe), £\ + 4t
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—c—1 2 © 4tZXZkl
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< 412 2K }

2l +42 )0 F
( ) ! ([A(e,1¢z)€"l+4t2)

¢ 2 Qa2 c: 2.2kt
_ 2 (1+4t 8ct ) Fc[ 4t’x ]

(1+4t2)é+l A(t,n—az),é’"1+4t2 i

¢ 2, 2ke
+2tx’(1+4t2)*e,F,[ X ]..__(2_3‘7)

a(e-pe) € ! h +4t? )

Now

c; 4t2x2kf_
0,F, ; :
a(e,1-pe), £ (1 + 4t )

2ke 1" 2n
(C)n{llxe } t _
¢ (1+412)

S REEE) G

(c)nl:“xzkl ]“ 20
0 ¢ (nul)n
=0z

= (), - ),

kol

= Eo(x;(ﬁj )n (:::t{if;)n _——— (i:(?{ )n n!
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e o+l E E K E n
."L:@_{) [E:Pﬁ) ___(l:,@ﬁ)
“\ e n+l e n+1 p n+l
_fl—-ﬁe)(2—3(}_{1—55)(1—&+1) (2—Be+1] ___(e-wn)
R ? ¢ T2 R U A N e ),

= QS}QQ!-A@J- Be+¢)

Using above values in (2.3.8) we get,
4t2 2kt
0,F -
z[ AlL1-pe), m‘)]

(C+1) [ 412x2kt
Rot?x X w ¢!(1ea?)
= 2

1?‘(1 +4t )2 ““OQ‘"_@A@ 1-Be+£) n.g.
¢ ’

8ct’x " e+h 2, 2Kk
1o age, H}uc);':-(m -—-=—(2.3.9)

(1-pe), (1+4e2f

Using (2.3.9) in equation (2.3.7) we get,

. (C) (1-B), (1+2n)-8,,.,,(x;k, £)- ™"
= (1-B0),.02), !

2tx {1 + 4t - 8ct? “ 422
= ( )1Fz A(L,1-pr),

(1+4t2f" “(1+4¢?)
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, 2txt(8ct2x2kl) F o+k a2x |
B0, frac T T ad)
.-2txt(1+4tz -8th) F [ < 442 2!
(1+4t2)‘+1 1 lLA(t,l~{3t),m
160t x 2+ [ cH; PRI
+(1 50) (1+4t2)c+21Fg AQ,MH&W -———(2.3.10)
P e i 4
We write,

(), (1+8), 8, 0ok, )" | = (c), (1-B), (1+2n)-S,,., (k. )™
n=0 (%)n (1 + B)nt n! =0 (1 - Be)nl (%)n n!
. (c)[%](l +2ne)-(1+p-2B e)[%]Sn(x;k,L’)t“

R R I

——=(23.11)

In view of the identity (2.3.11) equations (2.3.4) and(2.3.10) have the following

generating functions

2

(c)[%](u 2ne)-(1+p-2p e)[g] .S, (x;k; O)t®

% («;«+e)[%}(HB»B(E-H)e),[g][;}!

. 2 2K
-.:(1+4t2)'°1F,[ atx ]

acpo £1(1+4t)
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2!

ol a-ge?) [ ¢ a2k ]

(1+4e2 )" w0 g L4 at?)

L.

o+l
16ct3x2kl+l 4t2x2kl

*(l Bp) (1 T 4t2)”2 1F A(e.a—ﬁm);m} ~-——(23.12)
~Bo), ] ,

For k = 1 and { = k equation (2.3.12) reduces to

2 (c)[g](l +2neXl+B-2B e)[%]s,, (x; k)t
w0 G+ e)p]+B-Bl+1)e) iz

= (1 +4t* T 1 [cA;(k,HB), Z]

K 2 g2
- g::;)”fa ): F, [Z;(k,n.—sk),z}

16ct*x*
+(1 Bk)c(l +4t2 )L.+2 le[A()l(’,l.ﬁk,,k}, Z] ‘“—'—(2313)
- k

4t2x2k

where Z=
k"(1+4t2§

For k = 1 and B= -1/2 equation (2.3.13) reduces to generating function for
Hermite polynomials first obtained by Brafman [3, p. 949, (33) ]
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(B) Generating Function Related to Konhauser Biarthogonal

Polynomials of Second Kind :-

By definition of Tn (x;k,{)

(__ l)m'“l (m + n)22m+2n( 1 )
m+n Yﬁ

2
(1 + B)m+ﬂ e

bs)

T2m+2n (X, k’ f) =

—1)™" (m+n)22“‘*2“ {(m+1/2),
(
2 m Yﬂ
(1+p), -(1+B+m), mn

(x:2)

o (1+B+m), T, .. (kO = (=1)™* (m +np22™* (2)m p(e2ep)
Z (m+1) n! = (1+B),, V) n!

Tt o

_ (- 1)'25’:"‘) N (1 At )—(ﬁvm’ﬂ)/!

exp.{ [ ~(1+42)7 ]}Yﬂ( (1+4t2)‘?";e)

=1+ a2 ) exp.{ka [1 (1+402)7 ]}.TM (x(l T e) ~~2.3.14)

By definition of T(x:k,{)
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( )mﬂz (m +n) 22m+2n+l

T2m+2n+l (x:k,0)= (3/2)(m+n) .x-Y P (XZk;ﬁ)

(] B)(m+n) -

) (=1)™" (m +n)!22m+2n+1 (3/2),(3/2 +m) y-Be (xzk ?)
- (1-B),-(-B+m),
Now,

B m+n 1 2m+2n+1
%/:[23_{_‘_“_))_ T, (k)= D (m:l“)-é) 3/2)n Y AL (x5 0);

m - m

= (1-B+m), !

PP 2m+2n+l(x; k,!f)
a=0(3/2+m), n!

® (_1\ym+n ) 2m+2a+t  2n+l
D mAmRT T a0y <y (k0.

n=0 (] — B)m nl m+n

- (“1)m22m+1(3/2)m m’(xt) w [ m+n
(1 - B)m a=\_ n

e ety
=(-D" 2% (3/2), mi(tx).(1 + 4t2 )-(—ﬁ£+mt+1)/z

7 =
exr){x“‘[l—(nmz)‘ ]}Y,‘,’,‘(xzk(nmzy ;£)

-1
t(1+4t7)" 5‘*““*""exp{x”‘[1 —(1+4t7)¢ ]} Toma (x(1+4t2)724 k, 0)

(l + 4t2 )-—1/21&!
-]

1,
Sttty A exp{x”‘[l (1+41%)? ]} Ty (x(1+4£2) 2 gy

———(23.15)
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Combining (2.3.14) and (2.3.15) we get,
(+m+p-2Be),
G, e

z : T2m+n i
=0 (m+1/2+€), n|,
5 L2

a0

-1
=(144t2) b/t exp<{x2k[l—(l+4t2) ¢ ]}

2 2N 3 B R
(L+482) T, (x(1+482) Dk p) 4 t(1+482) 2% T, (x(1+4t%) Pk )

———(23.16)

Particular cases :-

(D Fork=1=1, B =-1/2, we obtain following the generating relation

for the Hermite Polynomial

n 2,2
2 Han (OO0 =(1+4t*) ™D exp. L tz :
n=0 [3]‘ (1+4t%)
i

1 -1 -1
-{(1 +4t2)2 H,, (x(1+4t2) 2 )+ tH,_,, (x(1+4t?) 2 )}

2,2
=(1+4t2) ™D exp. ax t2 .
(1+4t?)

1 -1 ~1
-[(1+4t2)5HZm(x(1+4t2)3“)+tH2mﬂ(x(1+4t2)“f)} ———23.17)

This is generating relation obtained by Thakare and Madhekar [37, p.1035.]
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(II] For k = 0 equation (2.3.17) reduces to a generating function for Hermite

polynomial given by Doestsch, [ 13. P.590 (7)] ( See also Szego [ 36, Problem 24
P. 380] ),

= H ()t 21-1 4x*t? 231/2 2\-1/2
Yy et = (144t exp . ——p|(1+ 4t 14+ 2xt((1 + 4¢
3 Al (1+46) expg = (L 40)! 14 200+ 46)7)
5|
2\-3/2 ax*t? 2
=(1+41)™ exp) T (140 +2x1) ———(23.18)

C] Generating Functions Related to Konhauser Biorthogonal Polynomials:

The generating function for Z°%(x;k) obtained by Srivastava [34 p, p.490]
(see also Karande and Thakare [14])

[« PN n k
:‘ZD w = etoFk[;a;c;lm);_(i) t:] ——-(23.19)

=0 (14+a),, k

Put a=B, k=/ and replace x by x> we get

o 7P (g 2K. pyn — 2k \f
2 LSOV g S [ ——(2320)
n=0 (1+f),, acnpy, \ £

By definition of S,, (x; k, {)

(-D"nl2(1/2) 2B (x*; )
(1+B)y

S, (x:k, £) =
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Now

5 (1+B), S50 (x:k, O™
w0 (1/2) (1+B),,n!

« (1+B), (=D nR2%(1/2) ZP(x**; 0t

"L (1/2),(1+B), (1 +B),,n!
o ZP (X% 0(—4t7)"

= = —-——(23.21
xg() d+P).. ( )

Using equation (2.3.20) in equation (2.3.21)

4
FUDLSH RO _ 2 bl = ol X7 ) 1539
a0 (1/2),(1+B),, 0! O Ay k o

Replacing « by -Bl, k by / and x by x** in equation (2.3.19)

w 7Blr 2K, pyen — 2k \!
§ Lo XOU g N S ———(2.323)
=0 (1-B4),, acs-pe, \ £

By definition of Sz.+1 (X; k, {)

(-D"(3/2), nr2>*'x" 2P (x**;0)
(l “B)n

S, (x:k,0)=

Let 0= t~(-i—
dt

1+0) 5 (1-B),S 20 (X k, O™
w0 (3/2),(1-B£),,n!
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_ i(l—B)n(1+2n).SZn+,(x;k,€)t2“
a0 (3/2),(1-B¢),,n!

1e.

i(l +2n)(1-B), S, (X k,O)t*"
0 (3/2),(1-B#),n!

_ 2 (1-B),S:04 (ka,E)tzn '
~ G ) (1B

= (1-B), (=1)"(3/2), .22 x 2P (x**; o)t

=1+ (=), (3/2),(1-BO), 1!
—(140) in‘Zf‘(XZk;é)(—-’-itz)”

u=0 (l - Be)n(

® -~ 2k . 2\n
- 2xl(1+9)zzn (X ’[)(—4t )
n=0 (] ’“B[E)M

———(2.3.24)

Multiplying above equation by t on both the sides.

2 (1+2n)(1-B), S, (x; k, )™
'n=0 (3/2),(1-B#),,n!

Z;ﬁl(XZk;g)(_4t2 )n
(1-B4),,

=2tx!(1+0) °z°0
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By using equation (2.3.23)

- %)
+2-x'e O F, «2(3-&)
aerpy, \ £

Now

( 1-—ﬁ€+£—1) '

ELE

40

. 2k t
=2 (1-8)* oF, qz(i) 120, F,
aeepey,  \ ¢ X

G-y,

3 %\
~16 13 -x‘e““zoF, 42 X
AL1-Pey, 14

) AN\ . %\ 1]
| IRTC R [ V5T P o BT R I
aerpr, ¢ At1-BO ¢

-

v

X

4t2
£

4
) }423.25)



nf
4”[ﬁJ 2nt™
: 4
)
7 7 n.... )

2% n!
4 [mx ] 212
- ¢

=Z

= 1-pe) (2-p¢) (¢-Bt
oo 7)),

£(n+1)
2(4t )n+l (xp ]

=X
nﬂnl(l—w) (2-»&) (f—_ﬁé’)
E o+l ’e n+l £ n+l
! 114
e [4tz(xk ) }
_ Mz{x ) .

7 | no m(l»—[}.(?) (2-5@) (13—-—[36)
e n+l / u+1”" f n+l
But

(), A T ()],
e ), ¢ ’ R ¢

———(2326)
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), B B e (5 )

H

Le—w) :(H»BL’)(Z—BKH) (z w+ 1 1)
£ ). / ’ ’ ?

(1-B¢ 2-B¢ Y

“( 8 ]nﬂ( f Jnn__-—( [‘) )m»l.
(P () A
R l l ¢ e U e .

_(-pe)2-pe)-——(e-pe)(1-p¢ )(Z_TM‘L gJ [.e—BeH)

4 S =

= (I-EE)t (PB[ +l) (___2—[58 +1) ....(————“‘M +1)
£ 4 A 4 o 14 n
Due to above relation equation (2.3.26) becomes.
— 2x ¢
0,F, |4
aei-p)\ £

8t2x2k£ i gt{i4t2(ﬂ)‘ }n

2 o nl(-pe), (T4 1) B 1) (1),

(L)
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8™ = [Mz(%EHD

T () N (2 e

8P x ™ = [Mz(ﬁ;)l ]”

(l—ﬁE),fz(“ﬁ‘*‘) R

= 8t°x ™ - F o [xE e4t2 ———(23.27)
(-po), ° ‘ A(es-peee)\ £ e

Using equation (2.327)in equation (2.3.21)

2 (1+2n)1-B),S,,,, (k>

o (%4)(1-B),n!

—4¢2 - 2x \¢
=2tx'(1-8t?)-¢ OF,[ (" } 4t2]
Aer-py\ £
e=0? 0y ke — 2x\!
+2tx"e 8t'x : X 5
o Fy 4t
(1-pe), aer-peo\ £
—4¢2 —, x\f
=2tx’(1-8t2)-¢" OF{ (x ] 4t2}
aer-po\ £

3, (re)e g —4t? — 2% \ ¢
B o F X_ |4 |---(23.28)
(1 —pB )z Ale1-pest)\ £

We fruitfully combine (2.3.22) and (2.3.28) we get generating function for

Sa(x:k; 1)
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o (1 +B-2B €S, (x kOt (1 +2n €)

1A
2

2 (4 + o)1+ B- e B+ D) iz N

n
2

—4¢2 — 2\
= C‘“ ‘0 Fl{ (x J 4t2]
Mepy\ £

—4? - 2\
r2t(i-8 ke’ - F,[ ("e )46]

43 2Kt -:“21 . 22 \!
+16 t (x )Ie I’o F, LS D
(1 -Be )t aer-perey\ £

For B =-1/2, (=k and k = 1 in equation (2.3.28) reduces to the result
obtained by Andhare and Jagtap [1,p,83]

Particular case :- Putk=1,{=1 and B = - 1/2 in equations (2.3.22) and
(2.3.28) and combining the resulting equations we obtain the following

generating function for Hermite polynomials.

an(x)t“ 412 9 g 2 41'1' PP
S SR 4 |+ 2e(I-82 " oF,| 4% |+
w0 [nl] % %

+-?1222t3x36“201:, [“’4t2x2} ———(2329)
5/.
/2
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(2.4) Bilateral Generating Functions:-

Let
MPF(y Yo, YN’Z) Q ] m+p_|(YlYZ YN)Z “_—(241)
and
Ama631.Y2, 050 EC, T (R 01 30X ——=(242)

where p is arbitrary complex number, p, q are positive integers and
Q, (Y1,¥2> ---» Yn) 1s nonvanishing functions of N variables y,,y,-—-- yn;

Nz I,¢g# 0,j=1,23,...

Consider

Z Tome2n (x k K)M (Yla)'b”‘""YN;Z)tzn(l“"B)mm

1)
=0 (2 min

1+
- ZTZnH"n(x k E)Z} u+pj ()II’YZ’—'_'YN)ZJtzn (71)[31"”—"~*-—(2.4.3)

2

Replacing n by n+qj
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3 j¢20+2q 1+ B m+n+j
= Z zTZm«x»ZnJ«Zq; (X k f) ’ _] ’,l+p} ()’pyz, )'N)thz 29 -—————-——~——-—~( ) bk
(}/)m+n+qj

=0 n=0

. w t2n (] + B)m-m-l- i
= Zc Lo (Y1 Y5~ YN th 2! £0T2m+2n+2qi (x;k,ﬁ) n! (y)mmw :

= ZCJQH*’PJ(YI »Y2:7 YN Xthq)j :

2n

- (__ 1)m+n+qi 22m+2n+2‘1i (m +n+ q_])(l + B)m+n+qj (%)m+n+q3 YB

n=0 (1 + B)m+n+qj (% )m+n+qj mentd

(21{(

by....usin g definitions.of T,, (x;k,£)

= ZCJQ;!-Q’I]_](Y]’YZ’*——-YNXZ tZQ)’

i (~1)™9 (m + qj) (m+ﬂ+‘ﬂ)22m+2q] .y® ( 2. EX“ 4t2)“

10 (14 Bvar i

n

_.zc,aw,,,(y,,yzr--ynxm+qj>(——1)‘***%‘22“%(#*)"

iv(mw)"’fw(x“‘ 1) EPTC) L YY)

n n

From the generating function [26] (see also Srivastava [34]).
$[" “)y;;m( )t = (1 g emetls exp_{xz[l_(l...t)‘r’]}.

-1/
-Y,‘;(xz(l—tz)}“;k) ———(244)
where m is any non negative integer .

Using equation (2.4.4) in right hand side of equation (2.4.3) we obtain.
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. t2ﬂ (1 + B)m+n

(1
2/m+n

g:oTz,mzn Gk, OMP2(y, v, ———yy:2)

= $c,05 013~ yu) GO+ i

(220 ) (14 g2 pOrompeabe exp{x”‘ [1 1+ a2)” ]}Yﬁw (x %14 482) 7t ;z)
= exp .{xz“ [1 —(1+ae2)% }}(1 rag2) e

gcj i (YL,Y 2, YN ) ()™ (m + gy 2229
j

i

etever

= exp{x 2k [I _ (1 + 4t2 )“% J}(I + 4¢2 )'(ﬁi-mhl)lt

icjgij (,YI,YZ, - _VNX_ 1)m+qj (m + q])| Q2m+24
j=

(%)ani p 2k 2 "% . t’ ! j(l+‘3)m+qi
T Yw(x (1+4¢?) ,e). Z(1+4t2) am

-1/ —prmesnyse = (1+ B)m ;
= exp{ka[l —(1 +4¢? ) /t ]}(1 +4t2) EO 172) +q] c; Qm,,,-(yi,yz,..-,yn;)
m+q

3
2Y ke, 2 Y
szij-(x‘(l‘*"‘t ) k. 0) z 3402 -——(24.5)
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This is bilateral generating function for even case of second set {T,(x; k, 7)}

‘Similarly we obtain bilateral generating function for the odd case of second

set {Ty(x; k, /)} as follows.

ped . (I.-B)m 0 X . 2n+l
n§0T2m+2n+l(x:kvf)WMﬁxi(YIaY29 ----- yNaz)t

m4n

. '22m+2c§+1 (m'*'q])! g
n=0

mntg ) gy % 2\0
(" s X e?) ———(246)

Using the generating function (2.4.4) in right hand side of the equation
(2.4.6) we get

X 1*‘ +n a+
§T2m+2n+l(x;k»€)*(z§—/%_’M&?q(YI’yzr"' YN;Z)t2 !

m+n

1
(=Pl +1)/ £ 74
—t(l+4t?) .exp.{x”‘[l-(l+4tz)}‘]}

j
w -Bare Y 2 !
Q.. oY) T, L (x(1 4 4E7) 7K f) 7
jZ:O i u+pj(Yl7YZ YN) (3/2)m+q’ 2m+2q]+l( ( ) ) 1+4t2

----(2.4.7)
Combining equations (2.4.5) and (2.4.7) we obtain bilateral generating

function.
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P
Trma (3K, M (Y15 g5 YuizXl+ B -2 e)a,[2]t"
-9

Nl
—

™Ms

t/2+ e),”m

j
. Ve hid tz q
= .{x“[1~(1+4t2) %]}EOCJ'-Q-»M(YVY: """" y"){z[1+4tz] }

(1 + 4t2)—(—B+ml+l)ll.(1 + B)m_,q' T
2m+2q
VI

-(x(1+4t’)"%“;k,e)}

(.pl-L+ml4l)ll,
+ t(l + 4t2) (l;k 0-B).q T“”w”(xﬁ + 4(2)"%”;k,£)}...(2.4.8)

Put B=-1/2, k=1, =k in equation (2.4.5) we get

5 Tymoza (0 KIME, (10927 Y™

n

-1

= exp{xz {1 ~(1+a2)x ]}(1 T }(m‘“%)’k

1+4¢t2

© 5 __y tz q j
Eochqupj()’x’Yz:* ~¥n )r2m+2qj(x(1+ 4t ) Zk;k) Z( ) —~~~(2.4.9)
¥

By definition of (2.4.2), equation (2.4.9) becomes,

ngoTlm‘on (X’k)Mgg (YI >Y2:m YN ;Z)tzn

(e P el - s |

_}ék t? 4
Azm,zq[x(l""“z) QYIayZ:“‘YN;Z[ ] }"**(2.4.10)

1+4¢t%
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Similarly putting B=-1/2, 1=k, and k = 1 in equation in (2.4.7)
2 Tomoaant (GKMEL (Y1, Y 0m = y s 2™

- e o .{xz[l_(mz)ﬂ}.

! 2 ) }
'igoc"g“*""(y"yz’—“YN)r?-mﬂqﬁ’(x(”“z)Ak;k)'[z( ) }

1+ 4t2

=1{1+40° )*(mm{i%)lk exp -{x2 {I ~(1+4t? )3 }}

1+ 4¢?

ik t? 1
'Azmﬂ,zq[X(lMtz) ;yl,yz,—“yN;z( J ~~—(2.4.11)

o0



Combing (2.4.10) and (2.4.11) we obtain bilateral generating function.

§T2m+n (X; k)Mrgill (YI’YZs— - YN;Z)tﬂ
n=0 i34l

- (1 + 42 )‘(mk«r(kleZ)/k exp .{Xz [1 _ (1 4 ).% ]}

1 /2% 2 9
....{(1+4t2)4A2m,2q[x(1+4t2) ;y,,yz;——yu;l(l t4t2) }’
+

M t2 1
+ tA2m+l,2q[x(1 * 4t2) Y1 er--,)’u;l[m] ;” ---(24.12)

Particular Cases:-
Case(l): For k = 1, equation (2.4.12) gives the bilateral generating function

for Hermite polynomials

§H2m+n(x)Mf:i ()II,YZ,-—-YN;Z)In

n=0 L3l

=+ 40" expd 2L 11 402
- p- 1+ 4¢2

P 4 2 q
b t
Ao xU+48%) Sy Ly, ——yysz +
2m,2q[ ( ) Yi-¥2 ¥~ (1+4t2] }

& ) (2.4.13)
; 5 ’_._... ;Z ettt e, — b L. R
Yi. Y2 Y~ 11412

+ tA'2m+L2q{x(l +41?)



where

A5y, ———ynstl= 2CoH i ()2 (V15 Y2 =Y "
Case : (II)

By Substituting m=0,q=1,¢,Q,, . Oy —yn)==
}

We obtain the following bilateral generating function due to Thakare and
Madhekar. [39,p.36 (4.6)]

9]
i

$Tbok)oy (o) _(, gyt exp.{xz[l~(1+4t2)_}q}.(}()( _ﬁf_}

o (2) 1+ 40
———(2.4.14)
where,
biB)
cn (Z) = 22: ’ 83'2]
=0 j
X =x(1+402)2% g and,
G(x;z)= isn[(l + 4t2)y2T2,, (x;k)+T,,,, (x;k)EnT] ———(24.15)
=0 ni

Case: (III) For Z = 0, §o = 1 in equation (2.4.15) we get the generating
function obtained by Thakare. and Madhekar.

02



ST, (x;k)ﬁ =v(+ 4t2)*"*2)‘2“[2xt + 1+ a2 “"“'2“] ———(24.16)
n=0 —'21 !

where. Y =exp {xz[] - (1 + 4t )'% ]}

Case: (IV) For k =1 ,equation (2.4.16) reduces to the generating function for
Hermite polynomials given by Doetsch[13],

o0

H_ ()" 4x2t? L
%W (1+462) 72 (1+ 2xt + 462 exp. s (2.4.17)

03



(2.5) Recurrence Relations:-

(i) From Konhauser [17,p.305] Doetsch [13] we have

xDZ%(x;k)=knZ? (x;k)-k(kn -k +a+1), 2%, (x;k)  —-—(2.5.1)

Replace x. by. x**;a.by B, k.by.¢.

2k
X

o) o802,

xDZP (x?¥; ¢)= 2kne 28 (x ™€) 2ke(ne — £ + B +1), 28, (x>*; ¢)

)" n(1+n),

multiplying, by @*p)

O nl+n), oaf o o\ 2knf(=1)ni(1+n), 28 (x>;¢)
o), 1+p),

—2ké(nf—£+B+1),(-1) n!(+n), (x2*;2)
(+p), Y

(ne—¢+B+1),2(2n-1)

(+n)

= 2knfS,_ (x;k,0)+ 4n(2n - l)ié(zg ; £+p+1) S,. ,(x:k,f) ———(2.52)
n

xDS,_ (x;k,£)=2knfS,_(x;k,£)+2kn¢

S22 (X;K,£)

o1



Replace x by x”*and a by-p/ ,and k by / in equation (2.5.1),

Dz (x%*;)=nez (x*;0)- t(nt — £~ pe +1), 2 (x*; )

_ry (111'(3 2% nez;* (x?*;¢)

“’“ln !32 22n+1 4 _ae
. )n(l({én),, “—t(ne—e—Be+1), 2% (<)

But.
..D{x‘ 7 (x”‘ ;l)}:: x'DZP (x”‘ ;£)+ ex'z (x”‘ ;E)
x'DZ;* (x?*; )= Djx 'z (x™; 0)]}- ex*'Z 2 (x> ¢)

= DSZn+1 (x’ kae)” ;]ZSZnH (xa ka‘e) = nesznﬂ (xa k)E)

nlgf +)1) 2(nf —£-BL+1),8,,,(x;k,€)

DS, (xk, )= (¢+2kne)s,,,, (x;k, £)

LAnfQn+ ne—E-Be+1) o N s
(0-p) S

Combining (2.5.2) and (2.5.3)
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xDS, (x;k,£) = (2ke[z]+ £ €5, (x;k,€)

. ake[zfelz]-2+B+1-(Be+p)e),@2n-1+ €5, , (x:k,£)
[s]+-28¢)

(ID) From Konhauser [17, P. 308, equation (16)] We have recurrence

relation

k(n+1)Y2, (x;k)=xDYZ(x;k)+ (kn + o + 1 - x)Y2, (x;k)....(2.5.5)

Replace..o.by B,k by.¢, x by x**

2k

n+1)YP, (xz“;e\)= 21;2,(_1 DY? (xz";!i)+ (ne +B+L+1-x )Yf(xz";lf)

Multiplying. by.n!.(~1)""'(2+n),,,
fn+ D@+ ), (1P Y2 (o )= (-1 @ +n),., - DY2 (1)
+ (=1 o+ B+1-x* f2+n),,, YA (x*;0)
. N X Ul B 2% .
€T2n+2 (X,k,,f) = -"2"1'("(" ]) n!(2 + 1'l)mtll)Yn (X ,f)

~(=1)nt(ng + B +1-x> )2 +n),,, Y (x?*;0)

_F(2+n+n+1)~(2+n n)I'(2+n+n)
But (2+n),., = r+n) (1+:1L) I"(1+:)

['(1+n+n)

=2(2n+1) v

=2(2n+1)(1+n),

o6



- B
£T2n+2(x;k,£)z~§~l§2(2n+l)(1+n)n(-1)“n!DY (x%:0)..

f
*2(2n+1)(n£+[3+1-—x2k)(_1)“n!(1+ n)nY (x2k;£)
= =20 + DTy, (x:k,£) = 220 + 1Y€ + B +1-x™)T5, (xik, ) ~==(2.5.6)

Replace o by -Pf, kby ¢ and x byx * in (2.5.5)

2k

n+DY P (x*;0) = 5 X

el WDY,,"“(X”‘;IZH(M ~Be+1-x")Y P (x*;0)

(-D™'n2*(3/2), ., x
(1 - B)n+l

Muitiplying above equation by

1o+l i 2n+3
x0(-D* (n+ D127 (372),, Y.:f; sz; 0
(1 - ﬁ)nﬂ

B _)i(—-])nﬂ n! 22n+3 (3/2)
2k (1 - B)n+1

n+l DYn-ﬂt (X 2k ’g)

L (ne-pe+1- ) (D)™l (3/2),,, ey

2k
+1 ’g
(I - B )u+l ? (x )

But,

D[xY, ™ (x7;0)|= xDY; P (x?*,0) + ¥, (x™;£)

xDY ! (x2:£) = Dy (x2; 0)]- Y7 (x ;)

and
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3/2),, =L02404D _ 3,5 ) EB2H0) _3/5 4 nyar2),
13/2
(-p).. —TA=B+n+D) (-B+n)(-p+n)
" Ta-B) r(1-p)
=(-B+nX1-B),
, o228,
. _ X Py 2k, gy v-Bef, 2k,
(k0 =2 R TR, (DxY P (x?;0) - Y% (x> £}

__4(3+2n)(n£—B£+]—x”‘)
20— p+nxX1-p).

(3/2), ("2 nix Y P (x ;)

L TXCHI) y ok, )+ 20

" k(1-B+n) K pm 260

—2(3+2n)(nl - Bl —x**)

T2n+] (x;k’e)

(1-B+n)
_ —(3+2n) '
- k(]wB_,_n)XDTZnH(xakae)
_2(3+2n)

o n){nlf _Be+1-x __z}i;}"rm, (x;k,£)———(2.5.7)

Combine (2.5.6) and (2.5.7) , we get,
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T (x:k,0) = (Zl

_ 2(n+1+€) {E[%}—l—xﬂ+B“(ﬁ€+i+ﬁ)E}’Tn(’(;k’e)'——(z's's)
EBDE

xDT, (x;k,£)—

(11I) Pure Recurrence Relation:-

k(n +D) Y (k) = (@+1+kn) Y3 (x;k) - x Y3 (x;k)..(2.5.9)
Re placing.c. by, x.by.x*and k by £
(+)Y?P (x*:0) =B +1+n0) Y (x*; ) —xYP (x7*;0)
Multiplying by (-1)™" n! (14n+1),,, onboth the sides we get,
=D (n+ DA+ n+)YP (x5 0)
=(-)""nl(l+n+1)_,,(B+1+n) Y  (x*;£)—-x(~-1)"" -n!(I+n+n)_,,
Y (x5 0)
1T, ,, (K, 0) = —(B+ 1+ nf)}-1)® nl2(2n + 1)1+ n), Y2 (x**;¢)
+x2(20+ ){=1)"n!(1+n), Y (x**;¢0)
= 22n+ )P+ 1+ nfX-1)"nl(1+n), YP(x>*;0)
+22n + Dx(-D)™nl(1+n), Y (x?*;¢)

= =220+ 1B +1+nO)T,, (x;k,£)+ 2(2n + DxT,, (x;k,f) -——(2.5.10)

09



Replace x by x**, k by { and o by -B/ in (2.5.9)pure recurrence relation

o+ DY (2 0)= (- Bo+ 1+ no)Y 2 (x2%; 0)- xY P (x2%; £)- = 2.5.11)

1y 2n+l
By..defnition.of 'T2n+1 (x;k,é): ( l) r(11'2 [3) (%)nx Yn“‘" (ka; g)

Replace nby n+1

n+1 2n+3
T2n+3 (X; k, K) = (— 1) (n(';‘ 1);; (%)nﬂ X Y;f]l (X Zk;e)
T Plant

Muiltiplying above equation (2.5.11) by

)" 022 (7). x
(1 - ﬁ )n+l

we get,

’ (— 1)“+I (n+ DR (%)nﬂ X y B (x 2K ;g)

(1-B),. "
_—ax(-Be+1+n0)2n+3) (1) 027 (%), o pef .
T (prn)2 )

4x(2n+3) (102" (%4), 1pef .
T S

Using definition of T, (x;k,{)
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(-Be+nf+1)2n+3)
(1-B-+n)

Ty Gk, 0+ 20Dy ke )

(1-B+n)

T, s (xk£)=~2

We combine above even and odd cases,

o 2+ lrei+[e]erp-@e+B)e].
Hn+2 (X, k’ ‘e) - 1+ ([%]"B)e Tn (X, kae)

2x(n+1+€)

T (x;k, ¢
T
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