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CHAPTER- II

SINGLE STEP METHODS s

2.1 intna.duc.ilBn *
A singlestep method for the solution of the initial 

value problem

f<t,y), y (t ) - y , t « Et ,bl (2.1)dt 9T 7 o Tor or

is a related first order differential equation. A general 

singlestep method may be written as

y ■» y + h g(t ,y ,h) , j=*0,1,2, .. . . .N-l. (2.2)i j j

where g(t,y,h) is a function of the arguments t,h,y and in 

addition depends on f(t,y). The function g(t,y,h) is called 

the increment function. If y can be determined simply by 

evaluting the right hand side of (2.2), then the singelstep 

method is called explicit, otherwise it is called implicit. 

The local truncation error T^ given by

T. * y(t. >-y(t ,)-h g(t,,y(t.) ,h> , j-0, 1,2, . . . ,N-1. (2.3)
i j j 3

The largest integer p such that |h 4T^|*»0(h*) is called the 

order of the singelstep method.
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Now wo determine specific forma for tha increament 

function g(t,yyh).
Let the aolution y(t) of aquation C2.1) be expanded in 
Taylor aeria about the point tj and aubatituting t=tj_^ we 
have

y<tj + 1>m y<tj> + hy'<tj) +h*/2!y" <tj>+ha/3!y’" <t > + .. .

Neglecting tha terms of h* and higher powers, we have the 
approximate solution
Yj+j “ yj + hf(tj,yj>, j « 0y1y2y...yN-l.

This is called Euler's method.

2.2 BungizKuttfl ngthgds

We first explain the principle involved in the 
Runge-Kutta methods. By the mean value theorem any solution 
of equation (2.1) satisfies

y<ti+i> -ytt^+h y' < t+eh y y (t^+eh > >y O < e < l.

We put 0*1/2. Euler's method with spacing h/2, 
approximately given by

y(t.+h/2) = y + h/2 f(t ,y ).
J J j j

Thus we have the approximation
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yj*»= vj + hfctj+h/2,Vh/2f(ti’yi5:> <2'4>

A1t»rnatlv«ly,again using Euler method,we proceed as follows!

y'Ct+h/2> - 1/2 [y'Ct.)+y'(t+h) ]
» 1/2 [fit .y.)+f<t+h,y.+hf.) J j J j i i

Thus we have ths approximation
Vj*i “ yj + ^/2t+(tj,y.)+fCt^4,yj+hf(tj,y.)] (2.5)

Eithsr Eq.(2.4) or Eq.(2.5) can bs writtan as

y.+i “ y^ + h (averge slope)

This is the underlying idea of the Runge-Kutta approach.
In general,we find the slope at t^ and at several other 

points,average these slopes,multiply by h and add the result 
to Yj.

Thus the R—K method with m slopes can be written as

V" h
k. “ h ,cVc.h'Va..kP
k * h f(t+e h,y+a k +a k ) 
k - h f(t+c h,y+a k -t-a k +a k )* ' j * "j 41 1 42 2 4* r

I
1
I



k h ,(vc«.h,vj *y
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and
y. ■ y, + wk + w k Vi rj i i x 2 i k m m (2.6)

To determine tha parameters in (2.6),we expand y in powers 
of h such that it agrees with tha Taylors sarias expansion of 
tha solution of tha differential aquation upto a certain 
number of terms. We explain tha same for specific values of 
m « 2 and m * 3 which follows!

2*2*1 gtcond yrd«n irothsuli
Consider the Runge-Kutta method with two slops*(m=2)
kf - hfCtjiyj>
k * hfft+c h,y,+a k )

y. ■ y + w k +w k j+i j i i 2 2 (2.7)

whera tha parameters c .a ,w ,w are chosen to make y.2* 21* 1* 2 j+i
c loa.r to yCtj>t). By T.ylor

y(t^> - yltj) + hf(t ,y.Ct >> + h /2! f' (t^f y (t^)) +

h /3!f" (t ,y(t >> +
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yitj) + hf<t py<t )) + h /2!

+ h*/3![f +2f f +f*f +f (f +ff )] +. 1 tt ty yy y i y (2.8)

We also have
k - hf

i
k * hf(t,+c h,y,+a hf.) * j a *'j 21 j

h{|f+c hf +a hff 1 +h*/2fc*f +2c j
\L 1 * 1 ai vJ1! I 1 11 * i ff +a* f2f ) + 

21 ly 21 yy l,

Using k^ and k^ in Eq. < 2.7) we gat

y - y. + w hf. + w htf +h(c f +a ff ) 3 J+i *j ij 2 j 2 l 21 y t

w h*/2£c*f..+2c a ff +a* f*f D +.
2 t tt 2 21 ty 21 yy t^

yJ + (Hj+w^hfj +h ^W2c2^t+W2*2lf < tj ) f y > +

l/2h3w_(c*f..+2c_a_.f,. ,f, +a* f^. .f ) +.
2 2 tt 2 21 (tj) ty 21 (tj) yy . (2.9)

Comparing tha equations (2.8) and (2.9) and equating the 

coefficients of powers of h,we have



By taking c2 as an arbitrary (non-z«ro) and 
salving
these aquations,we have

a.21 - c2, w2 * 1/2c2# Wj = 1 - 1/2c2

Generally,c2 is chosen between O and 1.
By taking c2 *1/2,implies w^* 0 , w2 » 1, a2J * 1/2,this
known as imprpved tangent R-K method..
By taking c2 ■ 2/3 ,implies w^ * 1/4 ,w2 * 3/4, it is the 
optimal second order R—K method.
Me state the Rungs—Kutta method by giving the coefficients as 
followss

c2 a,21

2

2/3 1 I 1

0 1 1/4 3/4 1/2 1/2

Improved tangent Optimal Euler—Cauchy



15
2.2.2 T,hired order method
Taking »-3 in Eq.(2.6),Mi hava

yj+i yj + Wlkl + W2k2 + W3k3 (2.11)

whan* S ■ Mj

k2 - hf(tj«2h,yJ..21k1)

hf < tj+c2h,yj+a21hf j >

-h <»j«=2hV.21hffyV «/2.Cc^h2ftt«c2.21h2ffty

2 2 2+a^,hff 1. +...>21 yy tj

lhVh Wa'yVt.
h3/2![c2f. .+2c„«_.ff.. +.2 42t 3

2 tt 2 21 ty 21 yy t

k3 “ hf<tj+C3h,a31kl+*32k2+yj}

hfCVc3h’a31hfj + a32<hfj+h (c2Va21fyfJ> + ,,*>+yj1

hfj + h2Cc3ft-Ka31+a32)+jfy3 + H^a^f fcf y+»21»32* * y +

l/2c2-f, . + i/2<a_.+a__)Zf2 f + e_<a_.+a__>. 1 + ,3 tt 31 32 j yy 3 31 32 ty
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Using these values in Eq.(2.11) we have
yJ+i= yj +"ihfj+VhVhZ<c2V*2lVy’*

h3/2(c|

"3,MJ+h2tc3ft+<^1+«32»fjfy3*h3Ic2S2#tV.21.32«^

c?/2-f..+l/2(a_,,+a__) 2f 2f +c,(a_f+a__>f .f. 3>+. 
3 tt 31 32 j yy 3 31 32 j ty

Yi*i ■ yj + + h 'Y2*Vj'*1

h2(»2-2l+«3.3l+»3.32)«y ♦ h3/2<H2c2-3c2>«tt<

h tw2c2a21ffty + c3w3(a31+«32)ffty3

+h3t1/2a2 w„+1/2(.«-a,„ >321 2 a31+*32> Wyy**3C2*32h ty

+W3*21*32ffyh3+* * (2.12)

From Tayolar i*ries, we have
VJ-I “ yj + h,J + h2/2!(VtJty>

♦ h3/3!(f..+2ff. +f2* +f )) ♦
tt ty yy y t y (2.13)



' H ■ 17
Comparing aquations (2.12) and (2.13) for the coefficients 
of powars of h, we gat

W1 + W2 +

W2C2 i_c, - 1/2 3 3
2 . 2 W-C - +W—c . 2 2 3 O 1/3

(I)
(II)

(III)

W2C2*21 + W3C3*31 + C3a32W3 " 1/3 (IV)

+ *Il"2 - 1/3

W3C2*32 " 1/6
W3*21*32 1/6 ”>a21 “ C2

(V)

Using in (IV)f

W2*21 + W3C3 <*31+*32> 1/3

Using in (V),we have
a31 * a32 “ c3 <VU

These gives the following sin aquationsl

a21 " C2 * a31 + a32 * C3»
W1 + w2 + w3 E= 1» C2W2 + C3W3 "
2 2C2W2 + C3W3 ** C2*32W3 * 9 (2.14)

These equations are typical in R—K Methods| the sum of a^ in 
any row equals the corresponding c^,and sum w^*s equals 1.



Thus the equations (2.14) are linear in and and have a 
solution for w^and w^if anc* °nly if

c

c
2
2
2

-1/2

-1/3

0 c 2a32 -1/t*

0

Therefore 0^(2-302)3^2 
(2.15)

C-^(Cj-Cj) o, c 2**°

C3<C3 C2>
32

c_(2-3c„)
Z a-

9

if Cj = 0 or c2= c^,then = 2/3 (For limiting cas*)and 
arbitrarily chosen (nonzero).By calculating w^'s and a^'s 
from equation (2.14) and represented in the following form:

C2 a21 
C3 a31 a32

w. w31
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2/3 2/3
2/3 O 2/3

2/8 3/8 3/8
Mystrom

1/2 1/2
3/4 0 3/4

2/9 3/9 4/9
Nearly Optimal

1/2 1/2 1/3 1/3
1__ -1 2 _2/3 O 2/3

1/6 4/6 1/6 1/4 O

Classical Hean

Fourth order R-K method : T he most well known formula is
classical R-K method of order four, which is given by
Yj + j = yj + 1 / 6( k j+kj+k-r+k^) ,

where k4 = hf<t,,y.)1 J J
k2 = hf<tj+l/2h,yj+l/2k1),
k.,, = hf (tj + l/2h,yj + l/2k2) ,
k. = hf(t, + h,y.+k_).4 j J 3

The R-K method of order four is very much popular. It is a 
good choice for common purposes because it is quite accurate, 
stable and easy to program. It is not necessary to go to a 
higher order method because the increased accuracy is offset 
by additional computational effort. If more accuracy is 
required, then either a smaller step size or an adaptive
method should he used.



2.7.3 Convergence
Definition (2.1)sThe singlestep method <2.2) is said to be 

regular if the function g(t,y,h) is defined and continuous in 
the domain t^ < t < b, - oo<y<oo,0<h< h^ and if there 
exists a constnt L such that

|g(t,y,h) - g < t,z,h)| < L |y-z| (2.16)

for every t <= C t ,bi, y,z e (~oo ,oo ),h e (0,h^).o 0

Definition 2.2: A singlestep method of the form<2.2) is said 
to be consistent if g(t,y,0) = f(t,y).
Theorem 2.1: A necessary and sufficint condition for 
convergence of a regular singlestep method of order p > 1
is consistency.

We will use this theorem to state the convergence of 
Runge-Kutta methods.

(a) Convergence of second order R-K method:
The R-K method of order two be

(From (2.7))
and the corresponding increament function is given by

g< tj,yj,h) = h -1 (2.17)

As f(t,y) satisfies Lipschitz condition (From Theorem 1.1).
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Thus kj and satisfy
For k = hf<t.,y.>,1 J rJ

| k, - kj| = h |f<t.,y|> -

< hL Ivj-v*|

k2 = hf(tj+c2h,yj+a21kj)

k -k*| = h 7 21
I f(t,+c_h,y.+a„,k,)-f(t +c_h,y*+a_.k*> 
' j 2 21 1 j 2 21 1

hL c |yj*-21k1-yj-*21kj I j

< hL t j Yj-y* | + a21 lkrkJl3

< hL CIVj-y*| + a21Lh|Vj-y*|D

< hL | Yj-Yj | (l+a2JLh)

Using in (2.17),the increment function satisfies

| tj,yj,h)-g(tj,y*,h) |

h * | wj^ j+wo^c2~Wl*< 1~W2^2

< h 1 tWj Jkj-kJ) + w2|k2-k*| 1
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< h-1 CWjLh | Vj-y* I + w2Lh | Yj-yJ I <l+«21Lh)3

s< L j yj-Yj I EW|-*-i*2+,*#2*21^1":*

< L| Yj-yJ | C1+Lh/2J {From <2.10)

The incrmant function g satisfies a Lipschitz condition in y 
and it is also continuous in h. Thus R—K ssthod is 
consistent, hence it is convergent <by Theoree 2.1).

<b) Convergence Of Thired Order R—K Method
The R-K method of order three from (2.11)vbe

V. - V"*V"«W.
and the correspondig incTeament function is given by

g(t ,(y.h) =* h *(w k +*» k +w k )
j j i i s z a a

Me know that f(t,y) satisfies Lipschitz condition hence
^l’^z’^a ***° •atify

k - hf < ty,)

|kt-k*| S hL | y-y* j
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k, - h,cti+c,h'y1+*„k1i

I x,-kI I 5 Lh [l vy* I + *« I “.■‘‘I l]
S Lh |j y -y* I + *„Lh| y^y* I j

< Lh I y.-y* I C 1+a Lh 3 
' j j 1 21

k * hf(t ,+c h,y+a k +a k ) a j a T' j at t ma a

1 k -k* | < Lh € 1 y -y* I + a | k -k* | +
'99' ' j j ' 91* 1 * '

< Lh € 1+a Lh+a LhU+a Lh)> |y-~yl91 92 21 1 j j '

a92

Thsrsfore ths lncrcamant function satisfies 
|Q* t^f y^f h)-g(t^,y*, h> |

< h 1 fw Ik -k* I +w Ik -k* I +w Ik —k* I >
1*1 1 * 2' t 2 1 t1 i i '

£ h-4 f**4Lh| YfY* j+w^LMl+a^Lh) Jy^y*! 

+Lhw (1+a Lh+a Lh(l+a Lh))|y-y*|>
a 91 92 21 * j j 1
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< L {w +m +w -Mw a +w a +w a >Lh12 1 2 21 3 SI 1 12 m a a (Lh)>I « K

I vrf I
< L Cl + l/2Lh4-l/6CLh)*3 )yJ'”yj I <From2.14>

Therefore tha incrament function g satisfies a 
Lipschitz condition in y and it is also continuous in h. Thus 
Me conclude that tha third order Runge—Kutta method is also 
convergent.

2.2.4 STABILITY ftMflLYSlfi
Now we discuss the stability of R-K methods.

First, consider the first order differential equation
y' - Xy, y<t ) - y <2.18>o o

where X is a constant.
It has the enact solution, given by

y (t) y (t ) 7 o
X(t-t ) » o

which at t. * t +jh, becomes j o J 7

.. . ., . X3 h . Xh % jy(t.) * y(t ) e «■ y <e >j o o

But applying a singlestep method on equation (2.18), 
gives a difference equation with solution of the form

yj = a CE(Xh)lj
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where a is a constant to be determined from initial condition 
and E(Xh) is an approximation to e

Definition(2.3)tA singelstep method is absolutely stable if
| ECXh) | < 1 and relatively stable if |E(Xh)| < eXh.

Ule will apply the Euler—Cauchy second order R-K method
(From 2.2.1) to equation(2.18) and we get

k = hf(tfy) * Xh y * j j j
k = h f<t,+h,y +k )2 j *7i *■

■ Xh Cl+Xhl yj « C(Xh) + (Xh2)J y^

y, = y, + 1/2 Ew +w J
* Cl+Xh+l/2(Xh>*3 y^

Thus, the growth factor for the second order method is
ECXh) ■ 1 + Xh + l/2<Xh>* 

and for this exact solution is eXh.

Also eXh - 1 + Xh + (Xh)*/2! + <Xh>*/3!+...

If Xh>0, then |E(Xh)| < eXh| so that the second order R-K 

method is always relatively stable.
If Xh < O, then consider the following table to find the 
interval of absolute stability.

Xh o - 0.5 -1.0 -1.5 -2.0

E(Xh> 1 0.625 0.5 0.523 1



so

From the above table and Fig.(2.1). the interval of absolute 
stability is -2 < Xh < 0.
Similarly, apply the classical thired order R—K method to the 
equation(2.18)and we will get

\ " Xhv
= h f Ct+l/2hty+1/2^)

* CXh+l/2(Xh)*3 y.

k - h f(t+h,y-k +2k ) s J * *

- t(Xh)-MXh)2+(Xh)*3

y sa y 4- l/6(k +4k +k )Ti * * a

* Cl+Xh+l/2(Xh)*+l/6(Xh)*1 Vj

with growth factor of thired order R-K method is

E(Xh) « l+Xh+l/2(Xh)*+l/6(Xh)*.

If Xh > O, then E(Xh) < e^h hence the thired order R-K method 
is also relatively stable.



27

If Xh < O, then -from Fig. (2.1) the interval of absolute 
stability is -2.5 < Xh < 0.

Also apply on Eq.(2.18)the fourth order Method, Me have the 
growth factor
E(Xh> * l+Xh+l/2(Xh)*-H/3! <Xh)*+l/4! (Xh)4.

Therfore fourth order R—K method is also relatively stable 
and from Fig.(2.1), the interval of absolute stability is 
-2.78 < Xh < 0.

The existence of rounding errors in R-K methods, 
will depend in some way on the coefficints of the method. The 
negative signs appearing amongst the coefficients of the 
method, especially w},w2,... ,wk is a sign of trouble. 
Many high order methods where negative signs occur have large 
values for some la.. I and this will lead to loss of1 i j 1
accuracy through cancelation of significant digits.
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If Xh < O, then from Fig.(2.1) the interval of absolute 
stability is -2.5 < Xh < 0.
Also apply on Eq.<2.18)the fourth order method, we have the 

growth factor
E(Xh) - l+Xh+l/2(Xh)*+l/3!(Xh)*+l/4!(Xh)4.

Therfore fourth order R—K method is also relatively stable 
and from Fig.(2.1), the interval of absolute stability is 
-2.7B < Xh < 0.

The existence of rounding errors in R-K methods, 
will depend in some way on the coefficints of the method. The 
negative signs appearing amongst the coefficients of the 
method, especially wi*w2**’* ,w^ is a sign of trouble. 
Many high order methods where negative signs occur have large 
values for some |a..1 and this will lead to loss of 
accuracy through cancelation of significant digits.

Fig. 2.1 Stability of Rungc-Kutta method
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2.3 Higher order differential equations!

The higher order differential equations can be solved 
by taking system of equivalent first order equations. Now
we will form direct singelstep methods to solve higher order 
equations.

Consider a general second order equation

y'' « f<t,y,y>, t «= Ct pb3 (2.19)o

with the initial conditions

y<t > ■ y*1 o o o

There is Runge-Kutta method, given by

ki " h*/2! * *

k - h2/2!fCt +2/3h,y +2/3hy'+2/3k ,y*+4/3h k 1
* i ■ j 1 i J *

y. = y. + hy. + l/2<k +k )J+l j j i 2

y' « y', + l/2h (k +3k ).J+ 1 J 12

2.3.1a Here we dicuss only second order differential equ­
ation in which, the function f is independent of y'. We can
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construct ths Rungs—Kutta msthod in which ths local truncation 
srror in y and y' is o(h4).
Consider ths second order initial value differential equation
y'' = f(t,y), y(t ) - y , y'(t ) - y'. (2.20)o ro o o

Let us define
kt = h/2! fCt^y,).

k e h 1/2! f(t+a hpy,+a hy'+a k ) 2 j 2 ,7j 2 7 j 22 1

y, =y, + hy* + w k + wk, 7J 7j 1 i 2 2*

y* * y' + l/h(w*k -*-w*k ).
j+i 7 j i i 2 2 (2.21)

The Taylor series expansion gives
yJ+1 - yj«»y]+ h*/2!y'+ h*/3!y' h4/4!y*v+---

y' . * y'i+ hy"+ h*/2!y . "+h*/3!ylv+___ (2.22))+* j J i i

where y*' ■ f(t^py(t^>) * f^p

y*. * ' * Cf,+f y' > “ Df „ where D ■ 9/9t+y'9/9y
i y J

yjV

=* D*f + f f j j y
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Using in Eq.(2.22>, we get

y * y + hy' + h*/2!f+ h*/3! Df,+ h4/4!fD2f ,+f f )♦... 
j-*-* J j J J j j y

y'. « y'+ hf + h2/2!CDf M- h*/3*CD5 2f +f f (2.23)j+i j j J J J y
Now ,

\ - h*/2! Htjtyp - H*/2!fjP

2/h\- + hiV,+ViV +

h2[a /2f.f +m*/2f ♦•2/2<y,I)*f -»-a2y'f ] + o<h8>*• *i j y * tt a F J yy * j iy

k * h2/ 2 f + h*/2[a f +».y*1fIh'* j 1 * i i J
h4/4[a f f +4* f ♦•!cy;)N +2aVf ] +o(hs)

1 ll J y 2 tt t'j yy I j lyJ

» h*/2 f +h*/2 a Df+h4/4Ca*D*f-t-a f.f ] ♦ oCh3). 
j *j 1 * J ** j yJ v

Using the values of & k^ in Eq.(2.2l), we have

V. - y, hv; + f VW + h*(D0
.4

+ ? <aa+w D*f, + w a ) + 
4 v a a j i li j y'

* y j**
.^h •, . *hXjv h2a

y.+^**.t.+ w_Sjf!+ a a j 2 i j a 2 j —--if---- Df.

5 w* ( a*D*f + a ) +
4 a v a J ai J y'
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Comparing these equations with Eq.<2.23) -for the 
coefficients of h, h* & h9f we have

w + w * 1ft 2
w a ■ =■ 2 2 3

• • _w w “2ft 2
w*a*- 2/3
2 t
w a * 2/32 2ft
«w a 2 2

Solving these set of equations,we havi
a * 2/3, 2 a => 4/9 ,24 * W » W * » ,ft 2 2 '

w = 1/2 ,* ’ w - 3/2 2
Thus finally the R-K method for second order initial 

value problem, Eq.(2.19) becomes

and

V 2! «V V'

kj - (tj*2/3h,y.+ 2/3hy- + 4/9^)

y. = y, + hy' + l/2(k + k }'j+ft j r v ft 2 *

J.ft - Vi - Hr <kft+3k2> <2.24)

2.3.2 STABILITY ANALYSIS i
Now we will discuss the stability and the error 

analysis of the Range-Kutta Method (2.24).

Let us consider the differential equations
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y"« Xy
subject to the conditions

(2.25)

y<t ) - y , y'<t ) = y' , o o o o t « tt b] o

where X is a real number.
Here we discuss the three cases.

X - 0, X - -k . X * k

will find the values of k ,k for the Eq. (2.25)* a

we get k# = F*f(^*yp

\ “ 2 Xyj *

k2 - J [ X (yj + 2/3hy* + 4/9h*/2 X Vj) ]

Xh2 [ ( 1 + 2/9h*X)yj + 2/3hy' ]

Using these values of k & k into y, It y' ,we havet a i+i r l+i9

yM m yj + hyi + yi +<l 2^F*,yj +2/3h yi 1

J+*
,. ^ . X2h4. ^ ^ Xh*.(1 + ~2 * TT > yi ♦ (h - -6 > y i (2.26a)

* y'j*i~ Vi 5“^ yj + lO+2/9Xha> Vj + 2h/3 Yj ]
2
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1 ,Xh*. 3Xh* X*h4y * + ^..yy Hh ...j|gi'.'i». J y ♦ 1/2 XH yj

,Xh 3Xh . X*h* . . , , , Xh* .
g^«»..wy *r* ..m|. . Hr -.-.—— j Y * \ 1 "* f Y J

\ ^ ® V |_ ®

y\ - ( \h + £-?• ) y. + r i ♦ ^ > y:j+i v it ' 7 j v 2 * 7 j <2.26b)

Rewriting into matrix equation form,

y . a a y ,j+i 11 12 J
y' a a y'21 2* L i

Where ali
Xh* A X*h4 . A h*X
~2 + I B * _ h * S

21 - Xh X*h“, - 1 + Xh
T~

<2.27)

(i) case X » 0, we have

vJt
=5

’ 1 h ‘ ' vj

V'W . 0 1
.

y. ■ y + hy', )♦* j J
* V:j«-i

Putting j = 0,1,2,... in last equation, we have
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y * y i o y = y i o & bo on

j o ■
and from first aquation

y = y + hy' i o o
y^hy; - <yo+Hyol ♦ hy;

and so on 'J y + Jhy' o o
which is requirad result

y +2hy' o o

(ii) case X » -kZ, in this case the solutions are 

oscillating.

let us consider the eigen values of the Matrix represented 
by Eg.(2.27).

Let a be eigen value then characteristic equation of matrix

be
2 , a -(aii 22 ) or 12 21 o

a a s [a + a 2 *• 11 22
C (a a )* + 4a a >‘xz] 

11 22 12 21 *

toOt a Cl * 5f iva -r ta1 2 2 11 22
a ) + {( a +a >* + 4a a >1/z ]

— ti 22 12 21

we

Using

have

X 2* -k in 6 substituting in above result,

1 ,2, 2. h4k4 , r, hk d 4, 4. 2, 2^ <2-h k + jg— + —1~ ) (h k - 36h k +432h k

—1296)

Taking h*k* =2, zB-36z* + 4322—1296 has one root
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approximately 4.44045 by Newton's Method.

1 . * 21 z h k ^hlc» 2^, 2. Z — — * a<*4f c2 * 5 < 2—h k +-J^ ± Kjg) (h k -4.44045)

(h4k4- 2P4 h2k*+P2 + P*)]4'*}

Wh.r. P * 15.779763 & P « 6.54674181 2
Calculating a & a as -functions of hak*. we find that

4 2
th* roots have unit modulus for 0 £ h*k*£ 4.44. Thus 

stability interval of the R-K Method is

0 < h2k2 < 4.44.

zCiii) case X = k , the solution of (2.25) are exponential 
in nature and the solution canbe written in matrix form as.

y (t)
m

coshk< t-t ) i sinh k <t-t )ok o yo
y' It) sinh k(t-t ) coshk (t—t ) y'„ m o o o

For the point t=t +nh = t , this solution becomes
O n

y(t ) n -as
cosh(nkh) sinh(nkh)k yo

y' (t )L n sinh(nkh) cosh (nkh) l yc

The maximum eigen value of the matrix is obtained by the
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char scbsr ist,ic *quation,

2 2cosh Cnkh3 - 2coshCnkh> a + at - sinh CnkhJ * O.

a -2cosh Cnkh5 +1*0

a , a ft 2
2 coshCnkhO + [icoth^nkh)^]^*

a ,a * coshCnkhD + sinhCnkh!) 12 ~

a * cosh nkh + slnh r»khl
nkh, -nkh nkhS_ _ t*_ _ _  ♦ •_ _ :

0. o* *a

a * •i
-nkh

nkh

nkh
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2.4 ADAPTIVE NUMERICAL METHODS :

The numerical methods which contain arbitrary parameters 

so as to tailor the numerical methods to fit the particular 

problems are known as adaptive numerical methods. This is 

used to stabilize the numerical methods. In this method the 

start ing point is homogeneous linear form of the 

givendlfferenti al equation and using the analytic solution 

of linear dif ferential equation, obtain a difference 

equation which is identical to that of differential equation. 

Now we study the singlestep methods, how to stabilize with a 

small modificati on.

2.4.1 RUNGE-KUTTA-TREANOR METHOD

The first order initial value problem C2.13 

y* » fct.yi, ycto3 * yc

can be written in the form

y* + py *J0Ct.y3 C2.281)

wherevJOCt,y3 « fCt,y3 + py 

and p > O is an arbitrary parameter to be obtain

It is assumed that Eq.C2.283 can be approximated by

» fCt,y3 = -PCy-y 3 + A + BCt-t 3 + % Ct-t 3* C2.293
Q L j J 2 J

where Ct^,y.3 is contained in appropriate Interval The four 

constants A,B,C & P can be evaluated by determining the 

value of fCt,y3 at four pointsCtt»y^3 in the interval
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Ct -t+hl and solve the resulting equations.

<1 <J

W© select classical Rang© — Kutta nodes t^ , ty«-h/2, t+h/2 

and t^+h and putting, we have

kt - htct.,yj>
k - hf(t, + h/2,z > , s - y + l/2kx v j 9 zf ' i rJ *
k - hf(t +h/2, z ) , z a y, +i/2ks v J *r ' t 1 i z
k - hfft, -*• h,z ) , z « y, k4 V j •' ■ ri •

The -four aquations ara
k - Ahi

k +phz ■ phy. + Ah + l/2h*B +1/Bh*c a t j
k + phz - phy. + Ah + l/2h*B + 1/Bh*c
S 2 J

k + phz * phy, + Ah +h*B f-l/2h*c 
4 r a j

(2.30a)

< 2.30b) 

<2.30c)

Solving these equations : 
hA * kt

ph ** Froa(2.30a ft 2.30b)

h*B

h*C

■ [-3(k ♦ phy.) + 2<k +phz )+2(k +phz )-(k +phz ) ]1 1 / * r I I ^ * 4 ^ 9 J

t (k +phy .) -(k +phz ) -(k +phz ) +(k +phz ) 3 (2.31)i ^ rj Z^i ■ ^ X 4 ^ 9

On integrating (2.29) between the lieits t, and t, i.e.j j+i
on solving Linear differential equation.
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[ y.«plJ J*4» (A py^ i»pYj^ B Ct-t .pi _pl
n D 1P

j +1

C r * BPt «pl 2»pt V
2 1v rr p n M 9*- p D Jt

2.pt lV

P<t *h> pt
y e J — y • J yJ*4 yi <A +Pyj ) mptUmph-l)

+ B [ p<t ♦h> pt _ phj i -o
a P ]

c
2 [h*»-,‘rh>. - ?!l „',VhV H_ .Ptj<.»h-D ]

L n 2 4 i J

_P* w _ r A^Py | . r r.K-Ph-r«*>h _n ^J (-ir~ } <•' K‘> * * ( p ■ ‘p—— )
P

[h2p2*ph- 2ph «ph + 2(»ph- 1 ) ]
2pJ

y, . y. - hft <>-«~Ph> . IP*?-<„»,-«■ ll'iJ.
j^i j P (phi’

hsc [h2p2 - 2hp+ 2<l-«~ph ) ]
2 , . ,i(ph)

y y. +hA F + haBF + h*cF 7j i a » (2.32)
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•_ph-i
where F - * ■ ■ , F -

t — (ph) * a
e~ph-ph+l

(—ph)*

ii F » a
~ph-l/2(ph)*+ph-l

(-ph)3

Fn+l
Fn

<-ph> n ** 3,4 C2.33)

Using (2.31) in (2.32), we have

V, » y, + k F + F[ -3(k 4-phy ) +2(k +phz )7 j+i 7 j ii a1 t ^ * J i i
+2(k +phz ) - (k + phz ) J

♦4F#CCk1-«-phyj) - (»<,+ phz^Xk^* phz#) ♦ (k4+phz4) (2.34)

which is known as Runge-Kutta-Treanor Method.

Using the values of from (2.30) into the equation

(2.34), we have

y « y, + r ( k + 2k + 2k + k ) 
ri*i 7 i 6 v t * a a'

— (ph)2 [(k^- ks) Fa+ (k^- 4ka+ 2k#+k4> F4

-4(k-k-k + k)F J ' t a a 4' s' (2.35)

The value of P is given by

13172A
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In the aquation <2.35), the -first part is due to the fourth 

order Runge-Kutta eethod and the reeaining part is fifth 
order and higher in h. Thus when equation<2.34) is used to 
integrate over an interval where ph is small, the result will 
be identical with Runge—Kutta. If ph is large, then
equation (2.34) gives a far superior solution.

As the value of P is evaluated by the difference of two 
values of k^i.e.the difference of two values of f^it may 
happens that the significant figures in calculation of p loses, 
if the change in ki is very small. It may possible to get 
negative value of p. Thus in practical use the sign of p 
should be tested and if it is negative,it should be set zero, 
so that Eq.(2.34) reverts to R-K method.

2.4.2 RUNGE-KUTTA-NYSTROM-TREANQR METHOD *

Consider second order differential equations 
y'' = f(t,y), y(t ) = y , y'(t ) *» y'.
We develop singlestep methods of the form

v * Yi+ hyi + hVvvh,p

y', = y.' ♦ h£ (t ,y ,h) <2.36))♦« i * J J

to obtain a numerical solution of the above differential 
Here ^fr(t^,y^,h) and ^#<t ,y ,h) are incrementequation
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-Functions. Let us apply method (2.36) to the initial value 
problem
y" - \y, \>0, y<t ) - y , y'(t ) - y '.o o o o
and assume that it can be written in the form 

' 1 - fl<VXh, f Vi 1

.h Vj.J Lhy; J
where A(VXh) is a 2 x 2 matrix.
Definition (2.4) Method (2.36) is said to have interval of 
periodicity (0,H2) if, for all H2 e (0,H2), H ■ VX h, h being 

the step length, all the eigen values of A(VXh) are complex 
and lie on the unit circle.

Definition (2.5) The single step method defined by (2.36) is 
said to be p-stable if its interval of periodicity is (0,co).

Let us consider adaptive numerical method for the initial value 
problem

y''*=f(t,y),y(t ) “y , y'(t ) ■* y' o o o o
we write this in the form

y*' + py = g(t,y> (2.37)

where g(t,y> = f(t,y) +• py and P>0 is an arbitrary parameter 
to be obtained.

Let us write equation (2.37) as
y •= f(t.y) =-p(y-y.) + A ♦ B(t-tj) «■ | Ct-t/
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denote
<b( t) * py. + A + B(t-t ) + E<t-~t>* (2.38)T j j 2 j

y' ' + py - <J>( t) (2.39)

where <|>(t) is an approximation of g(tvy). The general
solution of (2.39) will consist of a complementary function 
and a par ticular integral, 
herefore y(t) «= C.F. + P.I.

As P > O, C.F = A cosVpt -► B sinVpt.

& P.I « —l— <|> ft) , Where D s
D2+P at-

= —-- J* sin vf (t-J) <^(J) dJ.
Vp J

The complete solution is given by

y(t) ■ A cosVpt + B sinVpt

+ -i- J siny^(t-J) 4>(J) (2.40)
Vp lj

Where A & B are arbitrary constants.
Differentiating (2.40) w.r.to t (using differentiation 

under integral sign)

y'(t) = -Vp Asin y—t + B y— cosy^t.
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i J Vp co* $(j> da ♦— ( t-t>4>< t) < 1 >

y' < t > - - A •in V^t ■*- BVP cos V^t

+ rcosVp<t-J> *(«*> dJ
•* i , (2.41)

c.lcul.ting th. v.lu. of C2.40. at . tf and <2.«1> at

and eliminating A and B from the rasulting aquations wc 

obtain

y( t ) * co«VPh.y(t ) +-i- sinVPh y'(t )J yp j

(2.42)

calculating (2.40) at t. and (2.41) at t, , t and eliminat-j j*tp j
ing A and B from tha resulting aquations, wa obtain 

y'(t^) » -VP sin V<t.) + cos y'(t^)

t J VP(Vra , *»> -a (2.43)

Wa know tha values of y(t) and y'(t> at initial point 

t « t . Thus we can obtain singlastep methods for the numer

ical integration of Eq.(2.37), by replacing <|>(J) in (2.42) & 

(2.43) of an appropriate interpolating polynomial at t = t
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—sin#h - ^ (1-cosV^h
pyp pz

. . ^ . . tinw , A Bhy = y. cos(w) + y h------  +y — +——>» J j w Tt P P
Ch2P~ " yfOSW

A B C-K— COtM ——— sinw----(1- cosm)p Ptf* p*

_ , sine A Ah* ., _ Bh" sineV ' yj *hyi S— * — [1-5- J

-f™)]

= y + hy'F + Ah*F +Bh*F +chVj * S 4 <2.4$)

Similarly, using Eq.(2.44) in Eq.(2.41)f we have at t=t ,j+i

hy* *hy'F + Ah*F + BhaF + ch4Fj+i jo l X s <2.46)

Where w = i^h, F *= cosm, F »■ ainw

w2F - F a « o,l,2,___
m+2 m! m.



we approximate (2.38) <|>(t,y) by Taycvr's series of degree 

at t = t & putting for <£(J) in (2.42) & (2.43).

The approximate polynimial is

(J-t.)j4><j> * ^(t^) + (j - t^> 4>'<tj •<—■ 4>- • (t)+

d>(J) ■ py. + A + (J-t.) B
T J 4

(J-t.> 
_______J2! (2.44)

Using Eq.(2.44) in Eq. (2.40), we have at t « t

y(t ) • cosi^h ytt.) + i— sinyPh y'(t.) +■

V?
—- J j+i«inVHp<tj+i-J) [ py. + A + BCJ-t.) +-§ (J-t.)] dJ

. * rV.,.
VP t

Let I — J ^ sin iP(t — J) <£(J> dJ

1r——.
VP

•[ (py, _ f -costP<t. -J)
+ A B<J-t )+=j(J-t )*> [--------- ~---

-VP

—(B + C(J
N , —simP(t. -J>_ >cosVp<t. -J)-t >i.r- - - m—i+c C—--in—jiij J l (VP)2 J -VP )9 Jjt

[py. + A+ Bh J-*- (py +A)
--- g----  cos(hVp)

47
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STABILITY :
Applying the single step method developed above to the 

equation
y" = - Xy, X > 0, y(t ) * y , y*(t )* y^ (2.47)o o o o

when P is chosen as the square o-f the -frequency of the 
solution of the linear homogeneous problem in (2.37), Here 
P - X ,

t -p>\
—Xy. + pyt
« 0, for i - 1,2,3,4.

and so comparing with Eq.(2,44), we have
t . , sinwy = y cosw + hy ------J j **

hy* * -y.wsinw •*- hy'cosw 
P* J J

which can be written as

_ sinw _yi
hy;.J

=
cosw
—w sinw

»

w
cosw

yi
y'j -

The characteristic equation of the method is 
2a -2 cosw a + 1 = 0 

The roots are
+ i.vet = e~

| ® | = 1
The eigen values are complex and of unit modulii and hence

by the definition (2.5), the method is P-stable


