


CHAPTER-III

MULTISTEP METHODS :

3.1 INTRODUCTION :
For solving differential equation if the value of y(t)

at t

it

tht uses the values of dependent variable and it's
derivative at more than one grid or mesh points, then the
numerical methods are called multistep sethods.

consider the first order differential squation
y' = f(t,y),y(to) =Y, t e [tobJ.. ««(3.1)

Set the general multistep or FP-step method for the solution

of (3.1) as
= C +C +euaat C + hg(t . t et
Yies 1Yi T2 pY pet a( iva’ 5 P Tipes’

yj+‘, Yy REEER yj_p" s h) ... $3.2)
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Where h is constant stepsize and cs,cz, ...,cpare real given
constants. Alsc we know the approximate values of v and y° at
the points ‘I:_t = to + ih, i=0,1,2,5.000)0

I¥ g is independent of y;+‘ s then the general multistep
method is called an explicit, open or predictor method other-—
wise an implicit, closed or corrector method.

The truncation or discretization error of the method (3.2)

at t = tj is given by



Ty(t ) .,h) = y(t JI-c yl(t) ...~C t.
4 3 4 1 1Y J Pyc I’P"i)

~hg (tjﬂ_.tj,...t YR dseeay it )) (3.3

i-pr1 j=-p+a

I+ P is the largest integer such that
h"T(y(tj),h) = o(hP),

then p is said to be the order of the general wmultistep

sethod.
We will discuss the general linear multistep sethod of(3.2)

which is given by

+ +
Y. ™= C‘Yj cy. . * %4

s 2" j-12 j-kes

+ L4 » + .
by, *by; by yudd (3.4)

The constants c;s & b;s are real and known. wherae

y‘,yz,....ybq are obtained by using singlestep methods

to start the Eq.(3.4).

3.2 EXPLICIT MULTISTEP METHODS :
Consider, the integration of differential Eq.
Yy = f(t,y) between the limits t}* and tht’

we get

t

g
_ yit ) + 5 77 ft,yrdt (3.5)
3+1» : rk .

<
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For integration, consider a polynomial obtained by interpo-
lating f(t,y) at n points tj’tra’ ...... st . Faor this,
we will use Newton Backward difference formula of degree k-1.

I§ f(t,y) has n continuous derivatives, then we have

from integration formula.

P (t) = £ + (t-t) TH Lttt ) o2,

D 27 3
h:
v
R {(t tj) (t: tj_‘)......(t tjun-v:, J
M (n-1)" Ny
(t-t,) (t'—t_ )u..o(t"t, ) n
+ ) nf-l i=ne2 4 £(2) (3.6)

Nher-'nu'derivative of f at some { in an interval,
. ro
t e( tj‘_m‘,t;) is £ (Z) .

t-t .

Using x “‘T?“L‘ in (3.6), we have

x{x+1)
P (tj"’hx) = f“.' foj +T— f‘f" [

-4

®{x+1)...(x+n-2) ~1
(n—1)? v fj

+ sess -
+ x{x+1) - {x+n—1) hﬁ#"%t)
n!




ja et
T (-7 ";) v“‘fj+<—1>"( ;‘) R £ ) (3.7)

m=0

+ L I -
)=(-—1)m Xx(x+1) ' (x+m—1)
m!'

where (-:

Substituting (3.7) into (3.5) and putting dt = h dx.
t tj-—k tJﬂ-a
X -k 1
1 n-i m, X m
( = — v f
v tjﬁ) y(t)_nk) + h.f_k L?o (—1) ( m J ;
+-0" (X )h"f""(:)] dx
not k <o
= y(t ) + h o’ v + E (3.8)
=k meo m) 3 n

where a'® = fik (-1)" ( -: ) dx...... (3.9)

oo pntt s =D" ¢ ': Y £™¢&) dx.

If we neglect the remainder term Eib from(3.8), then we have

n-1
(@ 3]
= + 3.
Yier = Yo hf_o o mej (3.10)



') 1
a = Jf

m_ "X
-~ Lo DTC ) ax

et us calculate a;k)for m= 0,1,2,3,4,
Putting m = 0 in Eq.(3.9), we have
c:n(k)=.l'1 dx = 1 + k
C -k
For m= 1,
a®e St (m1) (=x) dx = (1-Kk?)
1 -k 2
For m = 2,
(k> _ 1, 2 =X
. S0 ) ax
- Ji —X (:x—l) dx
-k <
=—1_ (5-3K%+2™)
12
For m = 3,
o _ 4 .8 X
o, = S (-17C 5 ) dx
_ 433 X(x+1)(x+2)
= f—k (-1)X¢(—-1) <
=—%-5 (3-k) (S+k—k2+k?) .
For m = 4
tky st R{x+1) (x+2) (x+3)

4 -k 4!
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[251—9o;<2+1 10k3—45k‘+6k”] (3.11)

From the Eq.(3.8),we calculate n values and thus we can
find explicit multistep methods of order n. Here the trunca
tion error is of the form ch"“, where c is indepedent of h.

Let us obtain some different formula giving values for k.

3

3.2.1 ADAMS-—-BASHFORTH FORMULA (k=0).

Using the coefficients a;°)§rom(3.11) into (3.10),
we get,

From (3.11)

o _ o _ 1 o'® = S o %= 3
G T a9 T T % 12 8 8 °
(O) 251
<+ 720 °
(1o
m
. yjﬂ== y‘i + h T am v fj
] m=0
1 S 7 3 o 251 _«
- "- na— wor— ‘F - st 'F + ——-——Vf +.-- -
y; *h [ﬁ' Vit VE g VY S5 Y

h .
The error term associated with truncation after (n—l)‘ vV is

(O

- ned E - n,~X tny
E = h J’o(l)(n)f(}f)dx

n

Since the coefficient of f""(t) unchanged it’'s sign in

(0,1) ,thus we can write



oy o) | ket (ko
En = o h™ "7 (F).

Taking n=3, we have third order Adams—Bashforth method as

1 o vz .
= + — asom—
yj-u yj h[ f,'+2 ij+ 12 fj]’ 322

1 ]
=y + h|f +m— (F—Ff I+ [$-2F +f
Y; [j 7 Gt U2 )
=y + — [23¢ 164 +5f_ 1. .. (3.12)
J 12 J 1 -2

To solve the differential Eq. ,
We require the values of yo,y‘,y2 ..... -These values are
obtained by using the singlestep method of order 3JI.
The error is given by

(O

E ==a;3 R £ ()

3.2.2 NYSTRYON FORMULAS (k = 1)

1) 1

Putting k=1 in (3.11), we have a(==2 R o = 0,
o =1 a _ 1 a‘? = 29 ot = 14
2 3 ° “s 3 ° < 90 °* s 45

Using these values in Eq.(3.10), we get



1 1 29 _q
= + + e — b=y
Yy =Y, *h [2{j < szj + = stj 55 7,

14
*‘TS’ vs{j + - ]

The general linear multistep methods can be expressed in

the form

+ ‘ + ‘4. .td ‘
h ( doyj+1 diyj kyj-k«»z)
k k
or yj«u ..-.‘L‘ cxyj—i.+1+ h z dLy J=tet (3-13)
=g L =0
Let us denote
ok k-1 k-2
plE)y =¥ —C1§ cztf e c,
k k-1
= o +
& o(f) ~dot + d1{‘ . dk

using these symbols the Eq.(3.12) can be written as

pix) yj_kH - h o(x) vy =kt =

If we know the values of y(t) & y ' (t) for succcessive k

values of t, then generalised form (3.12) can be used.
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The method (3.13) is said to be explicit or
predictor
formula, 1if do = 0. In this case only yjﬂ exists on Letft
hand side of the equation and yJﬂ can be calculated directly
from right hand side.

Also the method (3.13) is said to be emplicit or corrector

formula, if d = 0 . In this vy is depend on y’ .
[+ Kaat ! ]+t

Here we assume that the polynomials p(x) & o(x) have no

common factors.

Let us define the difference operators L associated with th

difference equation (3.12) as

k k
L Cy(t),hy = y(t ) - F-‘ciy(tj_.tﬁ)-h L‘=°diy (t ) (3.14)

Let us assume that the function y(t) has continuous deriva

tive of sufficiently high order. Using Taylor series

expansion to y(tj_‘_ﬂ) and vy (tj-tﬂ)’ we have

4
yCE D =yit) +(1=idhy’ (t)+ -S-l-é-%-)—y"(tj) e

J-i+d

. -]
(1~1i) s Y(m(tj)

t
1 =it s (@+er
+ s! -rt (tj-un u'y

3

(u) du



y ' (t )= y'(t) +(1~idhy’  "(t) +...
J 3

J=t+g

.. 8-1
(1—-i) '1.-1 y(:) (t)

1 imi 1 1 (@+s)
J—+ - .-
=TT J't (tj__t“ u) y (u)du.

3
Using in (3.14), we have
L {y(t),hY = A y{t) + Ahy ' (t) + Ahoy "(t) +...
© 3 1 3 2 3

& (&
+ + .. -
A Py (tJ_) d_ . (3.14)

k
Where Ao= 1- ¥ ¢

L=4

i

_ 1 _ _\pl 1 _ .\ Pt
Ap = 5T [ 1-¥ Ci(l i) ] p=17" r dt(l i) .

P = 1,2,...,5.
8 (mes)

. 1 +e _
and d =T [f (tj“ u) y (u) du

t.
- c, f e (tj_iﬂ—u)‘y("”(u) du
t.



8-1 (a+1)

t
a8
-hs Jl” do(tr‘—u) y (u) du.

J

L,
-he 2 di j-,}-t.-tt (t _u)a-zy(mu)
t
L

.. (u) du.}
BEa R e

3.2.3 STABILITY ANALYSIS :

We will discuss the stability and convergence of th.
order Adam—Bashforth method. For stability apply the th:
order method (3.12) to the initial value differential Eqn

Y = AY, y(t ) = Yo » t e [t bl.

Neglecting the round off error, we get

_ Ah .
Vi =Y 15 [y, —téy,  + Sy Ll (Bu16)

The true solution will satify

Ah
= + -
yet, ) =yt 77— [23ycto-teyie
+5y(t'a)] + 4Lj (3.;?)

where Lj is the local truncation errors From (3.16) &(3.172

& using ej = yj-—-y(t)_) we get

pu = e + Ah
FagY J 12

23e -16e +5e  J-L (3.14)
[23e, € tOs L, L @
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This gives an inhomogeneous third order linear difference
equation with constant coefficient. The solution of this
equation consists of a particular solution and a linear com-
bination of the three independent solutions of the homogenec
us equations with Lj =0 in (3.18)

The homogeneous equation is

Ah
e = e +

23e - + .
i1 f 15 ¢ 3€j 166}1 Serz) (3.19)

We consider the solution of the Eq.(3.19) of the form

€ = A ZJ , Where A % 0 and I is an arbitrary number have

to be determined by using this solution in (3.19).

ari= arl + ’;g (23AE-16a74sA2 TS
F o= 1 +—?—2- ( 23 -168 45875y, where,a = Ah

g% = % +-2 (23¢%- 16 + 5)

12
-
R (3.20)

Let the roots of the equation (3.20) are E‘, 52,& fa(distinc

Then the solution of the difference equation (3.18) 1is of

the form

3 J i
a + a + o
1Z1 zfz sts



Now to find particular solution of inhomogenous equation
(3.19), we takelj=L, a constant. Thus the particular
solution is L/a.

Hence the general solution of difference equation (3.19)

with distinct roots gives

3 J 3

= + 2

ej 31{‘ azfz+ asts+ L/a (3.21)
Here a sa_,a, are arbitrary constants & are obtained
from initial errors.

For stability |ej| < wmas j -> o and if 'Etl > 1, the

error |e. | increases unboundedly.
i

Definition : A linear multistep method, is said to be stron-
gly stable 1i+f ,{tl < 1 for i®1, and it is said to be absolu-
tely stable if

‘t“ .<_1 b i= 192,---,ko

The region in AL plane, vhere the method is absolutely stable
is called the region of absolutely stable. The largest |Z |
1

of the Eq.(3.20) is shown in Fig (3.1)
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Fig. 3.1 . Dominant root in Adams-Bashforth methods

The interval of Adams—Bashforth absolute stability is

given below :
k 1 2 3 4 5

(13,0) -2 -1.33 -0.55 -0.3

Convergence of Adam—Bashforth third order method 3



Let us obtain the constants ao,ai,a for, consider

§j= ej- L/a J = 0,1,2.

The constants a,a ,a be obtained by

B = a 4+ a + a
0 1 2 ]
B = a + a + a
1 1z1 282 353
2 2 2
B = a + a + a
2 1{1 ztz st
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Assume that the initial errors eo,ei,e;are constant and equ:

to € .

+ + = -
a’E‘ azfz aat’ € -L/a
2 2 2
a + + = -L/a
1E1 azfz aafa et

s0lving these three equations for

method) we have

a = ( € -L/c) (1-89)(1“52)
(ta_ts)(fs—fz)

(l—t‘)(1~fs)

_ b
a ({:{z)(fz—fa)

)/

a ,a .a {using matrix
1° 278
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€ 1-F )(1=F )

9 a (t‘-ts)(tz—ts)

Using these values in Eqg.(3.21),we have

(1-F_>(1-Z ) j (1-F 2 (1-¢ )
4

e 8 e )
(Z =L & T " (X =L & L) 2

e = (e - >[

(1-¢ ) (1-Z )

j L -
+ 4 ] - —_ (3.22)
(€ —Z I(Z_~T_) "9 P

If h —> O, 81‘_> 1, tz ’ts approach to zero, the method
is stable.
If lkhl is small, ti behaves like t.=3)\h and :z’ :s are less
than one.
Then th (3.22) can be written as

e £ ( € “—E—') Ekjh +_l:._—

3 o
or e% £ € ex(tfdo) +—§-(1—EX(tf*o) ) (3.23)
by taking le] =0, | L] & = hm
! = 8 <’
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Then Eq.(3.23) becoms

e < 3h3 ”4 (l_ek(t—t )
i~ 8 N 3

o)

This shows that |e | —> 0 as h -> 0 like ch’.

Rutishauser observed in his famous paper that high order
and a small local error are not sufficient for a useful
multistep method. The numerical solution can be "unstable’,

even though the stepsize h is taken very small.
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3.3 EXTRAPOLATION METHODS:

3.3.1 Approximation of truncation error:

To adjust the step size we required the loca:
discretization (or truncation) errors of the solutions a
each step. A method to calculate discretization error i:
called extrapolation or Richardson’'s extrapolation. Here w:
are ignoring the rounding arror. Theorem(3.4.1): If f(t,y) 1i:
sufficiently differentiable, and if F is order of the

numerical method, then gjwill satisty

e = h" wt) + o(h t1 (3.24)
J 3

where w(?ﬁ is the solution of the initial value problem

1 (p+1)
(p+1)!

p (t) = fy(t,y(t)) wit) - (ti, w(to) = 0.

Let us denote ej = yfh)—y(tﬁ where vy (h) be the
i

approximation to y(tj) at t=h; then

e = yh-yt) = hpw(tj) + o(h'P™) (3.25)
For h/2 we can write
y,(h/2)=y (t) = (h/2)P pit) + o(h™™*) (3.26)

Thus on subtracting (3.26) and (3.25), we have

y (h) -y (h/2) = I hP—(h/2)% 3 pir) + o(h™™)
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= ¢ 1- 2 HrPpct) + o(hPh (3.27)
2P J

From equations (3.24) and (3.27), we have

yih) — y(h/2) = ( 1 = 1 e + oth®hH
J J 2P 3

~P
€ =

I 2P

[y thy-y (h/2) 1 +0(hP*™) (3.28)

Hence, we find the Richardson extrapolation to the true

solution at tj, from (3.28) and using

e = (h)—=y(t) (t)
i Y; YIRS YRR

aP

<

2P

=y, - Ly thy-y (h/2) 3 + o(h®™*) y(t)

2pyj(h/2>—y,<h)

o+
= > J +o(hF' Y (3.29)
2Py

This is known as Richardson extrapolation to the true
solution at t=tj. From the equations (3.28) and (3.29), we

express the accumulated truncation error at t as
J

P
d = L y(h)=y (h/72) 1
J oP_y J J

s

and actual error in the extrapolated solution Ej as
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2Py (h/2)=-y (h)
E = J i
! 2P_1

- y(t)
J

This error helps us to decide whether the chosen step h is
right, too big or too small.

3.3.2 Richardson Extrapolation :

Consider initial value differential equation
y = f(t,y), t € £t°,b].
Let y(t) be true solution and y(t,h) be approximate solution,
using any suitable numerical method with step size h. Thus
yi{t,h) contain some error. Let vy(t,h) have asymptotic
expansion in h of the following form

y(t,h) = y(t) + ah + azhz + ashs S (3.30)

Evaluate y(t,h) for h°>h1>hz>.. and eliminating ai, aé,

og,...,we get

2
y(t,h ) = y(t) + ah + ah’+ ah

s

O w

ylt,h) = y(t) + ah + o 2+ ah® +....

2 3

N“
w*uw

il

+ -+ - amm
y(t,h) = y(t) + ah + oh” + ah +

2 9

N
N

Eliminating & from these equations, we have

h y(t,h Y=h y(t,h )
h — h
[+ ] 1

= y(t) — h ho — h hth +h)oa—...
o 1 2 o1 ©0 41 8



h‘y(t,hz)—hzy(t,hi)
h — bh
1 2

= y(t) —hha — hhth+h)a -...
1 2 2 £t 2 ¢ 2 8

h. y(t,h )-h y(t,h )
L-4 1 t L

= y(t) - ht-ghiaz

—h hith +hla-—-...
[Nk r-1 L 9

Here we use the notation

(3+1 {32
(j)_‘h,P."—lzl, FJ
. = 1

P i~14 i+j i1-1
' h - h *
L L+
(o)
and Pt = y(t,hi). (3.31)
This calculatin of Pfﬁ can be simplified by using the

19

following traingular array,

P-scheme
o)
P o)
o P
1
(0)
P w "> pz o)
) P P
. [T} 8
2 P
P 2 2
o P

(9
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The entries in the table other than first columan are
computed by

<P

1-1 P

P .
()]

(j+1)
p
v ~-g

Putting h = hou/z)k in equation (3.31), we have

(j+4%) «j>
p 2P i - P :

- L—
pY = L (3.32)
1
2 -1

From (3.31), we have each P(ﬁis & linear combination o-
L

y(t,hk), k = j,i+1,... fJ+1. This combination can  be

written as

L
[§)] (33 3)
PY= ta P (3.33)
1 i~k ©O
k=0
where a are constant coefficients.Using this in (3.31),
i~
we have
¢ C3+42+k) : (¢ y+k>
J+ s+ J*
h a -h
g+l j )X i-t,i~1-k © i+ j+k L q-1,i-1-k o
La e ~ 2 °
’ h - h
J Le g

Comparing both sides, we get
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The successes of extrapolation algorithm (3.31) depends on
existance of the series expansion (3.30). The error in the
extrapolation algorithm (3.31) is given by

y(t)—Pi(‘i)=hh h ... h EY.

LoLee L+2 ve) oL

The coefficients E}y in the remainder term can be expessed
L

in many ways as a divided difference or as

Y<3+z>(f<3>)
(3+1)

where Eﬁ)is contained in (O,max.(hv..,h_,)).
4]

The sequance of {ht} proposed by Bulirsch and Stoer(1964) are
{ho,ho/2,h°/3,ho/4,h°/b,ho/S,hOIIZ,...L

As it leads to a stable algorithm and cheaper to compute.
most of numerical integration methods for ordinary
differential equations have an error expansion of the form
(3.30). In the next section, we will present Euler
extrapolation method.

3.3.3 EULAR EXTRAPOLATION METHOD:

Using Euler’'s method, the approximate value yfrn is
obtained as

== + j -
yj#i yi h{(tjsyj) s J = 0,1,2,
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From (3.30), the approximate value y)(h) to y(tj) has the

asymptotic expansion of the form

y(t ,h) = y(t) + a(t)dh + a (t)h° + ....
J J 1 ) 2

Using step lengths ho,h0/2,ho/22,...,h0/2m and generate
P um- WE take t - t = bh and obtain vy with step
o] e b} Le] e
. - T o)
length h_ and denote it by F « i.@. P =y + h .
o] (o] © J o

Next put h1 = h /22;'50 that applying Euler’'s method four

o
times and so on, for hm = h°/2m we use Euler's method 2"

times to obtain Poum.
Let us apply this procedure to the initial value
differential equation,
Y =AY, y(to) = Yo
We have

= = -+,
P y. + hof, Y, + khoys = (1 kho)yj

1

Po =Yt ,h) = (1 +Xh /2)y, as h = h /2

Po"“’s (1 + o )y (3.348)

[§: )

After calculating the first column Po of P-scheme, other

columns are obtained with the help of (3.32).

Using this procedure the P-~table is easily

generated column by column. Thus a convenient convergence
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test is applied and that adjucent elements is a column ac

within some prescribed tolerance e

) ()-1
P -p
i i < €
()-1>
P J
1Y

When this cnvergence exists, then Psﬁ is used as the
yﬁﬁand the procedure is repeated to obtain yﬁz.

This Euler algorithm has the advantages that it
simple recursion relation and it gives automatic control

accuracy. This algorithm is carried out at each step ir

integration, thus it is based on local extrapolation.

3.3.4 STABILITY ANALYSIS:

The column of P—-table is generated by equation (T

and other columns are obtained by the relation (3.32), w

can be expressed as a linear combination of the first co

elements,
P(j) = é a [§23 3}
L Ltk pc
k=0
Ah Itk
= Tadl + 2 5“ Y. (3.35)
2J*k J



The coeffcients satisfies the relations n74

a - a
. = t=-1,i~k t-g,1=-1~k
ik
2" -1
... = a = 0 (3.36)
1=-1,L 1-1,~1
If for some =] and j=J, the extrapolated value P;J) is 1

as vy , then we have
hag

yjﬂ = E[kho,I,J] yj

where E(Xho,I,J)ins the characteristic root, given by

J N AL
E(Ah_,1,d) = L a( + o )“
k=0 2J+k

This Euler extrapolation method is absolutely stable if

| E(xho,I,J)l < 1.
The principle diagonal of P-scheme converges faster than
other diagonal or column and so we find the interval
absolute stability for I=0 and different values of J. H

for J=2, we have

+8/3p @
[e)



CFrom (3.35) & (3.36) putting I=0 and J=21
Thus P @ = [—(1+>\h )+2(1+\h /2)2]y,
Py o o j
2, 2
-+
= (1N hZr2)y,

which gives the explicit second order K-K method.

consider J=2

P = 1/3 [Po‘m - &P

Y @
+ 8P ]
2 o

[+

i

1/3 [(1+)\h )=6(1+ h /2)%+8(14Ah /4)‘]y,
o o o j

f

[ 14xh_+(xh 12/2+(ah 1276+ (AN )‘/%] y.
[o] o (o] (o] J

Thus the characteristic root is given by
E(Ah ,0,2) = 14+Ah +(Ah )2/2+(ah )%/6+(0h ) */96.
o} [s] [ o] (o] [#]

which gives the stability interval
-2.785 < Xho < 0.

As the number of extrapolations is icreased, the ove
all algorithm becomes more stable. In the 1limit of
infinite number of extrapolations the method approche
A-stability.

In extrapolation method the order (column c
P-scheme), step size (i.e. basic step size ho) and number ¢

stages (rows of P-scheme)are all variables. Thu
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implementation contain a choice of increasing the. order

increasing the

number of stages or decreasing the stepsize to achi:
required accuracy. The first implementation (Bulirch a°
Stoer 1966) which was developed on a machine with 40 ¢t
matissa, limited the order to 6. After procedures (F
1971, Gear 1971) also use this limit as a standared.[HzJ

Thus we conclude that, the extrapolation algorithms

gives good estimates of the local error and are extems

flexible with regard to variation of the step ho.



3.4 COMPARISON OF METHODS :

The numerical methods +or solving initial value d:
ferential equations fall into three parts (i) 0One-st:
methods, (ii) multistep methods and (iii) extrapolatic
methods.

All these methods are allowed a change of stepleng
in each integration step. The modern multistep methods <«
extrapolation methods are not applied for fixed orders.
extrapolation methods,we can increase the order easily

attaching another column to the table value of extrapolatic

values. RAnge-Kutta—-Fehlberg type one—step methods are tie
to a fixed order. Extrapolation methods have the leas
amount of overhead tim .. The relability of extrapolatic

method is some what high, but for modest accuracy requiremer

they are too expesive.

For multistep methods, least amount of computatic
is measured in evaluation of the right hand side of th
differential equation. In a predictor method the right han
side of differential equation must be evaluated only once pe

step, where as in corrector method this number is equal t

the number of iterations. The expense caused by the ste
control in multistep methods can be a truble. Multiste
methods have the largest amount of overhead time. The

multistep methods are cheapest in direct costs,., but force th
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store of (k-1) previous results and complicate step changing,
s0 their indirect costs are very high.

The evidence from Enright et. al.(1974) is that the
divided difference form is the most efficient way to use the
Adams methods.

At present R—-K methods are the most efficient in terms
of total time, unless derivative evaluations are expen sive.
The fourth order R—-K method has the advantage of simp licity
and is the most efficient method for many routine low
accuracy calculations.

0Ff the other methods those of Englad for p=4 are
cheapest and should be used for that case, otherwise embedd
ing method should be used, unless it is found that the extra
reliability of extrapolation methods outweighs their extra

cost in & particular application.



