
CHAPTER - II

Properties of univalent functions that are in Sn(a,p,y)

ABSTRACT

In this chapter, we introduce a new subfamily Sn(a,p,y) of class S , of 

normalized univalent functions / on the unit disk t/ = {z : | z | < 1} , having 

Taylor’s series expansion of the form

CO

f(z) = z + YJaj zJ ■
7=2

The main theme of the present chapter is to study various properties of 

functions in Sn( a, P,y), having functions with negative coefficients. We 

characterize the class and obtain distortion theorem, radius of convexity, closure 

properties and extreme points for the class Sn(a,p,y) .

In [7] Salagean obtained inclusion relations for the class Sn(a, ft, 1) with 

negative coefficients, we propose to generalize the results for the class 

Sn(a,p,y) with negative coefficients.

Lastly, we also try to generalize the results in Salagean [8], which gives 

convolution theorems for the class Sn( a, p, y) with negative coefficients.
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1. INTRODUCTION

We introduce a new subclass of S, that can be treated as a generalization 

of starlike functions.

Definition .Let a e [ 0,1), /? e ( 0,1 ], y e (1/2,1 ] and let n e N0, we 

define the class S„(a,p,y) of n -starlike functions of order a, type p and y 

by

Sn{a, P,y) = { f ^ H(U) :/(0) = / '(0) — 1 = 0 and\Jn{f,a,r,z)\ < p , zet/ }

where

J„i f,a,y;z)

' Dn+lf{z) '
t DnfU) )

d,,+7( z ) i 
D"f( z) J

" Dn+lf(z) 
{ D”f(z)

\
-1

y

Z € U .

We note that S0( 0,1,1) is the class of starlike functions in U , SQ( a, 1,1) 

is class of starlike functions of order a and S^a, 1,1) is class of convex 

functions of order a. The class S0(a,p,y) is studied by Kulkami [3] and the 

classes Sn( a, 1,1) and Sn(«,/?, !) are studied and introduced by Salagean [6,7] .

Motivated by Silverman [9] and Salagean [8], we have introduced subclass 

Sn(a, p,y) with negative coefficients.
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Let T denote the subclass of S consisting of analytic functions whose 

non-zero coefficients, from the second on, are negative; that is, an univalent 

holomorphic function / is in T if and only if it can be expressed in the form

/(z) = z-jf a, zy, aj >0, j = 2,3,... . (2.1.1)
7=2

We define the class Tn{a, 0,y) by

T„(a,0,y) = Sn(a, 0,y) n T (2.1.2)

and obtain several interesting results for the class Tn{a,0,y) in the line of 

Silverman [9], Salagean [7], Kulkarni [3]. We note that the class To(a,0,y) is 

studied by Kulkarni [3] and the classes T„( a, 1,1) and Tn(a, 0,1) are introduced 

and studied by Salagean [6,7].

2. CHARACTERIZATION OF CLASS F„( a,0,y)

First we state the characterization theorem which completely characterizes 

the member of class Tn(a>0,y)-

Theorem 1 .Let a e [ 0,1), 0 e ( 0,1 ], y e (1/2,1 ], and let n e N0, the 

function f of the form (1.1) is in Tn{a,0,y) if and only if

oo

X / [ j-\ + 0(\~j + 2yj~2ya) ]ay < 20y(\-a) 
1=2

(2.2.1)

The result (2.2.1) is sharp.
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Proof. We suppose that (2.2.1) holds. Then we have

| y;z)| = V D”f{ z)

2r £>■*’/( 2) 1 ( d”*x f(z) ]
£”/( * ) J l *>■/(*) J

7=2

2/(1-a)z-£ / a, (l-j + 2yj-2ya) z;
7=2

Let I z I = 1, then

£ 7'(7-l)o;z'
7=2

/? 2/(1 -or) z - £ / (1 - j + 2yy - 2/a ) zy
7=2

^ E/[(V-1) + ^(1-7+2ry-27a)]ay-2Ml-«) * 0
7=2

where we used (2.2.1).

From the last inequality we deduce

I*JB(/»«.r;z)| * /?, |z| = l.

Hence | z) | < /?, z e {/ and / € Tn(a, f3,y).

Conversely, we assume that / e Tn (a, /?,/)• Then

| J„(/,a,/;z)| < J3, zeU. (2.2.2)

For z e [0,1) the inequality (2.2.2) can be written
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p <----------------^------------------------------------- < p . (2.2.3)
2y(l-a) / d-j + 2yj-2ya)aj zM

We note that E(z) = 2y(l-a)-^T j" (l-j + 2yj-2ya)aj zJ~' > 0,
J=2

z e [ 0,1), because E( z) * 0 for ze[0,l) and £( 0) = 2y (1 -a) > 0. 

Upon clearing the denominator in (2.2.3) and letting z -»1 through real values, 

we deduce

£ / (7“1) ^ 2/?x(l-a) - /?£ / (l-y' + 2/y-2/«)ay.
y=2 >=2

Thus

Y, /[ j-^ + P(\~j + 2yj-2ya))aj <2py{\-a).
y=2

The extremal functions are

fj(z) = z
________ 2yP(\-a)________
f[j-\ + P(\-j + 2yj-2ya)]

j = 2,3,... . (2.2.4)

Corollary 1 . If f € Tn(a, f,y), then

f [ j -1 + p(l- j + 2yj-2ya)]’

The result is sharp and the extremal functions are given by (2.2.4). 

We state following particular cases for Theorem 1.

Corollary 2. A function f of the form (2.1.1) is starlike of order a,
f

E (J~a )aj - o-«) •
2=2

The result is sharp. This result is due to Silverman [9].

if and only
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Next is the similar characterization for the class of univalent functions 

with negative coefficients, studied by Kulkami [3],

Corollary 3. A function f of the form (1.1) is in T0(a, /3,y), if and only if

Z [j-l + /3(\-j + 2yj~2ya)]aj < 2/3y(\-a). 
y=2

This result is sharp.

In the same vein, we also have a corresponding result for univalent 

holomorphic functions studied by Salagean [7] and Gupta and Jain [1] 

respectively.

Corollary 4. A function f of the form (1.1) is in Tn(a, /?, 1), if and only if

co

'Zf[j-\ + P{\ + j-2a)]aJ < 2/3(1 -a).
y=2

This result is sharp.

Corollary 5. A function f of the form (1.1) is in T0( a, f, 1), if and only if 

Z [j-\ + f(\ + j-2a)]aj < 2/3(1 -a).

This result is sharp.

Next we obtain a theorem which supplies the extreme point of the class 

Tn(a,/3,y).
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Theorem 2. Let

f(z) - z, and

(2.2.5)

fj(z) = z
_________2yP(\-a)_________
f[j-\ + P(\-j + 2yj-2ya)}

Then f (z) e Tn(a, p, y), if and only if it can be expressed in the form

/(r) = 4/;(z) + £•*,//(*>> (2.2.6)
7=2

where

oo

X, >0 (j = 1,2,3,...) and A, + £ ^ = 1. (2.2.7)
7=2

Proof. Suppose that

/(*)
00

4/,(*) + YJAJfj(z)
7=2

= z 2yp(\-a)
7 ” [ 7 -1 + /? (1 - 7 + 2/j - 2/a) ]

Since

2 ^ l 7~l + ^(l-y + 2/y-2/a)]
7=2

________ 2 #?(!-«)_________
/[ j-\ + P(\-j + 2yj-2ya)]

= 2/?/(l-a)£^
7=2

<2 Py (1-a)
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by Theorem 1. / e Tn{a, f3,y).

Conversely, we suppose that / e Tn(a, /3,y) . 

Since

__________ 2yfi(\-a)__________
f[j-\ + /3(\-j + 2yj-2ya)]

(j = 1,2,3,...)

Setting

/'[ j-\ +(3(\-j + 2yj-2ya)} 
2 yp{\-a)

and
CO

A = i - Z 2, ■
7=2

Then we have

/(z) = A, ,/j(r) + X ^ /;(z) .
/=2

This completes the proof of Theorem 2.

Corollary 1. The extreme points of Tn( a, /?, y)are the functions

/i(z) = z

and

/,(*) 2yP{\-a)
j"[j-\ + p(\-j + 2yj-2ya)]

(j = 1,2,3,,

Now we give the following particular cases for above theorem.

Corollary 2. The extreme points of T0( a, 1,1 )are the functions

f(-) = z and
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fi(z) = z - 0-aLz

(j - a )
U = 12,3,...) .

Which same as studied by Silverman [9].

Corollary 3. The extreme points of T0{ a, p, y)are the functions

U2) = 2

and
f,( z) 2yP(\-a)

[j-\ + P(\-j + 2yj~2ya)}
(j = 1,2,3,.

This is due to the class studied by Kulkarni [3].

Lastly, we also state the corollaries for the class of the functions 

introduced by Salagean [7], Jain and Gupta [1], respectively.

Corollary 4. The extreme points of Tn(a,fi, 1) are the functions

f(2)

and

/;U) 2/7(1 -a)
fU-1 + /?0 +j~2a)]

(j = 1,2,3,...)

Corollary 5. The extreme points of T0(a, fi, 1) are the functions

/(z) = z

and

/,<*)
2/7(1 ~a)

[./~ 1 + /?(I +7-2a)
(j = 1,2,3,...)
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3. SOME PROPERTIES OF CLASS Tn(a,p,y)

Now we prove some properties of class Tn(a, p,y), like distortion 
theorem , radius of convexity and closure theorems.

Theorem 3.Let a e [ 0,1), ft e ( 0,1 ], y e (1/2,1 ] and let n e N0, if 

f e Tn(a, f.y), then for 0 < |z| = r < 1, we have

7’P (1-a)
2 [\ + 0{4y- 2ya -1) ]

r2 < |/(2)| < r + yp(l-a)
T-x[\ + p{Ay-2ya-\)}

(2.3.1)

with equality for

f{z) = z rP(i-g)
2"~' [\ + 0{ Ay - 2ya -1) ]

(z — ± r).

Proof. From (2.2.1), we have

T-k\l + P(4y-2ya~\)\ ^ jk

^ Z j” U~l + P(l-j + 2rj-^ra)] £ 2yP(\-a)
j=1

I J
j=2

< ______rffU-oQ______
2n-k~i[l + P(Ay-2ya-l)]

(2.3.2)

Using (2.3.2) with k = 0, for 0 < I z I = r < 1 , we obtain

|/(2) | < r + far' < r+ —-------------------------
U 1 2"~ [ 1 + P(Ay- 2ya -1) ] r~,
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and

/U) ^ r I
1=2

a] rJ > r
rP(l-a)

2”-'[\ + fi(4r-2ya-\)]

Thus (2.3.1) follows.

Keeping our intension in view, we go to state some special cases of 

Theorem 3.1.

Corollary 1. A function f e Tf a, 1,1), that is starl ike of order a then

r -
1 -a 

2-a
rl < | /(z) | < r + 1 -a 

2-a

This result is sharp. This result is due to Silverman [9].

Corollary 2. If f e Tn{a,p,\), then

2"'1 [ 1 + /?( 3 - 2or) ]
2 ^ \ J-s \ \ s- /? ( 1 CC ) ■>r <\f(z)\<r + —;----------------------  r

1 1 2"-'[! + /?(3-2 a)]

This result is sharp. This result is obtained by Salagean [7 ].

Next we obtain the corollary which gives the result for the class 

introduced and studied by Kulkarni [3],

Corollary 3. If f e T0(a, fi,y), then

2yf3 (i-a )
[! + /?(4y-2ya-l)]

f(z)\ < r + 2 yp (\-a )
[\ + P(4y - 2ya -1) ]

The result is sharp.
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We now state the theorem which gives the disk contained in the range set 

of functions in class Tn {a, (3, y) .

Theorem 4. The disk | z | < \ is mapped onto a domain that contains the disk

______ y(3(\-a)______
2"-[ [l + /?( Ay - 2ya -1) ]

by any f e Tn(a, J3,y).
Proof. The result follows upon by letting r -> 1 in Theorem 3.

I w < 1

In the next theorem we obtain the distortion property of derivative of the 

normalized univalent functions in the class Tn{ a, f,y).

Theorem 5. Let a e [ 0,1 ), /? e ( 0,1 ], y e (1/2,1 ] and let n e N0, if 

f e Tn{ a, p.y), then for 0 < | 2 | = r < 1, we have

2yP(\-a)
2"“ [ 1 + p{ Ay - 2ya -1) ]

r < I f\z) \ < 1+- 2y/3{\-cc)
2"m [1 + J3( Ay - 2ya -1) ]

(2.3.3)

Equality holds for

/(z)
yf(l-a)

2 [! + /?(Ay -2ya -1) ]

Proof. Using (2.3.2) with k=l,for 0<|z| = r<l

(z = ±r).

we obtain

cc

'Ll < ______2fy (l-a )______
2'"1 [ ] + 0( Ay-2ya-\) ]'

Thus
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and

/'(*)
y/3(\-a)^ i , v' . /-I ^ i . *-/H \ 1 ____________^J°jr ~ 2"-'[ \ + p(Ay-2ya-\)] r,

i ^ i , 2?i0(l-or)
f'(z) > 1 - V / a, r >1------rr-------------------------r r .1 ^ 7 2""'[ \ + P(Ay-2ya-\)]

Thus Theorem 5 follows.

Now we state several special cases of above theorem.

Corollary 1. A function f e T0(a,\,\) that is starlike of order a , then

2( 1 -a ) 
2-a

r < |/'(z)| < 1 +
2( \ -a ) 

2-a
r .

This result is sharp. This result is due to Silverman [9]. 

Corollary 2. If f e Tn( a, /?, 1), then

2p(\-a)
2"~'[! + /?(3-2a)]

r < |/'(z)| < 1+—, 2/?( 1..g ^------ r
11 2 [ 1 + /?( 3-2a ) ]

This result is sharp. This result is obtained by Salagean [7].

Next we obtain the corollary which gives the result for the class 

introduced and studied by Kulkami [3],

Corollary 3. If f e TQ(a, p, y), then

Ayp (1 - a )
[1 + fi( Ay - 2ya -1) ]

r < I/'(*)! < 1 + AyP (1 - a )
[! + /?( Ay -2ya -1) ]

The result is sharp.
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In the next theorem we determine the radius of convexity for the functions

in Tn{a,/3,y).
oo

Theorem 6. Ifthe function /(z) = z-'Y_iajzl aj > 0 ,j = 2,3,... is in
7=2

Tn(a, P,y), then f is convex in the disk

( 2
z 1 < r = r(a, - inf

[ j-\ + /3(\-j + 2yj-2ya) ] 
2y/3(\-a)

7-1
. (2-3.4)

(7 = 2,3,...).

This result is sharp, with the extremal functions as given in (2.2,4).

Proof. It suffices to show that ;/"U)
/'(*)

< 1 for I z I < r(a, /3,y,n) . We have

zf'\z)
f\z)

lid-DV"

7=2

<

‘-Z Jaj
7=2

17-1

Thus
/*(-)

< 1 if

z./(7-i)«/i-r'1 * i-z j°j \z\j~'
7=2

or

I
7=2

■7 I I7' M < (2.3.5)
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According to Theorem 1,

V /'[ j-\ + P(\-j + 2yj-2ya) ]
h 2^(1 -a)

Hence (2.3.5) will be true if

•2i i h ^ f [ 7-1 + f3(\-j + 2yj-2ya) ] 
1 ' 2y/?(l-a)

Solving for I z I, we obtain

<
[7-1 + P(\-j + 2yj-2ya) ] 

2 yfi(\-a)
H

U = 2,3,...). (2.3.6)

Setting I z J = r (a, fi,y,n) in (2.3.6), the result follows. 

We state some particular cases of above theorem.

Corollary 1. If f e T0(a,\,\), that is starlike oforder a, then f is convex in 
the disk

2 < r = r{ a) = inf 2-2
l /(!-«)

1

/

This result is sharp. This result is same as obtained by Silverman [9],
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Next we obtain the corollaries which gives the result for the class 

introduced and studied by Salagean [7] and Kulkami [3].

Corollary 2./// e T„(a,p, 1), then f is convex in the disk

j"2 f J ~ 1 + ^ (1 + 7 - 2a) ]
)

This result is sharp.

Corollary 3 .Iff e T0( a, f,y), then f is convex in the disk

^ [ j-l + Pil-j + tyj-lya)] V7'
2rP(l-a)f

The result is sharp. This result is due to Kulkami [3].

z < r = r(a, fi,y, 0 ) = inf
j

z < r = r(a, P,\,n) = inf

Now we shall prove the following result for the closure of function in the 

class Tn(a,p,y).

Let the function fk (z) be defined for k e {1,2,3,..., m}, by

co

= K, 2 0) (2.3.7)
7=2

for z e U.

Theorem 7. Let the function ffz) defined by (2.3.7) be in class Tn(a, fi,y) for 

every k e {1,2,3,m }. Then the function F(z) defined by,

F(z) - z-jr bJzJ , (f > 0 )
7=2

(2.3.8)
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is a member of class Tn{ a, p,y), where

b, = -£>„ (j - 2,3,...). (2-3.9)
m kM

Proof. Since fk(z) e Tn( a, p, y ), it follows from Theorem 1, that

Z j" [ y~I + ^(l-y + 2y;'-2^a) ] < 2fy(\-a)
7=2

for every A: e {1,2,3,m}. Hence,

Z j"[j-l + J3(l~J+2rj~2ra)]bl
/=2

- Z / [ 2-l + ^(l~i+2y;-2y«r) ]
1=2

( 1 /«1Z
V W *.I

fl M
A

/

_l_

m
I
*=!

Z j" [ 7“! + A \ -j + 2yj-2ya) ]ajk
V 7=2

A

/

1 m
< - Z 2yp(\-a) = 2yf(\-a),

m *«i

which (in view of Theorem 1) implies that F(z) e Tn(a, fi,y).

Theorem 8. The class Tn(a, p,y) is closed under convex linear combination. 

Proof. Let the function f(z) defined by (2.3.7) be in class Tn{ a, P,y) for 

every k e {1,2,3,.... m }, it is suffices to prove that the function

H(z) = Af(z) + (\-A)f(z) , (0 < A < 1)

is also in class Tn(a, J3,y) .Since , for 0<A<1,
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H(z) = z-£ { A ajA + (1 -1) al2}zJ , (0 < A < 1).
7 =2

We observe that

X / [ j-\+/3(\-j + 2yj-2ya) ]{ AajA + {\-A)aJ2}
7=2

= / [2-,+^(1-2' + 2/;-2x«)]ay,1
7=2

+ (!-^)X 2"[y-1+^(1-y + 2r7-2ra)] a,.,
7=2

< /l 2^/? (l-a) + (l-/l) 2//? (1 - a ) = 2//? (1 - a ),

with the aid of Theorem 1. Hence H( z) e Tn(a, p,y). This completes the proof 

of Theorem 8.

4. INCLUSION THEOREMS

We prove some inclusion relations for the class Tn(a,p,y), which 

generalizes the result of Salagean [7].

Theorem 9. Let a e [ 0,1 ), p e ( 0,1 ], y e (1/2,1 ] and let neN0, then

Tn^{a,p,y) T„(a\p,y),

where

a' = a'(a, p.y )
(\-P + 2Py)(\-g) 
2 ( 1 - p+ 3 Py-aPy )

(2.4.1)
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= 2( \-p+ipr) - (i-g)(i-/i)
2( 1 - /3 + 3 Py - apy )

The result is sharp and 1 >a' > a .

Proof. Let / e Tn+i(a, p,y) , then from Theorem 1, we have

f rl[j-l + j3(\-j + 2yj-2ya)]
h 2 py (\-a) (2.4.2)

We determine the largest a' such that,

y /,[/~1 + ^(1~-/+2^~2^g')] a < !
% 2 py {\-a')

(2.4.3)

If

[ j-\ + P(\-j + 2yj-2ya')] < j [ j-1 + /?(1 -j + 2yj-2ya ) ] < ^ 
(!-«') (1-a)

(2.4.4)

j = 2,3,... , then (2.4.2) implies (2.4.3). But the inequalities (2.4.4) are 

equivalent to

( \ - P + 2Py ) j - (l-q)(l-/?) =i _ ( \ - P + 2Py )( 1-or )
( \ - P + 2Py ) j + 2py(\-a) {\~p + 2py)j + 2py(\-a)’

j = 2,3,... . (2.4.5)
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We have d( 2) < d(j) =
(\-p + 2py)j - (l-ar)(l-/?) 

(1-0 + 2 py)j + 2Py(\-a)

j 2,3,....

We choose

a'( a, p,y ) = d(2) = 1 -
(\-P + 2(3y)(\-a) 
2 ( 1-/7+3Py-apy )

(2.4.6)

We have a < a' < 1 , because

and

«'( a,p,y)
(\-a)[(l-P) + 2Py(2-a)] >

2 [(l-/?) + /^(3-a)]

l-a'( a, A / )
(\-p + 2py )( 1-a ) 

2[{\-P) + Py(2-a)]

The extremal function is f2 e Tn+l(a, P,y) ,

f2(z) =
________rp{ i-«)
2” [ 1 + /? ( -1 + 4y -2;/«) ]

(2.4.7)

Corollary 1. Tn+i(a, p,y) cz Tn(a, p,y) .

Corollary 2 .Iff e Tn+t(a, P,y), then f e Tn(p, 1,1) w/zere

p = p(a.p,y) \-p + 2Py 
1 - P +3 Py - aPy



32

Proof. A simple computation yields

| Jn{f,a,y;z)\ < p implies Dn+lf( z) { ^ 2py(l-a) 
D"f(z) 1+2

That is

z)
1 D"f(z) > <i(a,p,y) ,

where
t

a( a, p,y) 1 + 2 aPy - p 
1 + 2 py-p

Let / e Tii+i(a, p,y), then by Theorem 9 / e Tn{a \ P,y), where

( \-p + 2py )( \-a ) 
2(1 - p + 2>Py-aPy )

Therefore

a(a\p,y) = p(cc,p,y) \-p + 2Py 
1 ~P +3Py- aPy

Hence

/ e Tn( a(a',p,y), 1, 1 ) = 7;,( p(cc,p,y), 1, 1 ).

We now give some particular cases for Theorem 9.

Corollary 3. Let a € [ 0,1 ), p e ( 0,1 ], , and let neN0, then

Tn+l(a,p,l) <z Tn{a\p,\),
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where

a' = a'(a, /3,1 ) = , _ ('+/?)('-«) 
2( l + 2yB-aP )

2(1 + 0) -(!-«)( 1-jg)
2(1+2 p-a/3)

The result is sharp .This result is same as obtained by Salagean [7].

Next corollary gives the result for the class introduced and studied by 

Salagean [6] .

Corollary 4. Let a <= [ 0,1 ) and let neN0, then

Tn+X{a, 1,1) c rnO’,l,l),

where

a' = a'( a, 1,1 ) 1 -a _ 2
3-a (3-a )

The result is sharp .

Theorem 10 .Let. a e [ 0,1 ), /? e ( 0,1 ], y e ( 1/2,1 ] and let n e N0, then

^+i(«,Ar) c Tn(a,j3\y),

where

P' = P\a,p,y) P
2 + P( -1 + 4/ - 2ory )

(2.4.9)
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The result is sharp and 0 < p' < p .

Proof. Let / e r„+l( a, p,y) , then from Theorem 1 we have

V [ j-\ + 0(\-j + 2yj-2ya) ]
h 2 Py ( \- a)

we determine the smallest /?' such that

(2.4.10)

V j” [ J~] + PX'-J + lyj-lya) ]
h 2 P'y (\ -a ) * (2.4.11)

If

[ j - \ + P\\- j + 2yj -2ya) ] < j [ j-\ +/?(\-j + 2yj-2ya ) ]
P' ~ P

j = 2,3,..., (2.4.12)

then (2.4.10) implies (2.4.11). But the inequalities (2.4.12) are equivalent to

P' * ________ P________
j + p(\-j + 2yj-2ay)

j = 2,3,.... (2.4.13)

We have c{ 2) > c{j) P
j + P{\-j + 2yj-2xxy)

j = 2,3,....

Therefore we choose

P\a,p,y) =c( 2) =
2 + /? ( -1+4/- 2a/ )

(2.4.14)
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We have 0 < /?'< p , because

p - P'(a,p,y) =
P\(\-P) + 2Py(2-a)] > Q 
[(2-P) + 2Py (2-a)]

The extremal function is f2 eTn+l(a,p,y) given by (2.4.7).

Corollary 1. Tn+l(a,p,y) c Tn{a,p,y) .

Corollary 2 .Iff e Tll+](a, p,y), then f e Tn( p, 1,1) where

p = p(a,p,y) \-p + 2py 
l - p +3Py- apy

Proof. A simple computation yields

Jn(f,a,y,z) | < p implies Dn+'f(z) 1 ^ 2Py(\-a) 
Dnf( z ) 1 + 2Py-P

That is

where

f D"+Xf{z)
1 D\f(z > a{a,p,y) ,

(j{a,p,y) = 1 + 2 apy - P 
1 + 2 py- p

Let / e Ti+l(a,p,y) then by Theorem 10, / e Tn(a, p\y ), where
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P' = P'(a,p,y) = P
2 + P(-\ + 4y-2ay )

Therefore

a(a, P\y) = p(a, p,y)
\-p + 2j3y 

1 -p +3Py- apy

Hence

/ e 7;,( cr(a, p\y), 1, 1 ) = 7;( p(a,p,y), 1, 1 ).

Corollary 3. Let a e [ 0,1 ), P e ( 0,1 ], let neN0, then

where

Tn+l(a,pA) c Tn(a,p\\),

P' = P'(a,P,y) p
2 + 3/3 - 2a

The result is sharp .This result is same as obtained by Salagean [7],

Theorem 11. Let a e [ 0,1), /3 e ( 0,1 ], y e ( 1/2,1 ] and let n e N0, then

Tn+X{a,p,y) c Tn(a, P,y') ■>

where

y' = y'( a,p,y ) = r{\-P)
2(1 -p) +2yf5{ 2-a )

(2.4.15)

The result is sharp and 0 < y' < y .
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Proof. Let / e Tn+i(a, p,y) , then from Theorem 1, we have

z
./=2

[ j-\ + /3(\-j + 2yj-2ya)] 
2 ffy(l-a)

a, < 1 (2.4.16)

We determine the smallest y' such that

V f[j-^ + m-j + 2y'j-2y'a)]
h 2Py'{\-a) (2.4.17)

If

[ j-\ + p(\-j + 2y'j-2y'a)] < j [ j-1 + fi( \-j + 2yj-2ya ) ]
y' ~ r

j = 2,3,..., (2.4.18)

then (2.4.16) implies (2.4.17). But the inequalities (2.4.18) are equivalent to

r' * yp-/?)
j ( \ ~(3 ) + 2yf3{ j-a )

j = 2,3,.... (2.4.19)

We have

H2) > b{j) = y p-/?)
2(1-/?) + 2//?(2-a)

j = 2,3,...

Therefore we choose
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r'{ a,p,y ) =6(2) = y(\-P)
2 ( 1 -p ) + 2yp( 2-a )

(2.4.20)

We have 0 < y' < y , because

Y - y'( a,p,y ) =
y[(\-p) + 2Py(2-a)] 
[2{\-P) + 2py{2-a)\

The extremal function is f2 e T,,+[(a, p, y) given by (2.4.7).

Corollary 1. Tn+i(a,p,y) c T„{a,p,y)

Corollary 2.If f e Tn+i(a,fi,y), then f e Tn(p, 1,1) where

P = p(a,p,y) \-p+2 py 
1 -p +3 Py - aPy

Proof. A simple computation yields

Dn+'Az) 1 ^ 2Py(\-a) 
D"f{ z ) 1 + 2 Py-P

\Jn(f>a,y',z)\ < P implies

That is

[ D"f(z)
> a(a,P,y) ,

where

a{a,p,y) = 1 + 2 aPy - p 
\+ 2 Py- p
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Let / e Tn+i(a,p,y) then by Theorem 11, / e T„(a, p,y'), where

Therefore

Hence

5. CONVOLUTION THEOREMS

Motivated by Salagean [8] we now prove convolution theorems for the 

class T„(a,p,y).

Let
00 oo

f(z) = z~'^Jaj zJ and g(z) = z-'^Jb/ zJ .
^2 j=2

We define the Hadmard product or convolution of / and g by

(fg)(z) = 2 - £ a,b,z‘ .
/=2

r' = r'( «> P,r ) =
r{\-P)

2(1-/?) + 2yP(2-a) '

cr(a, p,y') = p{ a,p,y)
\- P + 2py

1 - p +3 Py- aPy

f € T„{ <x( a, P,y'), 1, 1 ) = Tn( p(a,p,y), 1, 1 ).

Theorem 12. Let f,g e Tn(a, p,y), a € [ 0,1 ), p e ( 0,1 ], y e (1/2,1 ] 

and n e N.}, then f*g e Tn(a\ p,y ), where
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a ' = a'i a, p,y,n) = 1
2py (l-a )2 (\-/3 + 2/3y )

[ 1 + /? ( -1 + 4y-2ay ) ] 2" - 4 fi2 y2 (\-a )

(2.5.1)

and a < a (a, f,y,n) < 1 .The result is sharp, the extremal functions are 

f - g = f2, where f2 is given in Theorem 1.

Proof. Let /, g e Tn{a,f,y ), then from Theorem 1 we have

y Jn t + P(l-j+2yj~2ra) ]
h 2 fy (l-a ) < i

and

I
/=2

j’lj~\ + P{\-j + 2yj-2ra)\ 
2py(\-a) bj * 1

(2.5.2)

(2.5.3)

From Theorem 1, we also have f*g e Tn(a', fi,y) if and only if

f flj-\ + 0(l-j + 2yj-2ya')] j ^ ^ 
A 2fy(\-a') (2.5.4)
./=2

We wish to determine the largest a' = a’(a, fi,y,n) , such that (2.5.4) holds. 

From (2.5.2) and (2.5.3), we get by means of Cauchy-Schwarz inequality 

/ [ / I + /«i ■■ m ??/..11
I fT, *12 (3y ( l-a )

(2.5.5)
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which implies

________ 2py(\-a)________
/[ y-1 + /3(\-j + 2yj-2ya) ]

j = 2,3,... . (2.5.6)

We note that the next inequalities

f[j-\ + P(\-j + 2yj-2ra’)) ^ & 
2 fiy (\-a') Q'

(2.5.7)

< /'[ j~\+ P{\-j + 2yj-2ya)]
2py(\-a) j

imply (2.5.4). But the inequalities (2.5.7) are equivalent to

7-1 + P{\~j + 2yj-2ya') 

(!-«')

(2.5.8)

j-\ + p{\-j + 2yj-2ya)

(1 -a)

by using (2.5.6) we have

j-\ + p(\-j + 2yj-2ya') 

(!-<*’)

2/?y ( l-q)[ ;-l +/?(l-y+2yy-2ya') ] . = ?
(\-a') j"[ ;-\ + p(\-j + 2yj-2ya)] ’ _/

15.105
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In order to obtain (2.5.8) it will sufficient to show that

2 pyy 1 -a) [ y-1 + J3( \-j+ 2yj-2ya') ] < j-1 + p( 1 -j + 2yj-2ya ) 
(\-a')j"[j-\ + P(\-j + 2yj-2ya)] " (1-a)

j = 2,3,...

that is

2py{\-af [ j-\ + P(\- j + 2yj-2ya') ]

(2.5.9)

< (1-a1) [j-\ + P(\-j + 2rj-2ra)]2/ , j = 2,3,...

The inequalities (2.5.9) are equivalent to A a' < B, where

A = - Afi2 y2 [\~ a f + [ j -1 + /?(1 - j + 2yj - 2 ya ) ]2 f > 0

and

B = [ j~\ + P(\-j + 2yj-2ya) f j" -2 Py ( 1 -a f ( y-1 ) 

-2 p2y( \-a )2 ( \~j + 2yj ),

we obtain

a’ <
B 2 ( 1 - or )‘(j-l) (\-p + 2f}y)

-——---------------------------- ---------------------------- - = c( / )
[ j-\ + p(\-j + 2yj-2ya) ] j" - 4p2 y2 (\-a )'
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We have c(2) < c(j) , j = 2,3,... and we choose

a' = a' (a, fi,y,n) = c( 2).

We have a < a' , because

a'( a, ft,y,n) - a > a’( a, (3, y, 0 ) - a

= (l~«)(l-/?)(l~/? + 2/?r(3-a)) + 4/?V(l-«)(2~g)

(\-p)(\- p + 2py(3-a ) ) + 4 p2 y2 ( 2-a) + 2py(\-a )(\-p + 2Py )

and

1 - a'( a, p, y, n ) =
2.yP(\-a)2 (\- P + 2fty)

[ ! + /?(-! + Ay- 2 ay ) ]2

The extremal functions are / = g = /2 . Indeed 

{fi*fi)(z) = 2 - c2 z2 e T„(a',p,y), where

22-2"/?2 r2(i-«)2
and a' = a'(a, fi,y,n) because

[l+/?(~l + 4f- 207 ) ] 2

I
1 = 2

/' [ 7 ~ 1 + A 1 ~ 7 + 2/7 - 2ya1) ] 
2^(1-a’)

2" [ 1 + /?( -1 + 4/ - 2/a1) ] 22-2” p2 y1 ( l-a f
2py{\-a') [ 1 + p(-\ + 4y-2ay ) ]2
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Corollary 1. If f,g e Tn(a,p,y), then f*g e Tn(a,p,y).

Corollary 2. If f,g e Tn(a,p,y), then f*g e 1,1), where

p = p(a,p,y) =
_____________ (i-a)2 P1 y2______________
2"~2 [\ + p(-l + 4y-2ay ) f - p2 {\-a f

Proof. A simple computation yields

2py{\-a) 
1 + 2 py-p

Jn(f,a,y;z) | < p implies
D”+]f(z) 
Dnf{ z)

therefore

D',+'f( z)
1 Dnf{z) > cr( a, p,y) ,

where

a(a,p,y) = 1 - P + 2 aPy
1 -p + 2py

Let f,g e Tn(ct,p,y) then f*g e Tn(a',p,y), where

a' = a’( a, p, y, n ) =
2Py{\-af (\-p + 2py )

[\ + P(-\ + 4y~2ay)]2 2" - 4 p2 y2 ( 1 -a )2 ’

therefore

<7(a',/?,y) = o-( a'(a,p,y,n), p,y) = p(a,p,y,n) .

Hence
/ e 7;,( cr(a’,p,y), 1, 1 ) = r„ ( p(a,P,y), 1, 1 ).
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We now give some particular cases for Theorem 12.

Corollary 3. Let f, g e T„(a, p, 1), a e [ 0,1), p e ( 0,1 ] and neN0, then 

f*g € T„(a',/3,\), where

a a'(a,p, \,n) = 1 -
2p(\-af (\ + p)

[l + /?(3-2 a)]2 2" - 4 /?2 (1-a)2

and a < a'( a, ft, 1, n ) < 1 .The result is sharp .This result is due to Salagean 
[8].

Next corollaries gives the results for the class introduced and studied by 

Salagean [6] and Kulkarni [3], respectively.

Corollary 4. Let f,geTn(a, 1,1), a e [ 0,l) and neN0, then 

f*g e Tn{a',\,\), where

a' = a'( a,\,\,n )
(]-af

( 2-a )2 2" - ( 1 -a )2

and a < a'( a, 1,1, n ) < 1 .The result is sharp .

Corollary 5. Let f, g e T0(a, fi,y), a e [ 0,1), p e ( 0,1 ], y e ( 1/2,1 ] , 

then f*g e T0(a\ p,y), where

a’ = a'( a, p,y, 0 )
_______ 2py(\-a f (\-p + 2py )_______

[l + /?(-l+4y- 2 ay ) ]" -4/?2y2(l-a)2

and a < a' [ a, p, y, 0) < i .The result is sharp
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Theorem 13. Let f,g e Tn{a, p,y), a e [ 0,1), p e ( 0,1 ], y e ( 1/2,1 ] 

and neN0, then f*g e Tn(a, P',y), where

p'( a, P, y, n )
2p2y{\-a)

[ 1 + P( -\ + 4y-2ay ) ]2 2" - 2 01 y{ \-a )( -\ + 4y-2ay )

(2.5.10)

and 0 < P' (a, p,y,n) < p .The result is sharp, the extremal functions are 

f - S ~ f< where f2 is given in Theorem 1.

Proof. If f.g e Tn(a,p,y), then (2.3.2) and (2.3.3) hold. By Theorem 1 

we have f*g e Tn(a,P',y) ifandonlyif

z
1 = 2

j" [ j-1 +PX l-y + 2yj-2ya ) ] 

2p'y(\-a)
a, b, < 1 (2.5.11)

We wish to determine the smallest /?' = P'(a, p,y,n), such that (2.5.11) 
holds.

We note that the next inequalities

j-\ + P\\-j + 2yj-2ya) r^~- 
P' ' J

j-\ + p{\-j + 2yj-2ya)
(2.5.12)

imply (2.5.11).

By (2.5.6), we obtain
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/-! + /?’(!- j + 2yj-2ya)
P'

b
I

< 2Py(\-a)[j-\ + p'(\-j + 2yj-2ya))
P' jn[j-\ + p(\~j + 2yj-2ya)}

In order to obtain (2.5.12) it will sufficient to show that

2py(\-oc)[ j-\ + p\\-j + 2yj-2ya ) ] 
P' f[j-\ + P(\-j + 2yj-2ya)]

< j-\ + PO-j + 2yj-2ya) ■ _ 9 „
p ’ 7 ~

These last inequalities are equivalent to

P' ^
2p2y(\-a) (j-\)

[ 1 ~J' + P{ -\ + 4y-2ay ) ]2 j" - Ip2 y( \-a )( \-j + 2yj-2ay )
= d{j)

We choose P' = p'(a, p,y,n) = d( 2), because d(2) > d(j) ,
j = 2,3,... .

We have p' < P , because

P - p'(af p,y,n) >p - /?'( a, p,y,0)

( 1 -p )(}-p + 2py( 3-a ) ) + 4p2y2( 2-a )
( \-p)(\-p + 2py(2-a ) ) + 4/?V ( 2-ct ) + 2 py{ l-a )
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and p'( a,p,y,n) > 0 because

[ \ + p(-\ + 4y-2ay ) J 2” - 2 fry ( 1 -a ) (-1 + 4y-lay )

> [ 1 + /?( -l + 4y-2ay )]2- 2 p2y(\-a)( -\ + 4y-2ay )

= ( 1 -p) ( 1 — /? + 2 fty{ 3-a) ) + 4 p2y2( 2-a ) + 2 py{ \ -a ) > 0

The extremal functions are f = g = fz ■

Indeed

(/2V2)(*) = z - c,z2 e Tn{a, P\y),

where c. is given in the proof of Theorem 12 and f3' = p' (a, p,y,n) 

because

2” [ 1 + P\~ 1 + 2yj - 2ya ) ] 
2P'y(\-a)

Corollary 1. If f,g e Tn(a,p,y), then f*g e Tn{a,p,y).

Corollary 2. If f,g e Tn(a, P,y), then f*g e Tn(p,\,\), where

P = p{a, p,y ) = 1 (i-qfP2 r
[ ! + /?(-! + 4y - 2 ay ) ] - p2 ( 1 - a )"

Proof. A simple computation yields
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| Jn(f,a,y;z)\ < J3 implies
Dn+Xf{z) < 2j3y(\-a) 
D"f(z) 1 + 2 Pr-P

Therefore

Re
D"f{ z)

> a(a,p,y) ,

where

<r(a,j3,y) = 1 - p + 2 apy
1 -p + lpy

Let f,g e Tn(a, p,y), then f*g e Tn(a,p\y), where

P'{ a, p, y, n )
2p2y{\-a)

[l + /?(-l + 4y- lay ) ]2 2” - 2 01 y ( 1 - a )( -1 + 4/ - lay )

therefore

ar(a,p\y) = cx(a, p'(a, p, y, n), y ) = p( a, p, y, n ) .

Hence

f e Tn( a(a,P\y), 1, 1 ) = Tn( p(a,p,y), 1, 1 ).

We now give some particular cases for Theorem 13.

Corollary 3. Let f,geTn(a,PA), a e [ 0,1 ), P e ( 0,1 ] and neN0, 

then f*g e Tn{a, p\\), where
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P'{ a,p,\,n) =
______________ Ip1 ( 1 -a)_______________
[ 1 + /? ( 3 - 2a ) ]2 2" - 2 01 (l-a)(3-2a)

and 0 < p' (a, p,\,n) < P .The result is sharp . This is due to Salagean [8].

Next corollary gives the result for the class introduced and studied by 

Kulkami [3].

Corollary 4. Let f,geT0(a,p,y), a e [ 0,1 ), p e ( 0,1 ], y e ( 1/2,1 ] 

then f*g e T0(a, P\y), where

P'( a, p,y, 0 ) =
2p2y( 1 -a )

[ 1 + /? ( -1 + 4y - 2 ay ) ]~ - 2 p2 y (l-a )( -1 + 4y - lay )

and 0 < P'(a, p,y, 0 ) < P .The result is sharp.

Theorem 14. Let f,g e Tn(a, P,y), a e [ 0,1 ), p e ( 0,1 ], y e (1/2,1 ] 

and neN0, then f*g e Tn(a, P,y'), where

y' = y'{ a,p,y,n ) = _____________ ipy2{\-cc) (1 -p)_____________
[\ + P( ~\+4y-2ay ) ]2 2” - 4 01 y2 ( 1 -a )( 2-a )

(2.5.13)

and .0 < ;/' ( a, p. y. n ) < y .The result is sharp, the extremal functions are 

f = g = /2, where f\_ is given in Theorem l.
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Proof. If f,g e Tn(a,p,y), then (2.5.2) and (2.5.3) hold. By Theorem 1 

we have f*g e Tn(a,p,y') ifandonlyif

y J"[j-l + ^l-j+2r'j-2r'a)] a b <
% 2Pr'(\-a)

(2.5.14)

we wish to determine the smallest y' = y' (a, (3,y,n) such that (2.5.14) holds. 

We note that the next inequalities

j-\ + P(\-j + 2y'j-2y'a) j

^ ./-1 + p{\-j + 2yj-2ya)
- » j

y

imply (2.5.14).

By (2.5.6) we obtain

(2.5.15)

j-\ + p(\-j + 2y'j-2y'a)
r'

2j3y(\-a)[j-\ + j3(\-j + 2y'j-2y'a)] 
y' f[j-\ + P(\-j + 2yj-2ya)]

In order to obtain (2.5.15) it will sufficient to show that
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2 Py {\~cc)[ j - \ + f3(\- j + 2y' j -2y'a) ]
/' /' [ y -1 + /?(1 -7 + 2/7-2ya ) ]

< J~l + P(]-j + 2rj~2ya), 2>3
r

These last inequalities are equivalent to

2(3y2{\-a) (!-/?)( ;-l)

[1-y + ^(-l+4r-2ar ) ]* / - 4 02 y2 {\-a ){ j-a )
e{j)

We choose y' = y'(a, /3,y,n) - e(2), because e(2) > e(j) , j - 2,3,...

We have y' < y , because

y -y'(a,p,y,n) >y -y'(a,p,y,0) =

T (\-j3){\-P + 2/3y(3-a)) + 4j32y2(2-a)
= rl(\-j3)(\-j3 + 2j3y(3-a)) + 4j82y2(2-a) + 2Py(l-a)(\-j3)

and y’( a, (3,y,n) > 0 because

[ ! + /?(-\ + 4y-2ay )| 2" - 4 01 y2 ( 1-a )( 2-a )

> [ 1 + /?( -l + 4^-2a^ ) J - 4 01 y2 ( 1-a )( 2-a )



53

= ( \-p ) ( l-/? + 2py{ 3-a ) ) + 4/?V( 2-a ) + 2py( 1 -a )( \-P ) > 0

The extremal functions are f = g = f2 •

Indeed

= z - c2z2 <= Tn(a, P,y'),

where c2 is given in the proof of Theorem 12 and y' = y'( a, P,y,n) 

because

I
.,=2

/[ j-\ + p{\-j + 2y'j-2y'a)] 
2f3y'(\-a)

T[\ + p(-\ + 2y'j~2y'a)} 
2py'(\-a)

Corollary 1. Iff,g e Tn(a,p,y), then f*g e Tn(a,p,y). 

Corollary 2. If f,g e Tn(a, p,y), then f*g e Tn(p, 1,1), where

p = p{ct, p,y) = \ - (i-ccYP2 r2

T~2[\ + p(-l+4y-2ccy )] -p2(\-cc)2

Proof. A simple computation yields

\J„(f,a,y;z)\<p implies D f( z) 
D"f(z)

< 2Py (1 - or) 
1 + 2 Py-p

therefore

Re< D A 2)
D\f(z)

> a( a, p,y) ,
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where

a(a,0,y) = 1 - 0 + 2 apy 
\ -0 + 2 0y

Let f,g e Tn(a,p,y) then f*g e Tn(a,p,y'), where

y' = y'( a, 0,y, n ) =
_____________ 2py2{\-a) (1 -0)_____________
[\ + P(-\+4y-2ay)]2 2n - 4 02 y2 ( l-a )( 2-a ) '

therefore

cr( a, 0,y' ) = <r( a, p,y'(a, 0,y, n) ) = p(a, p,y,n) .

Hence

/ e T„( a( a, 0,y'), 1, 1 ) = T„( p( a,p,y ), 1, 1 ).

Next corollary gives the result for class introduced and studied by 

Kulkarni [3] .

Corollary 3. Let f, g e T0(a, 0,y), a e [ 0,1 ), p e ( 0,1 ], y e ( 1/2,1 ] , 

then ' f*g € T0(a, p,y'), where

y' = y’( a,0,y,O ) _____________2Py2(\-a) (1-/7)____________
[ 1 + P( - \ + 4y-2ay ) ]2 - 4 p2 y2 ( l-a )( 2-a )

and 0 < y'(a, 0, y, 0) < y .The result is sharp
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