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CHAPTER - 111

DISTRIBUTIONAL GENEGALIZED LAPLACE
TRANSFORMATION

3.1 Introduction:-

The conventional generalized Laplace transformation is defined by

the integral,
Fs)=| te™ Lisyfipde .. (3.1.1)
0

where L:(s?) is the Laguerre polynomial.

The aim of this chapter is to extend the conventional generalized
Laplace transformation defined in (3.1.1) to a certain class of generalized

functions.

The generalized Laplace transform F(s) of certain generalized
function f is defined directly as the application of ft) to (s))*e L ;(s?),
that is

F(s) 2<f(t), s0* e LiGsH> .. (3.1.2)

For this we construct a certain space of testing functions on 0 <t < o
which contains (sf)* e™ L (sf) for the various values of the complex

parameter s.

We have obtained an inversion formula and Uniqueness theorem for

the generalized Laplace transformation.

We use notations and terminology as those of Zemanian [24].
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3.2 The Testing Function Spaces GL, Gl.(w) and Thier

Dual Space:-

Let a be a fixed real number. We define the spacé GL, as the set of all

complex valued smooth functions ¢(f) on 0 <t < oo such that for each

non-negative integer m,

Yom(#) 2 Sup |e* " DION, m=0,1,2,3,.. ... (32.1)

<t< oo

assumes finite values.

GL., is a linear space under the pointwise addition of functions and

their multiplication by complex numbers.
Yam 18 @ seminorm on GL, and y, is a norm.

Therefore the collection {y,. }m-o 1S @ countable multinorm on GL., .

We assign to GL, the topology generated by the countable multinorm
{Yam } m=o and this makes GL, , a countably multinormed space.

We say that the sequence {¢,};_, converges in GL, to ¢ if and only if

for each non-negative integer m, y,m(¢,—¢) -0 asv - .

A sequence {¢,}_,is said to be a Cauchy sequence in GL, if and
only if pom(dy —¢u) = 0 as v - o and u - oo independently, for each

non-negative integer m.
First we can prove that the kernel (s))* e L (sf) is a member of GL, .
Lemma 3.2.1:

The function (s7)* e L;(sf) is a member of GLa , for Re. s > a,

where A be a non-negative integer.
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Proof:-

Let ¢(f) = (s)* ™ L’ (sf)
The function ¢(f) will be member of GL, , if
(i) ¢()is a smooth on 0 <t <oo.

(i) Sup |e* t" DT[#(1)]| <oforeachm=0,1,2,3, ..
0

<f<w

The function ¢(f) is a product of three smooth functions of t and

threfore smooth on 0 <t < co.

Consider,

Drg) = DI [0 e Lish)

S en ™ [Lie]” (3:22)
But,

[0t e 1" = % (") e 1D e

= Tg(m;j) [AQA-1) ... A=—m+j+D (sO*-m+ i+ (s)ymI~1 e (—s5)!]
= ’lng; (m;j) [A (A-1).. (/'L-~m+j+l) (st)l‘”’ +j+1 (_1)1 (s)m—j e~

Putting in (3.2.2) we get.

D714
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m -~

> (7) (' ; ("ra-n. (’~-"'+J’+l)(st)*'“f”(—l)’(s)mfe_st]
=, i =

o i ) (L4 s" 1A= D) . =D}
x - Al e—m)t (1 +ad)n

Therefore,

Sup | e " D7 [ $(H)1]

O<t<

" -

m ( j("',—j)l e (A=—m+j+ D) "+ () (s)m e«st}
= Sup |e tmjgo(r}u) I=0

< i< Zk) 1Y (140 5" [ (1) . (]
X| &~ A ! (k-n)! (1+a)n

1=0

) ["’Z“J (m;J)/'L (A—m+j+l)(st)l"”f”(—1)' (s)m—j)
:(;E;up e G-t ym 'ZO (7) -
.2 00 J=

£ ,
' Q+aps"In@a-0..@a-pl"~/
X (";! m & —mi(i+ @) J

The expression under the supremum will be finite if and only if
Re{s-a)>0ie Re.s>aand 1>0.

ie. Sup |e® tm D7[¢(#)]| < if and only if Re.s >aand 1> 0.
0

<t<owe

foreachm=20,1, 2,3, ...

Thus (sf)* e L,(sf) is a member of GL, if and only if Re.s > a and
A>0.

Hence the proof.
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Lemma 3.2.2:

GL, is complete and therefore a Frechet space.

Proof:-

Let sequence {¢,}>_, be a Cauchy sequence in GL. . Then by the
equation (3.2.1), e®t" D[¢.(9)] is a uniform Cauchy sequence on

0 <t < ooasyv — oo

Hence by the standard theorem [1, P. 402] there exist a smooth
function ¢(¢) such that for eachm and t

D][¢.(®] - D/ [#(H]as v~ co.
Moreover, for each € > 0 there exist an integer Ny such that, for every
v, > N,

|e 1" D[4~ $u@]] < €
Taking the limit as p > . We obtain

le " D" [4.()—dD]| < € v =N, 0<t<eo ... (3.2.3)
Thusas v

Vam (@y — @) - o for each m.

Finally because of uniform convergence and the fact that each
e® t" D" ¢,(9)] is bounded on 0 <t < oo, their exist a constant C; not

depending on v, such that
lea 1™ D [$.(0)]] < Cy forallt.
Therefore from the equation (3.2.3) it implies that

le t" DT [pD]| < Ci + €
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which shows that e* ™ D" [¢(?)] is bounded on 0 <t <oo.
Hence the limit function ¢ is a member of GL, .

Thus, the Cauchy sequence {¢,} 7., converges in GL, to the unique limit
¢ .
Hence GL., is complete.

Since GL, is countably multinormed space which is complete . Hence

GL, is a Frechet space.

Hence the proof.

Lemma 3.2.3:

‘GL, is a testing function space.

Proof:-

Clearly, GL, satisfies the first two conditions of testing function

space. We shall prove the third.
Let sequence {¢,} . converges in GL, to zero.
Then y, n(¢y) >0 foreachm,as v - .

ie. Sup le“’ t" D? [¢v(t)]f — 0 for eachm, as v - co.

O<t<o0

ie. ]e"‘ t" D] [¢v(t)]| -0 foreachm, as v - .

Since |e® ™ D! [¢,,(t)]l - 0 uniformly for each m and |e* | has

positive supremum on every compact subset of I = (0, c ).

Therefore,

|D"[4.()1] -0 foreachm, as v —» co.
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Hence we must have the sequence {D’[¢.()]}5-, converges to zero

function uniformly on every compact subset of 1=(0, ).

Thus, GL,. satisfies all the three defining properties of a testing

function space.
Hence GL, is a testing function space.

Hence the proof.

The dual space of GL, is GL’, and GL’, consists of all continuous
linear functionals on GL, . Thus, f is member of GL’, , if f is a continuous

linear functional on GL, .

As we were already proved that GL, is a testing function space and

therefore GL’, is a space of generalized functions.

Under the usual definitions of addition and multiplication by a
complex numbers, GL’, is a linear space. We assign to GL’; its

customary(weak) topélogy. It follows that GL’, is also complete.

Now, we list some properties of the space GL, , which can be easily

established

(i) If a < b then GL, < GLs . The topology of GL, is stronger than the
topology induced on GL, by GL, .

To see this first we note that 0 <e® » <eb ™ on0<t<ow.
Therefore,

e i DT[] < |e* e DT (4|

So that
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Ya,m(@) <P b, m(P)

Our assertion follows by this inequality and [24, (lemma (1.6.3)].

(ii) D(I) < GL, and the topology of D(I) is stronger than that induced on
it by GL, .

Similarly, the other properties of the space GL’, can be easily
established as following,

(iii) If a < b, the restriction of f € GL’, to GL, is in GL’, . Also the
convergence in GL’, implies convergence in GL’, , it follows as a

consequence of property (1).

We shall turn now to certain countable union space GL(w) that

arises from the GL, space.

Let w be either a real number or -o. Let {a,}_be a monotic
sequence of positive real numbers which converges to w* as v - c.Then

define GL(w) as a countable union space of GL,, space.

Thus,
GL(w)= U GL,,.
v=1

Space of this type were introduced by Gelfand and Shilov.
The sequence {¢,}, converges in GL(w) to ¢ if and only if

¢, and ¢ belongs to some particular GL,, , for some fixed a, and

¢V _)¢ in GLav .

The sequence {¢,}7_, is said to be a Cauchy sequence in the

countable union space GL(w) if it is a Cauchy in one of the spaces GL,, .
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When all the the Cauchy sequences in GL(w) are convergent then GL(w)

is complete.
Moreover, GL(w) does not depend on the choice of {a,} 7.

The dual space of GL(w) is denoted by GL’(w). GL’(w) is linear

under ususal definitions.

A sequence {f,}*_,converges in GL’(w) if their exist a f in GL’(w)

such that, for every w € GL,, ,
<fy,w> - <f,w>as v
GL’(w) is also complete because GL{w) is complete. [24, theorem 1.8.2]

If w < u then GL(u) c GL(w) and convergence in GL(u) implies
convergence in GL(w). Thus the restriction of any f € GL’(w) to GL(u)
is in GL’(u).

3.3 The Distributional Generalized Laplace

Transformation:-

We shall call, the generalized function f GL transformable if f €

GL’(w) for some w, let 3, be the infimum of all such w. Define
F(s) 2GL(f)(s) £ <f(9), (s* e Li(si) > ,Re. s> 0, ....(3.3.1)

Our aim is to obtain the very important aspect of the space GL, is its

Inversion theorem and Uniqueness theorem.
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3.4 Inversion and Uniqueness theorems for the

Diétributional Generalized Laplace Transformation:-

In this section we shall derive the inversion formula for the
distributional generalized Laplace transformation. From this we will
obtain a Uniqueness theorem. We shall use the same technique as that
used in proving the inversion formula for Convolution, K-transformation

and Generalized Laplace transformation by Zemanian [24].

First we state and prove some lemmas which will be used for proving

the inversion theorem.

Result 3.4.1:

f121 7 et L Uk va; 28 de~ nt (htntk—2)!
0

as nt — o

Proof:-

By the definition of Lagurre polynomial, we have
LEy=C Uk 140 20~ (20 as nt » oo

Therefore,

< n - k
fle1 et X U1 +a; 20 dx
0

[o o]
~ 5‘[%]l+n+k e_g., dx
0
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n n_
puty =u =>dx =—3 du.
whenx=0, u = .

andx =, u =0

oo
— [Tut)** ™k et 2 gy
0

© .
:nt}nvm—k f ul+n+k—2 e *' du
0

Integrating by parts, we get

=n tl+n+k{ [u1+n+k—2 e"'] “S(}“ +n+k—2) yhtrrk=3 _!

o

znt;t+n+k—l (ﬂ +n+k—2) f u).+n+k-3 e du

Continuing in this way, we get
o0
:ntl+n+k—(/1+n+k—2) (2 +n+k-~2)! je-—ut du

0
=n2 (A+n+k-2) [S]7

=nt(A+n+k-2)!

Hence the proof.

Lemma 3.4.1:

Let a be a suitably fixed real number and y € GL’, and s=%. Then

f we) < AN, == [+ e L(s0)] > dx

i/+n+k+l
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s1+n+l

= < flH, _f [t’“" e L:(st)] w(x)dx > ... (3.4.1)

0l2+n+k+!

Proof:-

To prove this lemma, we shall use the technique of Riemann sums.

If w(x) = 0 then the lemma is obvious, hence we assume that y(x) # 0 in

GL’,.
First we shall show that,

1+n+l

G(n,t) = j- [+ e L?(s8) lw(x) dx is a member of GL,.

|/+n+k+l

Consider,
X

e " D" [G(n, )] = e® "D [ = [1+7 e~ L2(s0) |p(x) dx

0{4+n+k+l

Since the integrand is smooth function, we may carry the operator D’

under the integral sign in the equation (3.4.2), we get

l+n+1

e* t" D} [G(n D] =e* 1" f D:"[t“” e LZ(st)]!//(x) dx

lZ+n+k+1

By definition of Laguerre polynomial and s = § we get,

e t™ D" [G(n, )]

_ eatgm f 2 Pl e S Uk 140 £ 0w d

j4a+n +k +1

rn+ A+n-m
= e et 5(——1)'" | et SR Uk v 2 |y e

|/+n+k+1

— pat {_1\m
=€ ( 1) |/+n+k+l

jw(x)xm- (@ et SE Yk 1+a; 2 8)|ax
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Consider,

le t™ D7 [G(n, ]|

< e —t—r f lW"’(x) xm! [( tyaen ot S Yk 1+a; %f)“ dx

A+ n+ k+1

< o0,
Since the expression is finite because

By the result (3.4.1), we have

i+ n e CDF .
[y + e SE Uk 1+0; 2] dx ~nt(A+n+k-2)!

S ey 8

as nt —» o
and w has smooth and bounded support.
This shows that G(n,t) is a member of GL..
This will insures that the right hand side of (3.4.1) has a sense.

Now we prove that two sides of (3.4.1) are equal.

Sl+n+l

Let d(x)= < A?) [t“ "e L:(st)] >

> Ctn+ k+1

Then the left hand side of (3.4.1) is | w(x) ®(x) dx
0

Then its Riemann sum is ), y(x;) ®(x)A;,
=0

Now conside the Riemann sum of the left hand side of (3.4.1),

n /+n+l
ig (XI) < f(t) l/+ n+k +1 [tl+n e—m Lk(sit)] >Axi (343)
/+n+l
Since < f{Y), _‘.w..,wm [t“” et L:(s,-t)] >1is a continuous function on
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0<x<oo.

Hence (3.4.3) equals to

/+n+1

< fip), Z W) ——— [A*" e LiGsi)) Ay > (3.4.4)

{/+n+k+l

Z+n+

Since, Z w(x)) [t'”” it L(si t)] Ay, 1S the Riemann sum of

|i+n+k+1

the integral

A+n+l

) Pamenry £

[£+7 e Lo(st)] w(x) dx

!/+n+k+l

Therefore (3.4.4) equals

1+n+1

<R [ [ e LoD ) dx >

!/+n+k+l

Hence the proof.

Lemma: 3.4.2:

Let y € D(I) then,

1+n+1

p(nt) = f [ Avn oSt I (st) ] w(x)dx s = 1 converges GL,

i/+n+k+l

to w(f) asn — oo, for every real number a.
Proof:-

We have to show that p(n, ) converges uniformly to w(f) in GL. , for

every real number a, as n —~ o, means, we have to show that

2% ™ D [p(n, f) — w(#)] converges uniformly to zero function in

A study of generalized Laplace transform Page no. 37



0<t<ooasn - co.

Consider

A+n+l

e ™ D:"{ | (—::__—::..___— [#2+n et Li(st)] c//(x))dx - t//(t)}
0

|i+n+k+1

Since y is smooth and is of bounded support, we may repeatedly

differentiate under the integral sign as,

A+n+l

e ™ {5 (——:_’__——-:_: D" [f+n e L:(st)] y/(x))dx - l//”‘(t)}

0 |A+n+k+1

since s = % and by definition of Laguree polynomial, we get

e% fm {j ( ol e[ L ot S Ykl 4a; £ !//(x))dx - y/"’(t)}
0

| Atk

1+n+l {A'fn‘ll

odm {T( A (C1ymD” [x“,,,*, et S Uk +a; %t)] '//(x))dx —'//"‘(t)}

|/+n+k+l

integrating by parts rh_times, we get

'l+n ”

e fm {I( _"l::_.. D"y ”'(x)Lh,”,__ e rt £ l) U~k;1+a; + t)] )dx —l,l/"'(l‘)}

li+n+k+1

o {Of( 1y lyme) e e Uk L 4 g £ )] Je— o "’"'(’)}

p+#d4l

but, by the result (3.4.1), we have

121 ot S kg1 v a; 2 de~nt (At ntk=2)! ....(3.4.5)
0

t

—_—p (1M m m-17_ m! v ]
| [ e o - |

[ (gxg)l+n e—‘f’ (;1!) U(———k; 1+a; 53 t)]

© ey 8
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YO L Aen+ k) (A+n+ k- 1) )
n -

[ (ym@xm-11 -
0

x [[%]A+ne_g,

- eaz..,___'?.._.(_l)”

|i+n+k+1

i 2 §
L Uk 1 +a; 2 1) |dx

=LO+LO+LO (3.4.6)

where I,(f), I>(?) and I(f) denotes the terms obtained by integrating
overtheintervals 0 < x <t -9, t—-d <x <t+J and

{ + & < x < orespectively. J being a positive number.

Consider,

t+d

| L@ | < e | |!//"'(JC)JC""‘l —ym (@)t dx

-0
Let ¢(x) = y"(x) x™
Now ¢ is bounded as y is bounded.

Therefore,

| L@ | <de*  Sup 14'(T)l

-0< Y <t+ 6

Restrict ¢ by 0 < § < 1. Then, since ¢ is smooth and of bounded support,
the last expression is bounded by 0B, where B is a constant with respect

to t and ¢.
Thus, given an € > 0, we have that

| L) | < e.Ford=min (1; §)
and for all n. Fix J in this way.

Now consider,
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‘ att—é m m—1[(ntxien 20 EDF .1 ]ldx
nol<e [ |ym@ a1 (@ et G Uk 1+a; % 1)
' 0

t—-¢&
T ”(-’;’5)“" e"“g“’f,:!—)k U(-k; 1+a; %t)]dx
0

but, as n — oo the second term of the above expression tends to zero

uniformly.

Therefore,

-0
Ill(t)l Seat j lwm(x) xm-—l [(_’_;1_.)14-)1 e-%t _(_HL)’C. U(__k; 1+a; _’.;,. t)”dx
0

Again,
Let ¢(x) = w™(x) x"~ ! and ¢ is bounded.

Wl entyien 20 ED* n
L)l <e™ Ck S {(‘f)’“" e ¥! T Uk 1+a; t)}dx
> !

-0
Seat Ck f(_"le)l+n+ke—%tdx
0 -
n . _n
puty =u => dx == du.

whenx=0, u = oo,

g __n
andx =1 5,u-t_5

e o}

@< e C [ Quiyt ek e 240
-3

t

[+ ]

Sneat Ck t2+n+k j ul+n+k~2 e—ut du
* _n_
~3

Integrating by parts repeatedly, since the integrated part is vanish as-

n— o0,

A study of generalized Laplace transform Page no. 40



[+ o]
llx(t)l <ne* Ci(d + n+ k —2)! pArntk-@Q+n+k-2) 3’ e du
rprs

—ul
<ne*Co(+n+ k-2 [ <]

i
t-9

<ne®Ci(A+n+k-2lters!

- 0 asn — o.

Thus, 1,(f) converges to zero uniformly on 0 <x <t-dasn — .

Finally,

()l < e y ‘y]m(x)xm l{(”’)l«rue 2, & 1) U(—k; 1+a; t)”

t+0

POE  [eyen ot S Gk g 2 )]

i+0

but, as n —» oo the second term of the above expression tends to zero

uniformly.

()] < e 5 lwm(x)xm 1[("’)'“"6 n, D l) Uk 1+a; 2 t)”

t+0

Again, Let ¢(x) = y™(x) x™! and ¢ is bounded, andlet4 < x < B
be the finite interval containing support of ¢(x). For
A < t+0 < B; I3(f) = 0.and on the other hand

t+d < B < o, |lg(x)| < Ci, C is sufficiently large constant.

Thus,

|I3(t)| <eatC j ( )/1+n+k e— t dx

t+0

A study of generalized Laplace transform Page no. 41

14877



n _ =
puty =u => dx = — 2 du.

n
t+ 0

whenx=t + 0, u =

— _n
and x=B, u = B

u2+n+k—2 e—-ut du

BRI

)] < ne® Cp thn+k

t

+

i

n
t+d

<ne® Ce (L + n + k-2 | <]

<neCt(A +n+k-2)[es! — e#]

- 0 asn — oo,

Thus, I;(f)converges to zero uniformlyon t+ 6 <x <o asn - .

Altogether this proves that as limit n - o0 (3.4.6) is uniformly
bounded by € on 0 < x < . Since € > 0 is arbitrary we get (3.4.6)

tends to zero uniformly asn - oo .
Hence the proof .

By using this lemmas we prove the inversion theorem.

Theorem 3.4.1: ( Inversion theorem )

For a given kernel (sf)* e™ L (s?), let M,,, denotes some shifting and

differentiation operator as defined in the section 2.3 of second chapter.
IFF(s) 2<f(t), (s))* e L'(sf)> ,feGL’,, s =2, then
limM,, [F(s)]=f mGL. .. B34.7)
Proof:-

Let y € D, then in the sense of convergence in D’, we shall show that
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lim <M, [F)], y®) > = <fD, y®> - (3.4.8)
Since, F(s) is a smooth function and
M,x [F(s)] =M. <f(t), (s0)* e Li(s) >

= <f(t), M, [(s0)* e L} (s1) ] >

sl+n+l

> len+k+1

= < f(t) [FA+n e Li(st)] >

Consider,

<M,x [FG)], w(x) >

s/1+n+l

=< < flY, [t“" e L:(st)] >, w(x) >

jA4+n+k+1

Since M,,, [F(s)] is a smooth function, therefore <M,,, [F(s)] , y(x) >

is an integral and for y € D we write,

i shtn+ld a
<M FOL, w0 > = [y < 0, i [P e Lion ] > @
By the lemma (3.4.15.1:his equals,
< A, j S [pan e Lst) wG) dx > (3.4.9)

|A+n+k+l

This expression tends to < f{t) , w(f) > as n— o because f € GL’, and
according to the lemma (3.4.8), the testing function in the expression

(3.4.9) converges to y(f) in GL..

Her.ce the proof.
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Theorem 3.4.2: ( Uniquness theorem )

Let f, g € GL, and GL(f)(s) = F(s), Re.s > o, , GL(g) = G(s)

Re.s > og and GL(f)(s) = GL(g)(s) for s > max( 6y, 0,) . Then f=gin

the sense of equality in D’.

Proof:-

Let M, [F(s)] be as specified in the theorem (3.4.1), then in the

sence of convergence in D’, we have
f= lim Mus[F(s)] = lim M.:[G()] = g

Hence the pfoof.
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