Chapter 11
GENERALIZED LAPLACE TRANSFORMATION

2.1 Introduction:-
In this chapter we study some classical results, lemmas regarding to

the generalized Laplace transformation defined as
Fis)={ (s e Lis) O .. (2.1.1)
0

where, L is the Laguerre polynomial and is defined as

a ko (=1)" (1+a)g (s1)"
L) = 22 " ()t (170)»

n=0

=Q~E-!‘-ll"- 1Fi(=k; 1+a; s1)

=L—-éli U(-k; 1+a; st)
and when 1 = 0 and k = 0 this transformation reduces to the well known

one sided Laplace transform, defined as
F(s)={ e f) dt
0

In the last section we simplify some lemmas and results given in [8 ,
P. 22, 23] which will required to study inversion theorem for

distributional generalized Laplace transformation.

2.2 Some classical results of generalized Laplace transforms

Before to prove the classical inversion therorem of generalized
Laplace transformation we simplify some lemmas and theorems, which

are further used in inversion theorem.
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Lemma 2.2.1:
If
(i) a<a+E<b

() 7yt ecy(@=0,y"(@)<0,ast<a+§

¥(t) is non-increasing ina <t <'b,

then,

+

tl+n ek?(t) dt - ai+n ek}(a)[ -n ] . k""’w [8, P. 17]

2k y™a)

D

R Cvmm— O

Lemma 2.2.2:
If
(i) a<a+&<b
(i) 7y@) ecy@=0,y"(a)<0,ast<a+f
¥(t) is non-increasing ina<t<b,

Gii) f(t)eL,a<t<b;fla)=0
@) a®)={ [f)-fa)ldx = o(t—a); t—~a*

Then,

N

+

b
jﬂt) t/l+n ek?(f) dt =ﬂa) aA+n ek?(a)[m] . k"’ © [8, P. 17]

Lemma 2.2.3:
If

(i) a<a+g<b
(i) v e, y@=0,7y(@@)<0,ast<a+g,
Y(t) is non-increasingina<t<b

(i) fit)eL,a<t<b; f(b)#0
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b
(iv) a@={ [f)-AB)1dx = o(b—1); t-b"

then,

b +-2L

j A dt ~fB) 6" e 55s] T ko [8,P. 18]

Theorem 2.2.1:
If
(i) f(t) e L, (0 <x<t<R) for fixed x and large R

(i1) S e " ft) dt converges for a fixed positive c.

Gi) | A -fx)1dy = o(t—x); t->x*

then,

£y
/+n+k+l _(I)’ﬂt) dt = A;—), [8, P. 18]

l+n+k+ ° /1+n+k
k — 00 |i+n+k+1 ;{

Aand k be the non-negative integers.
Proof :-

Choose any positive number 6 and let

y
ay)=§ " fd, y2x+s 2.2.1)

x+0

Then by the condition (ii), there exist a constant M such that

la()| <M, x<y<9d

Set
x+0 l+n+k { )l l+n+k ~(£)
Ik = A I W ﬂt) dt+A j x1+n+k+l : ﬂt) dt
=1+, L (2.2.2)
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A+ntk+l

k
where A=—=——7——=
|ZA+n+k+1

from (2.2.1)
) =e"a'(®)

and integrating I’ by parts we get

+ - (k-ax )t
L=t | [ e *la'(0) ar

x+6

o0

A4 {[tuﬂk e_("'“’%a(t)]:a — j a(t)d[tl+n+k e'“‘““"%] dt}

= Avn+k+l
X x+0

=-;}j{‘;ﬁ{ ]? a(t)d[tuhk e_(knm)é]dt}

x+d

- The integrated part is vanishes for k > cx and a(x +8) =0

Let us consider the function,
X(t) _ t.l+n+k e— Ck~cx) L

for sufficiently large k> ko, X(t) is maximum at

t=@+n+h) ¢ fcx

= x[1+ 432 [1- 4]

Thus, X(t) is decreasing in x + 8 <t < oo, when k > k.

Hence,

A+n+k h—ex L4
I’ < %M(—————x}“‘s) g )

Avn+k

< %M(1+}5’) e—(k-cx)(n!}—)
=Ji  (say)

Now,
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Avn+k+l —(k.+i—cx)(l+1;—)

Jeet AMU+ D) e
T A (g 2Y e 0l

:(1+~€-) e *

. . o,
im pe o lm P g o4 d) e T <1

ks kT ks

x+0

R Y

X

Take y(f)=logt—% inlemma (2.2.2)

=
v
*\'h—l

Y@=+t -3+<0 {~x<t
Y'x)=0
y'(x)= - ';12' <0
Hence the hypothesis of lemma (2.2.2) is satisfied.
.. by the lemma (2.2.2),

x+0 x+d

J‘ﬂt) tl+n eky(l) dt - fﬂt) tl»«»n ek(logt—%) dt

x+90

= | At e

tdfomn

+

. A+n  kyx) _ T N
= fx)x"" e {MZky”(x)] , k-

1
2
irn  k(ogx-1) T
= fx)x"" e {+——2kx2] ,  k-ow

1
2
A k+1 -k
zﬂx)x+n++e [7[]’ k—+oo

2k
Putting in (2.2.4), we get
, kl+n+k+1 —k x -%—
Ii=t==/e" [ %], k-w
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By the Sterling's formula, we have

Avn+k  _(an+k)

[A+n+k+1 = (A+n+k) ~2n(A+n+k) - A+n+k) e
1L
. kA+n+k+l](x)e—k[_;7]2

I, -~ -
k T Ganth) -Qans) T g GaneB

. }.+n+k+%-e,1+,,
= Ail [ : A+n+k+%— ]; k—’ o e (2'25)
A+n+k)
Hence putting the values of (2.2.3) and (2.2.5) in (2.2.2), we get
I - %‘l 5 k — oo
Hence the proof.
Theorem 2.2.2:
If

() f(t) € L, (0 < € <t<x) for fixed x and small positive €.
(ii) f t f(t) dt converges for a fixed constant r.
0+

y
(iii) | [AD-fx) 1dt = o(x-y); y-x

then,

: Avneksl % A+m+k (kY
hm 'f"_“"—"" _‘. l/'.+n+lr+l e (X) j(t) dt = ’&22' [8, P. 19]

k- o fi+n+k+1 ot x
Proof :-

Let us choose a positive 0 less than x and set
x-0

a= | foax L (2.2.6)

y

then by condition (i1), there exist a constant M such that
la)| <M, 0<y<x-0
Set
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A+n+k ).+n+k

Ik - A j x1+n+k+1 ﬂt) dt+A j xl+r+k+l f(t t

=I.+L (2.2.7)

AAntvk+l

k

where 4 = =———
li+n+k+1

Integrating I by parts, we get

l+n+k

(&),
I,=4 f e D g ar

x—0

;| [t‘””‘"’ e"(%)']a’(t)dt
0

x}.+u+k+l

_ ‘;‘:,‘/'1;7:‘1' {[t1+n+k-re(— %),a(t)];—é ~ xjé o0 d[t“nw-r e(—-ﬁ‘)'] dt}

x~-0d

0

- The integrated part is vanishes for A +n+k-r>0anda (x-06)=0

Now consider the function,

k),
H(t) — tl+n+k—-r e( k )

(A-i—n r)]

H(t) is maximum at t=x [1 + >x -0, fork >k,

Thus, H(t) is non-decreasing in 0 <t < x — 9,

Hence,
! A 5 Atnt+t k—-r -k(l~%)
150 <4 m(1-2) e
=Ji (say)
lim » _ lim
’ k—*d)lk-_ k—»d)Jk

= kl_i_{noo{% M _%)Amu_, e’k(l—%')}
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lim 7 . 8
s k—-»oolk =0 (2.2.8)
1 T t““k ‘&)’
I =4 e A e (2.2.9)
x—0

Take Wf)=logt—% in lemma (2.2.3)
Y (t) = %— - % <0
y'(x)=0
Y'(x)= - ;12— <0

Hence the hypothesis of lemma (2.2.3) is satisfied.

X X

[ A" ar= [ fiye™ o) gy
) P’)

X = X —

= [ e B
x-90

2
Avn  k¥x)
=flx)x""e [w Zk):f'(x)] , k— oo

1
2
A+n  k(logx—1) [ b4 2]
fx)x" e g *

7
=ﬂx)xl+n+k+1 e—t [ ..E_] ’ ko oo

2k
Putting in (2.2.9), we get
" k1+n+k+1 ' & = %
Iy = }mﬂx)e [2k] > k — o0

By the Sterling's formula, we have

Gansk+l = Qtn+b)! = 20(en+h) - Qanek) @

1
A+ n+k+1 -k 2
1t k fx) e {"zxi]

I, - : .
k J2r G+ n+ k) cUQant D - Geney?

_ A+n+k+-§— den
:1‘-2-1{" e ]; ks . (2.2.10)

A+n+k+
(A4n+ k) " %

k— oo

Hence putting the values of (2.2.8) and (2.2.10) in (2.2.7), we get
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I - 5 ask - .

Hence the proof.

Theorem 2.2.3:
If

(i) f(t) e L, (1/R <t <R) for every R> 1.

(ii) [ e A¥) dt converges for a fixed ¢ > 0.
1

1
(iii) _f t” At) dt converges for a fixed r.
0

y
(iv) j [f(t)~j(x) ldt = o(ly—xl); y—-x
then,

L e D 0 dr = fx) [8,P.20]

1+n+k+ ]? J.+n+k
x

k—)OO li+n+k+1

Proof :-
We can easily proi/e this theorem by combining the theorems (2.2.1)
end (2.2.2).

2.3 The Inversion Operator

If F(s) has derivative and integrals of all orders, an operator

M, . [F(s)] is defined for any positive x and any integer n by
M, [F(s)]=(-1) = D'ls ' D" DG RN}, s=% ... (2.3.1)

k+1

where D =4 and

D)= s ds, ifRe (u+1)>0
0 [8, P. 20]
= s ds, ifRe (u+1)<0
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First we simplify the following lemma which will be used in classical

inversion theorem.

Lemma 2.3.1:
If A(s) = (st)" ¢™ L° (st) then prove that

M, [fs)] = rr;rm‘f [£" e™L? (s1)] [8,P.20]
Proof :-

Here f(s)= (st) ™ L; (st)

By Slater [15], We define the Laguree polynomial L, (st) as
L (s t)—‘("kl,) U(-k 1+a; st)

Thus,

As)=(sD*e™ H) U(~k; 1+a; st)

Take A= (_1)
Using the results 2.1.32,2.1.31, 2.1.30 of Slater [15], we get
M, [As)] = 1) A " e U(k; 1+a; st)

Transforming to Laguerre polynomials, we get the result

M, [fs)] = [£" e L (s1)]

1+n+

l c+n+k+1

Theorem 2.3.1:

If f(t) € L in 0 <t < R for every positive R and is such that the

integral (2.1.1) converges for some s = s, (say), then
T M, IF(s)] =Ax) [8,P.21]

for all positive x in the Lebsgue set for (t).

Proof :-

We have the integral
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F(s) = }0 e™ (st)’ Li(st) A¢) dt
0

converges for s > sy.

If fis)=e™ (st) L? (st) then
o= | e foae . 23.2)
0

We can evaluate the derivatives of (2.3.2) by differentiation under the

sign of integration.

M, [F1 =M, [ f)f0)dt
0

= of M, [A)] A0 dt
0

by using the lemma (2.3.1), we get

[£*" e L! (s0)| A1) dt

l+n+l

M, [F(s)] = f

|2+n+k+1

since L, (st) - (st) as st — oo,

A+n -~st k
e FE)] - f [ e (o' | ) e
*© .k+n+k+l 2+n+k
é; |/+n+k+l ]‘/(t)dt
Since s=%
l+n+k+l T 2+n+k —(%)t
Mnx[F(s)] MI e n+ kel 0 i.+n+lt+l .}(t)dt

Taking limit as n — oo, we get,

o
3 A+n+k+1 Avn+k
Iim

n f ~( )t
= o0 Mnx [F(S)] n -+(X) }m ‘(‘; Avn+k+1 f(t) dt

Herice by using the theorem (2.2.3), we get,
A M., [F6)] ~ flx)

Now we can verify the conditions of the theorem (2.2.3).

here f(t) € L in 0 <t <R for every positive R.
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Hence r of the theorem (2.2.3) may be taken as zero. Also we may take ¢

greater than s, (assumed real) because f e f(t) dr converges.
0

The Lebsgue set for f(t) is the set of numbers xo so that
J 1A - ) [ dx = ol x—x, |); x o %,
xg

For such a set, the hypothesis (iv) of the theorem (2.2.3) is satisfied.
Thus, all the hypothesis of the theorem (2.2.3) is satisfied.

Hence the proof.

Lemma 2.3.2:

If n is a positive integer and t, y are any positive variables. Then,
O ron-l %t recn
& e LGN

=n" "y eV Uk 1 +a+n;5t) [8,P.21]

Proof:-
We have by definition of Laguree polynominal,
yl et Ly = Gy e UGk 1+ $1)
and ()"~ ' e ¥ U(-k; 1+a; % t) is a homogeneous function of order

zero. Hence by the Euler’s theorem and [15, P.16}], we have

~1 "
2[5t et ek 140 § 1)
-2 "
(D E[E e F Uk 14as 1)
Z [ e 3 Uk 14a; 2 1))

a2 [V 3 a
— (12 & L5 o3 Uk 1+a; 20)]
continuing in this way, we get
n -1 n
;;’y,, [y':,. e 7' U(-k;1+a;351)]

" yn-(n+l)

= (1) & E et Uk 1+ a3 4]
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=D &y eV Uk 1+a; 51)]
=)y e FES) UGk THatm 5]
=n"y "l e Uk 1+a+n; 51)]

Thus,

Ll e LGl =0yt e UGk L+atn; 5 1)

Hence the proof.

Result 2.3.1:
If n is a positive integer and x, t are positive then

i"_[..ﬁ_ff:k_ 4t U(-k; 1+a; %t]

8L ye+n+k +1 e

ta+n+k—n n

=(-1)" ‘in[;‘;m e Uk 1+a; Tt ]

Proof:-

Since (£)**7** =¥ U(—k; 1+a; % t) is a homogeneous function of
order zero. Hence by the Euler’s theorem, we get

2L e Uk 1+a; 1]

D2 e Uk 140 21
%22- [;—(f:—:% e ¥ Uk, 1+a; 2t ]
S s e T Uk 1+a; 21

continuing in this way, we get

%[% e T Uk 1+a; 21t }

[atn+k-n

= ()& FE s e M UGk Lva; £

Hence the proof.

Lemma 2.3.3:
fGey)=  yed Li(Gs)
Then,
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5} [Ge, )] = 0(y" *F=r=te ),  y-0

= 0(y"" ") y - .

r=1,2,3,... [8,P.23]

Proof:-

By the definition of Laguree polynominal, we get

k
G(s,y)= y" e ("kl,) U(—k;, 1+a; st)

2 1k 2 3 n
Zicen = o L[ Xr e vk 1w o

= g}(—ziy"”e#ﬂ [Q-m)(Q-nU(k 1+a; Ls)-2(2~ n)-g-s

2
Uk, 2+a; L) + -;—isz U(=k; 3 +a; Z5)]

using {15, P.17] we get
Now using the estimates of U(a; b; x) of Slater [15, P. 60]
We get |

TG = oy ety y -0

= o(y™) y »o
Now using the theorems of Hardy and Littlewood [22, P. 193], we have

SHAGEM = oy tety  y o0

= o(y""") y =

Hence the proof.
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