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Chapter 0
Definitions And Results
In this chapter we collect the definitions and results Which will be used in the
subsequent chapters.
§ 1 Definitions: -
For basic definitions in lattice theory we refer Gratzer [1].

0.1.1 Partially qrdered set or Poset :

Let P be a non-void set. A partial order relation © <’ on P the relation satisfying
the following conditions.

)a<a 4 (Reflexivity)

2)Ifa<bandb<athena=b (Antisymmetry)
3)Ifa< bandb<cthena<c (Transitivity)

foralia,b,c e P

Then the ordered .pair <P, <> is called a partially ordered set or poset in short.
A poset <P, <> is called chain or totally ordered set if a<bor
b<a,foralla,beP.

Example:- Set of all natural numbers together with usual ordering relation is a

chain.



0.1.2 Bounded Poset |

Let <P, <> be a poset. If there exists an element 0 in P such that

0 < x, for all x in P, then the element 0 is called zero element in poset P.If there
exists an element 1 in P such that 1 > x, for all x in P, then the element 1 is

called unit element in poset P.
A poset with zero element and the unit element is called a bounded poset.
Example: - The poset represented by the following diagram (Fig. 0.1)

represents the bounded poset.

Fig.0.1
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The poset represented by the following diagram (Fig.0.2) répresents the non

bounded poset.

* Fig0.2

0.1.3 Supremum and Infimum in poset:

Let <P, <>beaposetand H (# &) < P, a € P is an upper bound of H
ifh<aforallh e H An upper bound a of H is the least upper bound of H or
supremum of H if for any upper bound b of H, we have a <b. We write this
a=SupHora=vH.

Let <P, <>beaposetand H(# ¢ ) < P, a € P is a lower bound of H
ifa <h forallh € H. A lower bound a of H is the greatest lower bound of H or
iuﬁ_mum of H if for any lower bound b of H, we have b < a. We write this

a=InfHora= AH.



0.1.4 Lattice (as a Poset):

A poset <L, <>is called lattice if sup {a, b} and inf {a, b} exist forallaand b
L.
0.1.5 Lattice (as an algebra):
By a lattice < L, A, v > we mean a non empty set L together with binary |
operations A and v defined on L, satisfying the following conditions,
foralla,b,cinL. |
l)ana=a, ava=a (Idempotent).
2)anb=bAa, avb=b va (Commutative).
JJan(bac)=(aAab)ac, av(bvc)=bvb)ve :Associative).‘
4)aA(§vb)=a=av(aAb) (Absorption).

Example: - Consider the poset L = {0, a, b, ¢, 1} whose diagrammatic

representation is given as in Fig. 0.3. Then L is a lattice.

1

Fig. 0.3
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Remark:- Every lattice is a poset but converse need not be true.
The poset represented by Fig.0.2 is an example of a poset, which is not lattice.

0.1.6 Semi ldeal in a Lattice:

A non empty subset I of L is called a semi ideal if x <y and

yel thenx el forx,y eL.

0.1.7 Ideal in a Lattice :

A non empty subset I of L is called an ideal if
1) xvyel, forall x and y in L
1) for x,yel,x<yand yel implyxel
Remark:- Every ideal is a semi ideal but converse need not be true.
For this cqnsider the lattice L = {0, a, b, ¢, 1} whose diagrammatic

representation is given as in Fig. 0.4

Fig. 0.4
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Then S ={0, a, b} 1s a semi ideal in L but S is not ideal.

0.1.8 Lattice of ideals I(L) :

The set of all ideals I (L) in L is a poset under set inclusion and as a poset it is a
lattice .For any two ideals 1 and J in L we have
InJ=InJand Iv]l=(1ull={teL/t<ivjfor some i el and jel}.

This lattice I (L) called lattice of ideals L.

0.1.9 Proper ideal in a Lattice :

An ideal I in a lattice which is different from L is called a proper ideal of L.

0.1.10 Prime ideal in a Lattice :

A proper ideal in L is called prime ifforall x and y in L.

xnyel implythat x el or y el

The set of all prime ideals of L denoted by P(L). It is a poset under set
inclusion.

0.1.11Maximal ideal in a Lattice :

A proper ideal I in L is called maximal if I is not contained in any other proper

ideal of L.

0.1.12 Minimal prime ideal in a Lattice :

A minimal prime ideal of lattice L is a prime ideal which does not contain any
other prime ideal. i.e. minimal prime ideal is the minimal element in the set of

all prime ideals in L.
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0.1.13 Ideal generated by H (z¢)in L :

For any non empty subset H of L , the ideal generated by H is denoted by

(H].Further (H] = { xeL /x <hpv.....v h, for hieH and n is finite}

0.1.14 Principal ideal in a Lattice :
Given an element a in L the ideal generated by {a} denoted by

(a] = {xeL /x <a} and is called principal ideal of Lattice L generated by a.

0.1.15 Annihilator in a Lattice :

Let L be a lattice with 0. For any non empty subset A of L, the annihilator A*

of A is defined as A*={xeL / x A a=0 for each acA}.

In particular if A = {a}, we get {a}* ={y eL/aAy=0) (forael).

0.1.16 Semi Filter in a Lattice / Dual semi ideal :
A non empty subset F of L iscalled an semi filter if x>y and
yeF implyx e F for x,y eL.

0’1‘17, Filter / Dual ideal in a Lattice :

A non empty subset F of a lattice L is called a filter / dual ideal if
1) xAnyeFforallxandyinF.
i) forx,yelL,x 2yandy eF imply xe F.

Remark:- Every filter is semi filter but converse need not be true.
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For this consider the lattice L = { 0 ,a, b, ¢, 1 } whose diagrammatic

representation is given as in Fig. 0.5

0

Fig. 0.5
Then S ={a, b, 1} is a semi filter in L but S is not a filter in L.
118 P Filter in g Lattice :
A filter F of L which different from L is called proper filter.
ime fi
A proper filter F of L is prime ifa v b € F implies thata e Forb e F
fora, b, e‘L. |

0.1.20 Filter generated by H (#¢) in L :

For any non empty subset H of L, the smallest filter in L containing H i1s

denoted by [H). Further [H) = {xeL /x2h;A...A h, for hjeH and n is finite}.



0.1.21 Principal filter in a Lattice :

Given an element a in L, the filter generated by {a} which denoted by [a) = {x
elL/ x'z a} is called principal filter of L.

0.1.22 Maximal filter in a Lattice :

A filter A of lattice L 1s lﬁaximal filter if it is not contain in any other proper
filter.

0.1.23 Minimal filter in a Lattice :

A minimal prime filter of lattice L is prime filter, which does not contain any
other prime filter.

0.1.24 Lattice of filters F (L) :

The set of all filters in a poset under set iﬁclusion and as a poset it is a
lattice. For any two filters Fand Jin Lwe have FAJ=F N J and
FvIl=[Ful)={xeL/x2fA} forsom_efé F and j € J} which is called as
the lattice of filter L.

0.1.25 Complemented Lattice :

A bounded lattice L is said to be complemented if for every x in L there exists y

inLsuchthatxAny =0andxvy=1,

0.1.26 Distributive Lattice :

~ Alattice L is said to be distributive if xA(yvz)=(XAy)v(xnz) for x,y,

ze L.



10
Example :- The lattice L= {0,a,b,c , 1 } whose diagrammatic

. representation is as shown in Fig. 0.6 is distributive.

1

o

0
Fig. 0.6

0.1.27 Q -Distributive Lattice :
Let L be a lattice with 0. L is said to be O-distributive if (x A y) =0,
(xAz)=0imply xA(yvz)=0 for x,y,ze L.

0.1.28 1 -Distributive Lattice :

Let L be a lattice with 1 is said to be 1-distributive if (x vy)=1,
(xvz)y=Timply xv(yaz)=1 for x,y,ze L.
Remark :- A 0-1 distributive lattice is a bounded lattice which is both 0-

distributive and 1-distributive lattice.
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0.1.29 Pseudo-annihilator:
Let L be a lattice with 0. For any non empty subset A of L, the pesudo-
z;nnihilator A° of A is defined as A° = {xeL / x A a=0 for some aeA}.
In parﬁcular if A= {a}, we get {a}°={y eL/any=0} (foraelL).
IfaeL, (a)° for {a}°.
0.1.30 Pseudo-complement of an element in L, :

Let L be a lattice with 0 and x € L. x*eL is the pesudo-complement of x if x A
y %0 &y Sx*

0. 1.31 Pseudo-complemented Lattice :

A pesudo-complemented lattice L is a lattice with O in which every element has
pesudo-complement in L.

A normal element of a pesudo—complemented lattice L is an element a such that
a=a**

0.1.32 Dence element:

Let L be a lattice with 0. An element a < L is said to be dense element in L if
(a]* ={0}.

In a pesudo-complement lattice L. An element aeL is said to be dense if

a*={0}.
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0. 1.33 Quasi-complemented Lattice

A lat,t'ice“ L with 0 is a qausi-complemeted lattice if for any x € L there is an

element y €L such that x A y =0 and x v y is a dense element.

0.1.34 Semi prime ideal
An ideal I of L is called semi prime ideal if fora, b, c € |
anbeland ancelimplyan (bvec) el
‘Remark: Every prime ideal in L is semi prime ideal of L is semi prime but
converse need not be true.
e.g:- Consider the 1éttice L={0,a,b,c d, 1} whose diagrammatic

representation is as shown in Fig. 0.7.

Fig.0.7

Then S ={0, a } is a prime ideal in L but S is not semi prime ideal.
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§ 2 RESULTS
Throughout L denotes a bounded lattice.
Result 0.2.1 [7] - Every proper filter of a lattice with 0 is contained in a
maximal filter.
Result 0.2.2 [8] - Let A be a non empty proper subset of a lattice
L. Then A is a filter if and only if L\ A is a prime semi ideal.
Resuit 0.2.3 [8] - Any primé serni ideal of a lattice L. with 0 contains a minimal
prime semi ideal. | |
Result 0.2.4 [8] - Any normal semi ideal of a lattice L. with 0 is the intersection
of all minimal prime semi ideals containing it.
Result 0.2.5 [3] - Let A be proper filter of a 1atti¢e L with 0. Then A is maximal
ff and only if for each x in L\ A, there is some a in A4such thata A x = 0.
Result 0.2.6191Let A be a non empty subset of a lattice L with 0. Then A* and
A° are semi ideals of L and [xk * =[x)°.
Result 0.2.7 - Let I(L) be the lattice of all ideals L with 0 .
~ Then for anyA;, . A,el(l)
Aw .. vA={xeL/x<a, v...‘van ,a;€A; ,j=1,...,n} and
AA .‘.‘AA,I=Aln...m Ap={ain..rnay,aj€eA;,j=1,. .0}

Dualizing Result 0.2.7 we have
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Result 0.2.8 - Let F(L) be the lattice ofall filters L with 1. Then for any

Ay, .. A.eFQL)

Ayw ..vA=lyeblL/y>a, an..na,,ajeA;,j=1,. .. .njand

AA AA=AIN.AA={a V.. va,,a;eA;,j=1,..n}

Result 0.2.9-If { A;/1 el }1is é family of ideals of a lattice , then
vAi={x/x<agv..van,an€Ai,...,ain €Apn;l,...Iy€ I}.

Result 0.2.1081Let A be a nonempty proper subset of a lattice L. Then A is
prime ideal if and only if L \ A is a prime filter.

Necessary and sufficient condition for a nonempty subset to be a maximal filter
in any lattice is established in following result. |

Result 0.2.11 [8] - Let A be a non empty proper subset of a lattice L. Then A is
a maximal filter if and only if L \ A is a minimal prime semi ideal.

Proof:- Only if part:- | |

Let A be a maximal filter of L.

To prove that L \ A is a minimal prime semi ideal.

By Result 0.24, I\ A prime semi ideal.

Now prove L \ A is a minimal prime semi ideal.

Let T be any other prime semi ideal properly contained in L\ A.
AsTcL\Aimplies AcL\T.

Claim :- L\T is a filter .



i) L\T=¢

1) Let’* <y, € L\T. Toprovey e LAT
Suppose x ¢ L\ T. Then x € T and x <y, T is a semi ideal implyxeT ; a
coﬁfradiction. HenceyyeL\ T.

ii)x,y € L\.T.ProvethatXAy e L\T.

Asx e L\Timpliesx ¢Tandy € L\ T implies y ¢T.
Then x A ye T since T is prime semi ideal.

Thusx Ay e L\T.

Hence from (i), (i1) and (iii) , L\T is a filter.

As. AcL\T, Aisa maxi}mal filter and L\ T is a filter; a ontradiction.
Therefore L \ A is a minimal prime semi ideal.

If part:-

Let L \ A be minimal prime semi ideal.

To prove A is a maximal ﬁlter.

By Result 0.24, A is a proper filter.

ie. LA # L. Therefore A # ¢.

Since A is a filter.

To prove A is a maximal filter.

Leta ¢A.1.eael\A.
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If there exits beL. \ A such thata Ab=0.
i.e. given a ¢A there exits be A such thatan b=0.
Therefore A is a maximal ﬁltér by Result 0.2.5.
" Hence A is a maximal filter.
XX

| An important property of the annihilator A* of the nonempty subset A of
L 1s proved in the following result.
Result 0.2.12 [8] - Let A be a nonempty proper subset of a lattice L with 0.
Then A* is the intersection of all minimal prime semi ideals not containing A.

Proof:? To prove

A* =N { M/M is a minimal prime semi ideal such that A¢ M}.

Letx € ;\* we get x Aa=0 forallaeA.

Let M be a minimal prime semi ideaf and let ae A such that a¢M. Since M is
a minimal prime semi ideal and 0 e M we get |

X Aa eM. M being prime we get x € M as agM.

Thus x € N { M /M is a minimal prime semi ideal such that Az M} .

Hence

A* ¢ n { M/ M is a minimal prime semi ideal such that A¢ M}—(])
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Now let x € N { M/ M is a minimal prime semi ideal and Aci M}
To prove x € A*.
Suppose xgA* .Then there exists y € A such that x Ay # 0.
conéider- [x A'y) .This is a proper ﬂlfer asxAy=0.
By Result}0.2.4 , [xAy) contained in a maximal filter say Q .
But x /\'y'.e Q implies xe Q and y €Q.
By Result 0.2.n, L\Q isa mininial prime semi ideal.
Siﬁce y evA and y ¢ L\Q we get Az L\Q.
Hence by assumptibn x € L\Q , a contradiction as x €Q.
- Since xe A*
Therefore
N{M/ M 1s a minimal prime semi ideal such that A« M} ¢ A*—(1I)
From (I) and (IT) we get
A* =~ { M/ M is a minimal prime semi ideal such that A M}
| XX

A Stone type separation theorem for a lattice L is proved in following result£ 9]

Result 0.2.13 - Let A and B be two filters of a lattice L with 0 such that A and
B°® are disjoint. Then there exists a minimal prime semi ideal containing B° and

disjoint with A.
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Proof: - Let A and B be two filters of a lattice L with 0.
If0 cAvBthenO2anbforaeAandb e B.
~ Thena e AnB°= ¢,
A contradiction. Hence Av B is a proper filter. Then by Result 0.2.4
A v B is contained in some maximal filter say M in L.
Bu{t‘th‘en L\ M is minimal prime semi ideai by Result 0.2.4%.
Take L\M =P.
| Then AvB <M implies B M. Hence M n B® = ¢.
Now B°c P. Ast € B°. Thent Ab =0, for some b ve B.
Thus 0 € Pimpliest Ab € P. As} Pisa brime semi ideal, t € P.
Thus B°c P.
Hence we get a minimal prime semi ideal P such that B < P and disjoint with
B°.
L X X 4

A property of the pesudo-annihlator A° of a non empty subset A is proved in
following resultCq]
Result 0. 2.14 - Let A be a filter of a lattice L with 0. Then A° is the

intersection of all minimal prime semi ideals disjoint from A.
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Proof :-
To prove
A°=n{M/Misa min‘imval prime semi ideal and ANM =¢}.
Let x € A°. weget xAna=0 for éome aeA. |
Let M be a minimal prime semi ideal and A N M =¢.
Asd e MwegetxnaeM.
AS X€E M M is prime, we get either x e Morae M.
As a € M s not possiblé. It followé that
x e~{M /M is a minimal prime semi ideal and A N M=¢}.
Hence :
A° 5{ M /M is a minimal prime semi ideal and An M=¢}----(I)
Now let x € N{ M /M is a minimal prime semi ideal and A N M=¢}
To prove x € A°.
Suppése x ¢A° . Then there exists y € A such that x Ay # 0.
~ consider [x Ay ) isa proper filter .
By Result 0.2.4 , [x Ay ) contained in a maximal filter say Q .

e [xAy)c Q. ByResult0.2.6, L\ Q is minimal prime semi ideal.

As'AmL\Q=¢,byassumption xe L\Q.

Thusx €e Q "L \Q = ¢ ; a contradiction .
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Therefore
xe N{ M /M is a minimal prime semi ideal and A N M=¢}.

{ M /M is a minimal prime semi ideal and A N M=¢) < A°—(1I)

From (1) and (II) we get

A°=n{M/Mis a minimal prime semi ideal and A N M=¢}

LR R4



