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Chapter 2

CHARACTERIZATIONS

1’his chapter is devoted to obtain various characterizations of 

O-distributive lattices.£53

Theorem 2.1- Let L be a lattice with 0 . Then the following statements are 

equivalent.

I. L is O-distributive.

2.1f a, a 1......a „ are elements of a lattice L such that

aAaf ... = a a a n = 0 then a a (a 1 v...v a „) = 0.

3.1f A is an ideal and {A / i el} is a family of ideals of L such that A n

A i = ( 0 ] for all i then A n (Vj eJ A j) = ( 0 J.
*

4.Every maximal filter of L is a prime.

5.1f M is a maximal filter of L , L \ M is a minimal prime ideal.

6.1f M is a maximal filter of L , L \ M is an ideal.

7. Every minimal prime semi ideal of L is a minimal prime ideal.

8. Every prime semi ideal of L contains a prime ideal.

9. Every proper filter of L is disjoint from a minimal prime ideal.

10. Every proper filter of L is disjoint from a prime ideal.

II. Every proper filter of L is contained in a prime filter.
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12. For each non zero element a of L, there is a minimal prime ideal not 

containing a.

13. For each non zero element a of L, there is a prime ideal not containing

a.

14. For each non zero element a of L is contained in a prime filter.

Proof:-

(1) => (2)

Follows by Result 1.3.1.

(2) => (3)

Suppose (2) holds.

Let A el (L) and { A i, iel) c I (L) such that A n A j = ( 0 ] for all i.

To prove An(vieiA'i) = (0].

Let x e A n (vj A i) implies x e A and x e (vj eI A j).

Then x e A and x < a n v .... v a in where a y e A i

we get x a (a j, v....vaul) = x ............. (I)

Now x eA and a jj e A , implies x a a ,je A and x a a u e A |.

Thus by data x a a n e A n A i = (0],

Therefore x a a ii= 0 , similarly x a a jj= 0 for all a jj.
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By (2), x a (an v ....vai„) = 0 .............(II)

From (I) and (II) we get x = 0.

Thus A n (vj ei Ai) = (0].

(3) => (1)

To prove that L is O-distributive.

Let x a y = 0 and x a z = 0.

hen ( x a y ] = (0] and (xaz] = (0],

i.e. (x] n (y] = (0] and (x] n (z] = (0].

By (3) (x] n [ (y] v (z] ] = (0].

i.e. ( x a (y v z) ] = (0]. i.e. xA(y vz) = 0.

Hence L is O-distributive.

(2) => (4)

Let M be any maximal filter of L .

To prove M is a prime filter.

Let x , y g M. x , y e L \ M,

By Result (0.2.5), a a x = 0 and b a y = 0 for some a , b e M. 

Suppose c = a a b then CAX = 0,CAy = 0 and c € M .

By (2) , c a ( x v y ) - 0.
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If xvyeM, then c A(xvy)eM.

Thus we get 0 eM ; a contradiction.

Thus x?M and y eM imply x v y g M.

Hence M is a prime filter.

(4) =* (5)

Let M be a maximal filter of L.

To prove that L \ M is a minimal prime ideal.

By Result 0.2.11 , L \ M is a minimal prime semi ideal. 

To prove L \ M is an ideal.

i.e. Prove that if x ,y e L \ M then x v y e L \ M.

By (4), M is a prime filter.

If x , y e M, then x v y e M implies xvyeL\M. 

Hence L \ M is a minimal prime ideal.

(5) => (6)

Obviously true.

(6) => (7)

Let N be any minimal prime semi ideal of L.

To prove N is a minimal prime ideal.

By Result 0.2.11 , L \ N is a maximal filter.
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By (6) , L \ ( L \ N ) is an ideal .

Hence N is a minimal prime ideal.

(7) => (8)

Let A be any prime semi ideal of L.

To prove prime semi ideal A of L contains a prime ideal 

By Result 0.2.3 NcA for some minimal prime semi ideal N . 

By (7), N is a prime ideal.

(8) => (10)

Let A be any proper filter of L .

To prove A is disjoint from a prime ideal.

Then L\ A is a prime semi ideal by Result 0.2.2.

By (8), B c (L \ A) for some prime ideal B.

Therefore A n B =

(11) =* (14)

Obviously true.

(5) => (9)

Let A be any proper filter of L .

To prove A is disjoint from a minimal prime ideal.

By Result 0.2.1 , Ac M for some maximal filter M .
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By (5), L \ M is a minimal prime ideal.

Therefore A n (L \ M )= § .

(9) => (12)

Let a be any non zero element of L .

Then [a) is proper filter.

To prove a minimal prime ideal not containing a.

By (9), [a) is disjoint from the minimal prime ideal N. 

Thus a?N.

(12) => (13)

Obviously true.

(13) => (14)
*

Let a be any non zero element of L.

To prove a is contained in a prime filter.

By (3), there exists a prime ideal A such that a € A. 

Then L \ A is a prime filter by Result (0.2.10). 

Therefore a e L\ A .

(14) =* (1)

To prove that L is O-distributive.

Let a , b, c € L and let a a b= 0 and a a c = 0.
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Suppose aA(bvc)^0.

By (14) ,aA(bve)eB for some prime filter B.

Then a eB and b v e e B. Thus a e B and b eB or c e B .

Since B is a prime filter.

Thus (a e B and b e B) or (aeB and c e B).

i.e. a a b e B oraAC e B.

Thus in either case 0 e B ; a contradiction.

Hence aA(bvc) = 0.

Therefore L is O-distributive.

Thus we have proved

(1) => (2)' => (3) => (1)

(2) => (4) => (5) => (6) => (7) => (8) => (10) => (11) => (14) => (1)

(5) (9) => (12) => (13) => (14) => (1)

Hence all the statements are equivalent.

♦ ♦ ♦

Theorem 2.2- Let L be a lattice with 0 . Then the following statements are 

equivalent.

L is O-distributive.
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2.if A is a non empty subset and B is a proper filter intersecting A in L , 

there is a minimal prime ideal containing A* and disjoint from B.

3. If A is a non empty subset of L and B is a proper filter 

intersecting A , there is a prime filter containing B and disjoint from 

A*.

4.1f A is a nonempty subset of L and B is a prime semi ideal not containing 

A ,there is a minimal prime ideal containing A* and contained in B.

5. If A is a nonempty subset of L and B is a prime semi ideal 

not containing A ,there is a prime filter containing L \ B and disjoint from 

A*.

6. For each non zero element a of L and each proper filter B
*

containing a , there is a prime ideal containing (a)* and 

disjoint from B.

7. For each non zero element a of L and each proper filter B 

containing a , there is a prime filter containing B and disjoint from (a)*.

8. For each non zero element a of L and each prime semiideal 

not containing a ,there is a prime ideal containing (a)* and 

contained in B.

9. For each non zero element a of L and each prime semiideal 0
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not containing a ,there is a prime filter containing L \ B and is disjoint 

from (a)*.

Proof:-

(1). => (2)

Let A be a non empty subset of L and B be any proper filter such that 

A n B * <j).

To prove a minimal prime ideal containing A* and disjoint from B.

By Result 0.2.2 , L \ B is a prime semi ideal.

Then there exists a minimal prime semi ideal N such that NcL\B 

by Result 0.2.3.

Thus N n B = <j> and A <z L \ B .

Also as A ql N we get A* e N by Result 0.2.12.

Since L is O-distributive, N is a minimal prime ideal [see Theorem 2.1(7)].

(2) => (3)

Let A be a non empty subset of L and B is a proper filter such that 

AnB4

To prove a prime filter containing B and disjoint from A*.

By (2), there exists a minimal prime ideal say Q such A*c 0 and

14402
A
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Q n B =<j).

L \ Q is a prime filter containing B and disjoint from A* by Result (0.2.10).

(3) => (5)

Let A be a non empty subset of L and B is a prime semi ideal not containing A. 

As B <t A we get A n L \ B * <j>.

To prove a prime filter containing L \ B and disjoint from A*.

By Result 0.2.2, L \ B is a maximal filter.

By (3),there exists prime filter Q such that L\BcQ and

Qn A* = <j).

(5) (9)

Let a be a nonzero element of L and B is a prime semi ideal not containing a. 

i.e. agB.

To prove a prime filter containing L \ B and disjoint from (a)*.

By (3), there exists prime filter F such that L\BcF and

F n (a)* = <j).

(9) => (1)

Let a be a non zero element of L .
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To prove L is O-distributive lattice.

Then [a) is proper filter of L.

By Result 0 2.2 , L \ [a) is a prime semi ideal and a g L \ [a).

By (9),there exists prime filter F such that L \ ( L \ [a))cF. 

i .e. [a) c F. Thus a e F.

Hence L is O-distributive ,by Theorem 2.1 [!*»].

(8) => (9) and (6) => (7) by Result (0.2.10).

(3) => (5), (2) => (4) and (7) => (9) by Result (0.2.2).

(4) => (8) and (2) => (6) by Result (0.2.6).

Thus we have proved

(1) =><2)=> (3)=>(5) =>(9)=>(1).

(1) => (2) => (4) => (8) (9)=> (1).

(1) => (2) => (6) => (7) (9)=> (1) .

Hence all the statements are equivalents.

♦ ♦♦

Theorem 2.3- Let L be a lattice with 0 . Then the following statements are 

equivalent.

1. L is O-distributive.



44

2. If A and B are filters of L such that A and B° are disjoint, there is a 

minimal prime ideal containing B° and disjoint from A.

3. If A and B are filters of L such that A and B° are disjoint, there is a 

minimal prime filter containing A and disjoint from B°.

4. If A is a filter of L and B is prime semi ideal containing A°, there is a 

minimal prime ideal containing A° and contained B.

5. If A is a filter of L and B is prime semi ideal containing A°, there is a 

prime filter containing L \ B and disjoint from A°.

6. For each nonzero element a in L and each filter A disjoint from (a)*, 

there is a prime ideal containing (a)* and disjoint from A.

7. For each nonzero element a in L and each filter A disjoint from (a)*,
*

there is a prime filter containing A and disjoint from (a)*,

8. For each nonzero element a in L and each prime semi ideal B containing 

(a)*, there is a prime ideal containing (a)* and in B.

9. For each nonzero element a in L and each prime semi ideal B containing 

(a)* , there is a prime filter containing L \ B and disjoint (a)*.

Proof:-

(1) => (2)

Suppose (1) holds.
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Let A and B be filters of L such that A n B° = ()).

To prove a minimal prime ideal containing B° and disjoint from A.

By Result 0.2.13, there is minimal prime semi ideal N such that B°c N 

and N n A =

Since L is O-distributive it follows that N is a minimal prime ideal.

[See Theorem 2.1 (7)].

(2) => (3)

It follows by Result 0.2.10.

(3) ^ (5)

Suppose (3) holds.

Let A be filter of L and let B be a prime semi ideal containing A° 

such that A°cB.

To prove a prime filter containing L\ B and disjoint from A0.

By Result 0.2.2, L \ B is a filter.

By (3), there exists prime filter Q containing L \ B and disjoint from A°. 

i.e. L\BcQ and A °n Q = <j>.

(5) => (9)

Let a be non zero element of L and let B be a prime semi ideal containing (a)*. 

Then [a) is a proper filter of L.
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To prove a prime filter containing L\ B and disjoint from (a)*.

By Result 0.2.2, L \ B is a filter.

Consider A0 =[a)°.

As x e A° then x e [a)°.

We get x a t = 0 for some t e [a).

Then t > a and x a t = 0 implies x a a = 0.

Hence x e (a)*.i.e. x € B.

Therefore A°c B.

By (5), there exists a prime filter Q such that L\BcQ and 

disjoint with A0.

Then Qn A°= <j> implies Q n [a)° = <(>.

By result 0.2.6, Q n (a)* = <|>

(9)=> (1)

Suppose (9) holds.

We have to prove L is O-distributive.

Let a be nonzero element of L.

Then [a) is a proper filter of L.

We get L \.[a) is prime semi ideal not containing a by Result 0.2.2. 

Since (a] n (a)* - (0] c L\ [a), it follows L \ [a) contains (a)*.



47

By (9) , there is prime filter Q containing [a) and disjoint from (a)* .

Clearly a e Q. It follows that L is O-distributive.[see Theorem 2.1( 14)]

(2) => (4)

Suppose (2) holds.

Let A be filter of L and be B is prime semi ideal containing A° 

such that A°c B.

To prove a minimal prime ideal containing A0 and contained in B.

By Result 0.2.2 , L \ B is a filter .

By (2), there exists a minimal prime ideal Q such that A°cQ and 

(L\B)nQ = fi.e. QcB.

(4) => (8)
i,

Let a be non zero element of L and B is prime semi ideal containing (a)* such 

that (a)* c B .

since [a) is a proper filter of L.

To prove a prime ideal containing (a)* and contained in B.

By Result 0.2.6, ([a)) ° =(a)* . °

By (4), there exists a minimal prime ideal P such that (a)* cPcB.

(8) => (9)

Let a be non zero element of L and B is prime semi ideal containing (a)* such
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that (a)* c B .

To prove a prime filter containing LA B and disjoint from (a)*.

By (8), there is prime ideal P such that (afcPcB.

Then L \ P is prime filter by Result 0.2.10 such that L \ B c L \ P and L\Pn

(а) * = (j)

(2) => (6)

Let a be non zero element of L and A is a filter disjoint from (a)* 

then [a) is a proper filter of L .

By Result 0.2.6 (a)* =( [a ))° .

By (2), there exists a minimal prime ideal P such that (a) ° c P and 

PnA = <t>.

i.e. (a)*cPand Pn A = f

(б) => (7)

Let a be non zero element of L and A is filter of L such that 

(a)* n A= <j).

To prove a prime filter containing A and disjoint from (a)*.

By (6), there is prime ideal P such that (a) ° c P and PnA = (j).

By Result 0.2.10 , L \ P is prime filter such that (a) * n L\ P = <)> and ft cL \ P.
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(7) => (9)

Let a be non zero element of L and B is prime semi ideal of L 

such that (a)* cB,

To prove a prime filter containing L \ B and disjoint from (a)*.

We get L \ B is filter in L by Result 0.2.2 .

Such that (a) * n L\ B = <|)

By (7), there is prime filter Q such that L\BcQ and (a )*nQ = <j>.

Thus we have proved

(1) => (2) => (3) => (5) => (9) => (1).

(1) => (2) => (4) => (8) => (9) => (1).

(1) => (2) =» (6) => (7) => (9) => (1).

Hence all the statements are equivalents.

♦ ♦ ♦

Theorem 2.4- Let L be a lattice with 0 . Then the following statements are 

equivalent.

1. L is O-distributive.

2. For any non empty subset A of L , A* is the intersection of all the 

minimal prime ideal not containing A.

3. For any filter A of L , A° is a the intersection of all minimal prime ideals

disjoint from A.
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4. For each a of L , (a)* is an ideal.

5. Every normal semi ideal of L is an intersection of minimal prime idesils.

6. For any ideal A of L and any family of ideals { Aj / iel} of L ,

(A n [vjgjA i | )* = n ie, ( A nA-,)*.

7. For any three ideals A , B ,C of eL 

(A n l B v C ] )* = (An B)* n (An C)*.

8 . For any finite numbers of filters A, A j..... A „ of L

(A v (A i n ... nA„ ))° = (A v A i)° n ... n (A vA n)°.

9. For any filters A, B ,C of L

(A v (B n C))° =(A v B)° n (A v C)°.

10. For all a , b, c in L ,

(aA(bvc))* = (aAb)*n(aA c)*.

Proof:-

(1) => (2)

Follows by Result 0.2.12 and theorem 2.1 (7)

(1) => (3)

Follows by Result 0.2.14 and theorem 2.1 (7).
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(3) => (4)

Follows by Result 0.2.6 and (a)* = [a)°. Hence result.

(4) => (1)

We have to prove L is O-distributive.

Let a, b, c e L such that a a b = 0 and a a c = 0.

Then b , ce (a)*.

By (4), b v c e (a)*.

Thus we get a a (b v c) = 0 .

Hence L is O-distributive.

(3) => (5)

Since a semi ideal A of L is normal if and only if A = B* for somesemi ideal 

B.

(5) => (4)

By Result 0.2.6, (a)* = (a]* for all ae L. Hence the result.

(2) => (6)

Suppose (2) holds.

To prove (A n [vA i ] )*= n ;€i (A n A i )*.

Let A e I(L) and { A* / i el} c I(L).

If Q is any minimal prime ideal of L such that A n [vA i ] <x Q ,
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then (A n A j) ct Q for some j e I.

By (2), it follows that

(An [vA i ] )* 3 r*i (A n A i )*.

The reverse inclusion being obvious.

Hence (An [vA j ] )*= n* (A n A j )*.

(6) => (7)

Obviously true.

(7) =* (10)

Follows by Result 0.2.6.

(10) => (1)

We have to prove L is O-distributive.
*

Suppose (10) holds.

Let a, b, ceL such that a a b = 0 and a a c = 0.

Then (a a b)* = L = (a a c)*.

By (10), (aA(bvc))* = L.

It follows that a a (b v c) = 0 .

Thus L is O-distributive.

(3) => (8)

Suppose (3) holds and let A, A (.....A n be the filters of L.
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To prove (A v (A i n ... n A n))° = (A v A i)° n ... n (A v A n)°.

If Q is any minimal prime ideal of L such that

Qn(Av(Ai n ... n An)) = § , then Q n A =(() and §>n CA»n • HRtO = 

So Q n (A v A j ) = <|) for some i el.

By (3), it follows that

(A v (A i n ... n A n) )° 3 (A v A i)° n ... n (A v A „)°.

The reverse inclusion being obvious.

(8) => (9)

Obviously true.

(9) =>(10)

Suppose (9) holds and let a, b, c, e L .
*

To prove (a a (b v c) )* = (a a b)* n (a a c)*.

Then ([a) v ( [b) n [c))) ° = ([a) v [b)) 0 n ([a) v ([c)) °.

Now ([a) v ([b) n [c))) 0 = ([a) v [b vc)) 0 = ([a a (b v c)) °=

(a a (b v c)) * by result (0.2.6).

And ([a)v [b))0 n ([a) v ([c)) ° = ([a a b)) °n ([a a c) ) °=

( [a a b) )* n ([a a c)) * by Result 0.2.6.

Thus (aA(bvc))* = (aA b)* n ( a a c)*.
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Thus we have proved 

(1)=> (2) => (5) => (4) => (1) .

(1)=> (3) =» (4) => (1).

(1) => (2) => (6) => (7) => (I0)=> (1).

(1)=> (3) => (8) => (9) => (10) => (1).

Hence all the statements are equivalents.

♦ ♦♦

Theorem 2.5 - Let L be a lattice with 0 . Then the following 

statements are equivalent.

1. L is O-distributive.

2. For any finite numbers of ideals A, A j,... A n of L

((A v A i) n ... n (A vA„) )* = A* n (A in ...n A „)*.

3. For any three ideals A, B , C of L

((AvB) n(AvC))* = A*n(BnC)*.

4. For any filter A of L and any family of filters (A; / ie 1} of .L , 

[ v jeI( A nAi)]° = A° ^ [ v i€! A ij °.

5.For any three filters A , B , C of L
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[(A n B) v (A n C )1 °= A° n [ B v C j °.

6. For all a ,b ,c in L

((avb)A(avc))* = (a)*n (bac)*

7. For any family of ideals {Aj / iel} of L,

[ v i€l A j ] * = ni6lAi*.

8. For any two ideals A, B of L ,

[ A v B ] * = A* n B*.

9. For any finite numbers of filters Ai,... An of L 

(Ain,.. nAn)°= Ai0n„,nAn0.

10. For any two of filters A, B of L 

(A n B) ° = A° n B °.

11. For all a, b in L

(a v b )* = (a)* n (b)*.

12.1(L) is pseudocomplemented.

13.1(L) is O-distributive. 

proof:-

(1) => (2)
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Suppose (1) holds and A, A i ..., A n be ideals of L .

To prove ((A v A 0 n.. .n (AvA n ))*= A*n (A in ...n A n )*.

If Q is any minimal prime ideal of L such that Ajn...nAn<xQbe 

ideals of L.

It follows that ((A v A 0 n...n (AvA n ))*3 A*n (A in ...n A n )*. 

The reverse inclusion is obvious.

(2) =* (3)

Obviously true.

(3) => (6)

Suppose (3) holds and let a, b , c e L .
*

To prove ((a v b ) a (a v c ) )* = (a)*n ((b a c)*.

Then (((a] v (b]) n ((a] v (c]) )* = (a] * n ((bj n (c]) )*.

Now (((a] v (b]) n ((a] v (c] ))* = ( (a vb] n ((a v c] )* =

(((avb ) a ((a v c)] )* =( (a v b ) a( a v c) )*.

And (a] * n ( (b] n (c]) )* = (a) * n ((b a c] )* = (a)*n ((b a c)* by ' 

Result 0.2.6.

Thus ((avb)A(a v c) )* = (a )*n ((b a c)*.
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(6) =>(11)

By (6), we have ((a v b) a (a v c) )* = (a)*n ((b a c)*.

By taking c = b, we get (a v b )* = (a)*n (b)*.

(11)=>(1)

Suppose (11) holds.

To prove L is O-distributive.

Let a, b, c e L such that a a b = 0 and a a c = 0.

Then a e( b)* and a € ( c ) * implies a e (b)* n ( c )* = ( b v c )* 

by Result 0.2.6.

It follows that aA(bvc) = 0.

Hence L is O-distributive.

(1) => (4)

Suppose (1) holds.

To prove (viei(A nAi))° = A°n ( v i € [ A i) °.

Then for any filter A of L , A° is the intersection of all minimal prime ideals 

disjoint from A [ see theorem 2.4 (3 ) ].

Let A € F( L) and { A i / i e I } c F ( L).

If Q is any minimal prime ideal of L such that 

Q n [ v igj (AnAj )] = <f) then QnA = <t>orQn[viei A, )] = <()
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It follows that

(vifi(A nAi))°cA°n (vi6iAi)°.

The reverse inclusion is obviously.

Hence(vi6l(A nAi))° = A°n (vi€lAi)°.

(3) => (5)

Obviously true.

(5) => (6) similar to (3) (6) with obvious modification.

(1) =* (?)

Suppose (1) holds.

To prove [ vldAj] *= nieI A**.

Then for any ideal A and for any family of ideals { A i / iel} of L , 
*

( An[vi6iAi])* = njeI ( A a A j )*. [see Theorem 2.4 (6)]. 

Taking A = v i ei A i we get 

[vieIAi]*= ni6lAi*.

(7) => (8) 

Obviously true.
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(8) =*(11)

Suppose (8) holds and let a, b e L .

To prove (avb)* = (a)*n ( b)*.

Then ( (a] v (b] )* = (a] * n (b]*.

Now ((a] v (b] )* =( (a v b] )* = (a v b )*.

And (a] * n (b]* = (a) * n (b)* by Result 0.2.6.

Thus (a v b )* = (a)*n (b)*.

(1) => (9)

Suppose (1) holds .

To prove-(Ai n ... n An) ° = Ai ° n ... n An °.

Then for any finite numbers of filters A i,... A n of L,
*

(Av (Ai n ... n An) )° = (AvAi )°n ...n (AvAn)°. 

[see theorem 2.4 (8)]

Taking A= (Ai n ... n A n) we get 

(A, n ... n A„)°= A, °n ... n A„ °.

(9) => (10)

Obviously true.

(10) => (11)

suppose (10) holds and let a, b e L .
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To prove (a v b )* = (a)* n (b)*.

Then ( [a) v [b)) ° = [a)0 n [b)

Now ([a) v [b)) ° =( [a v b)) ° = (a v b )*

and [a)°n [b)° = (a )*n (b)* by Result 0.2.6.

Thus (a v b )* = (a)* n ( b)*.

(1) => (12).

Suppose (10) holds.

To prove I(L) is pesudocomplemented.

Let A e I (L). Then A* is an ideal [ see Theorem 2.4 (2)].

If Be I (L) such that An B = (0] and x eB , then a a x = 0 for all

a e A and so x e A*.
*

Thus BcA*.

It follows that A* is pseudocomplement of A.

(12) =>(13)

Follows by Result 1.3.2 .

(13) =* (1)

Suppose (13) holds.

To prove L is O-distributive.

Let a , b, c e L such that a a b = 0 and a a c = 0.
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Then (a] n(b] = (0] = (a] n(c].

By(13) (a] n((b]v(c])»(0]. 

i.e. (a a (b v c]) = (0]

It follows that aA(bvc) = 0.

Hence L is O-distributive.

Thus we have proved

(1) => (2) => (3) => (6) => (11) => (1).

(1) => (4) => (5) => (6) => (11) => (1).

(1) => (7) => (8) => (11) => (1) •

(1) => (9) => (10) => (11) (1).

(1) => (12) => (13) => (1).
*

Hence all the statements are equivalents.

♦ ♦ ♦
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