
CHAPTER-!

TETRAD FORMALISM IN HULL VECTOR FIELDS

In the 4-dimensional apace time continuum of tho 

general Theory of Relativity various types of tetrads are 

available in literature. The most prominent among these 

formalisms is one which is proposed by Newman and Penrose 

in 1962# which consists of four 'invisible vectors'- in the 

sense that# their magnitudes vanish.

The Einstein field equations can also be formulated 

in different forms from the standard tensorial one (Carmeli 

1962) • one of these forms# which proved to be very powerful 

and useful in seeking exact solutions is the null tetrad 

formulation of Newman and Penrose. Number of articles based 

on this formulism are presented in the 'Abstracts of Contri­

buted oaoer* - the 9th International Conference on General 

Relativity and Gravitation held in July 1980 at Jena# 

(Germany) (Ed. schmutaer 1980) in the four recent books# 

Cosmology and Gravitation (Ed. Bergmann and Sabbata 1980)# 

General Relativity and Gravitation (Bd. Held 1980)# General 

Relativity - An Einstein Centenary Survey# from Cambridge 

(Ed. Hawking and Israel 1979) and Gravitation Quanta and the 

Universes - An Einstein Centenary Symposium held at 

Ahmedabad (Ed. PraBanna# Narlikar. Vlshveshwara 1980) bears



2

testimony to its incredible influence. This powerful technique 
is used in the present dissertation to exploit the various 
geometrical end dynamical aspects of the apace time correspon­
ding to the charged perfect fluid in null electromagnetic 
field*

2. An Exposition of the K*F* forma 11 am i

The spectacular success of the Penman Penrose 
formalism is due to

(i) its suitability for computational work*
(ii) Zts efficiency in making the Einstein equations 

transparent*
(ill) zts thorough utilisation of tha Bianchi 

identities*

Computetlonal Advantages t

Zn 1962 Newman and Panroaa have introAiced e complex 
null tetrad

*<i> * (!*• n\ »•, »*), 1* 2, 3.

where Is# n* ara two real null vector flelde and «•, 5* can 

overhead bar Indicates the complex conjugate) ere complex 
null vectors* They satisfy tha pseudo-normal relations

l^n* ■ 1*

mja* - - 1. ••• (2*1)
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and the orthogonal relations

m^n* m m^n* • • • (2.2)
together with self orthogonality ralationa

lal “ nan* ... (2.3)

dafining their null charactar.

Thus out of tan innar products of tha four vector 
fields# as many as sight vanish in N.P. formalism. This 
astablishas tha computational advantages of this fortaalimn 
ovar tha others.

Tha relation ship between this tetrad and tha geometry 
of space time is given by tha ’Completeness relation*

9«b * + nalb * *a*b - "VV ••• <2-4>

3. Tha Adaptability of tha N.P. formalism •

Tha accessibility of this null formalism to non-null 
vector fields is easy; for example* the unit time like 
vactor field u* can be written either as

- 1
u* - (2)~ 5 (1* ♦ n* ) • • • (3.1)

or as
... (3.2)

where u*u# - 1
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The unit space Uk« vector fluid u* can bt cxpniMd

as
h* • (2)"*^* (m* ♦ m* ) ••• (3*3)

or as
h* • (2) (1* - n*> ... (3.4)

or as
h* - - 1 (2) <»•-«■) ... (3.5)

bacausa h*hm • -1.

4. Simplified version of Bin stain fluid aquations

Znstaad of tha tan sor quantities# their physical 
components with respect to tha null tatrad ara util laud and 
this mskas tha Sinstain*s fluid aquations more transparent.
A prominent exemplar of this efficiency is in tha raprasanta- 
tlon of tha Riemann-Christofe11 curvature tensor in terms 
of five weyl scalar functions# tha six Ricci scalar functions 
and one curvature scalar. This formalism provides an algorithm 
for computing tha curvature tensor of space time in a form 
suitable for a variety of applications# while at tha same 
time providing additional information pertaining to tha 
geometry of space time (Katkar# 1981) •

Transparency of Tha Curvature Tensor And Tha Five tfevl scalarst

bat Ci|bcd la tha weyl conformal curvature tensor, 
tie have tha defining expression for this tensor
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Rabcd * Cabcd " 2 *1* " * 9bc*ad * ®bd Rac* ♦

R
♦ ; {o*<s »t>c - «.c *bd > — (4a>

C avhtn R^ ■ R-ibc is the Ricci tanaor and R • Rj ia tha

acalar curvature. Tha free gravitational part of tha curvature 

tanaor la wayl tanaor

Tha wayl- tanaor C1j9e^ i*1 K.p. fomaliam la expressed by 

(Campbell and wainwrita, 1977)

Cabcd ■».-[- a fo u«b °cd ♦♦ ti ‘Wed * Weal - 

- 2 Ya ‘“«b ved ♦ 4M«to led ♦ Wea) ♦

♦ 4 t J ‘Wed ♦ Wed) - a^’d vcaJ • —<♦•*>

where ■ 2 a #

vab * 2 1 m"b * 

and * 1 - m .

Than tha tetrad component a of are

'Y o

H'i

S^2

Cabcd ^ lc»^# 

Cabcd **n *C®^#

C«bcd S*"blC"d'
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y4 “ Cabcd 1 ® * n

Intrinsic Derivative OPT«tor« t

... (4.3)

Us have the four operators D» a# 6# & defined by

D * * <,/ . A g - eia n*.

« 1» « /»„■• . » i( - ... (4.4)

Spin coefficients i This formal ien combines 24 Ricci 
rotation cosfficisnts in to 12 complex spin coefficients.
The Ricci rotation coefficients are defined through

»Uk ■ *ib,. • — <4-»

which are antisymmetric in first two indices. In N.F. forma­
lin these are known as spin coefficients which are defined 
as follows

k »

<r»

^ • 

* ,

a <

t,b • sW ■1 * p ■ ■ ■ •
l.,b "s,b- J ■ ^.b “*"b •

«e b -a b" n«>b " " * * “ - n«,b * " '
1 - 5* ib . « - - n„b 5* 1*

Seal) oefl| aej^
> 1/2 {ie|b n " * “afb * * )*
» 1/2 <i#|to n*s^ - 5* «b ),

ejJjWusgaaffSaSSS?'
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t • 1/2 <1^ n*nb - mm$h 5* nb >,

6 - 1/2 U##b n*lb - *a|b 5* lb ) . ... (4.6)

Ricci scilari i

The enumeration of the ten sealers which srs just the 
tetrad components of Ricci tensor *«*> and R are glean by

*00 • - 1/2 R^ l*lb.

*01 a - 1/2 Rab l%a^0

*02 m - 1/2 R*b

*10 m - J/2 R«b ** “3#

*11 m - 1/4 R^ (l*nb ♦ **8b )#

*12 m - 1/2 R^ 0*0?®#

*20 m - 1/2 I1

*21 m - 1/2 »«>"*"’ *

*22 m . I/J 2^ t* ,

A m 1/24 R.

Commutator Relations •

The commutator ratios formed out of intrinsic
derivatives are t



[>,D] *«{y*y)D*-(T->w)6J*~<T+*6£ ♦

♦ < £ ♦ l ) a 0.

[4# a] jtf«- VD/f+ty-f* f)60 ♦ ^ 6J0 ♦(!•«- 0) a JJ#

[6, d] jtf - <« ♦ 0 - i) D# - ( j» ♦ £ - f )Mf - <rS* ♦ * A0*

Jf • (|* «» )i)^ • (0 • tt)60 • (« -0)6 J0 ♦ ( f> — |> )a 0*

... (4*8)

where , dJ " 6 D ~ D &•

By labelling the valuee like (Carmeli 1977, p.332)

Ox* ■ JC<I||> )b * 1*#

6 x* • x*#b wb - «*,

J x* - x*#b «* - i*,

A x* - x*|b nb - »* . ... (4.9)

Me derive the metric equation

Al* - Dn* - (y + y ) 1® - ( T ♦ »)■* - ( T ♦ n) m* ♦

♦ ( £ ♦ £ ) n*,

il#i*0^«(a4p.5)l#-(p+f - £ )■*- or 5* ♦ kn*.

4n'- Am* • - V 1* ♦ (*i - y ♦ y)m* ♦ / i* ♦ ( X - * - 0)n*#

! s' - 6 s' - (f» - j*)l* - (J - a)in* - (a - 0)m* ♦ < p - ji )n*.

... (4.10)
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The Ricci Idutitlia i

Ttbc - Y«cb - +*•*,*•

c«n be written in terms of rotation coefficients

"hijk - »Wj,k ■ - »h.J »t m] *
♦ »hT ‘ ».jk - >• (4.11)

These generate the following eighteen N.P. equations
(KP^ ) » Dp.5k« (p2 + <ro- )♦( fr ♦ fr )j0-5r ♦

♦ k (3a ♦ & • It ) ♦ 400#
(HP2) i D cr- 4 k » ( p ♦ p ) <r + (3 f - I ) <r+

♦ ( I - * ♦ I ♦) 3) k ♦ vp0#

(MP3 ) a or-Ak - (X ♦ S) jo ♦ ( T ♦ *) «r ♦ ( fr - I )

- k (3* ♦ | ^ ♦ J*01#

(m»4) i Oa - & ( *(p«-fr-2t)a + 3 3~- I f - k/* - k y ♦

♦ ( (- ♦ p ) *♦

(NP5 ) i X$ • 6 (~ ■(■♦^••♦(jS-np-^tiJk-

-(«•*)♦ i *

(mp€ ) I Dr - A e «( r ♦*)«♦( r ~
♦ (y + r) t- ) k. ♦ A * 0ix»
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<»P7 ) , D* - 6* - ( p A ♦ S» 4 n2 + (« - g)n - yic-

- (3 C- - t* ) ^ 4 JfjQ#

(NPe ) «Dp-6*«(pp4or/$)4llI-<fr4T)p-

- *(a - B) - P k 4 y2 4 2^ •

(NP9 ) « d y - a* » (* 4 f ) p ♦ (« ♦ T ) ^ 4 (y - 7 >* -

• (3|- 4 T ) P ♦ y3 ♦ i^21*

<NPl0) « a/ -6V*-(p4|I)^ - (3y-y ) A ♦

♦ C3« 4 5 ♦ * - T ) 'tf - Vf4#

(wll> * & P ^ «"• j>(a4B)-o-(3«-B)4(ja-p) 4

4 (^ - 5 > k - V|/j 4 0Qy

(HP^) i 6a - 6 ? * (|i p - A o) 4 a a 4 8 8 - 2aB 4 y( p - jS )4

4(-(}4-J)-v|/2,*,A ♦ 0ll»

(HPU) » dA -6 |l« (p - j> ) A) ♦ (p • P>* ♦ <«4p)n 4

4 A (a • 3^) - v_|/j ♦ #21*

(hp14) t 6 V - Ap * (p2 4^A ) ♦ (y ♦ ? 5 p • V*4

♦(TT • 3B • a ) "A) 4 022*

(NPi5) « &y - aB - (I-a-3)y4p7“ f V + * \ -

- &( y - 7 - P ) ♦ J*12 *
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) • ft - A<r- (pcr+ J p ) ♦ < T + 9 - « > T -
- (3y • y ) o' - k V ♦ 0O2,

(NP17 ) i a p • 61 ■ • ( p p ♦ o-A > ♦ (0 - a -T ) T ♦

♦ (y ♦ y> ♦ V k - y2 " 2 ^ *

(NPjj )iA«-iif*(p+t)V*(r+3)^ ♦ <7 - )i)a ♦

♦ <5 -T ) ? - y j • <4.i2)

The Blanch! Identities • The Blsnchl Identities

Rabcd*e 4 Rabde*c 4 Rabec#d * °* ••• *4,

in tsrms of Ricci rotation coefficients will give rise to 
the following relations in N.P. version.

<®1 )

(B2 )

<»3)

I 5y0-Dx4/1 + D^01- &*00 - <4« - *> y 0 -

- 2vpj (2 j» ♦ f ) ♦ 3k ^2 ♦ (ir - 2« - 2p) jSqq ♦

+ 2 ( ♦ j> ) 0Q\ ♦ 2 or 0Xq • 2k 0XX " R J^02#

• Ay0-&y1i'D 0Q2 - fi^0X ■ (4 y - n) y 0 .

- 212 T ♦ 0) Y X ♦ 2 <r y2 - A 0QQ ♦ 2<i-0)Uol ♦
♦ 2 a-0lx H2f-2H5 )*02 - 2k 0%2,

* 3C6 y X - D y 2) ♦ 2(D jtfxi - «W ♦ * ^01 • A *00 *

• 3 b y0 - 9py2^« (a - *) yx 4
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• 2p ~ 2y • 2y )0OQ ♦ (2a ♦ 2«r ♦ 2T ) ♦

♦ 2( X~*2« ♦ R )j0^g ♦ 2(2 p • p ) J^xx ♦

♦ 2 o-02Q - O-^02 - 2k 0l2 • 3k J*21#

«»
(84 ) t 3(a y - 6 vp j5 4 ^12 * * ^11* 4 ** ^02 * *^01* " 

*3^lF0^^T-8)y1- ^ 2 4 6 o'^3’

* ^^00 * 2^ - 1* • y) *01 ■ 2 A *10 * 2C T +2n)0n+

♦ (2a ♦ 2S ♦ -2jl) *02* <2f -*f -«*>*»*

♦ 2 ar^2| • ** J*22*

(®5 ) « 3(1 y 2 - D y j) ♦ o itf2l - & j*20 ♦ 2( 6 41X - a £i0) -

■ 6 A vp ^ -9* y2 ♦ 6( f - y ) y 3 ♦ 3k y 4 -

- 2 ♦ 2 ;A*01 + 2(jr- 1. - IT) j»10 ♦

♦ (2* ♦ 4 X ) Ku ♦ <29 ♦ 2 T* * - *« y>20 ~

- 2 **12 ~ 5 • *22 ♦ 2< P * ? - «• > *21'

*»

(84 ) t 3(a y 2 - 6 y 3) ♦ D 022 - & J*2i ♦ 2(&0t2 - A/tfxx) »

• * y yx - 9 p y2 + •T)y3**,3cry4-

*2 V |(q| • 2 1/ ^lo * 3(2|i ■ li)^^ ♦ 2 A “

♦ A 1^20 * 3 (s ♦-p — 23 ) jf|j ♦2(p ♦ T ♦s)^22

♦ ( f - 2 (• - 2t - 2 p ) *22.

♦
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<B7 ) i 6 y 3 - D ♦ 5 J^21 - A itf20 - 3A y 2 - 2(o+2x) y 3+

♦ <4 e-- p > y4 - 2 y*10 ♦ 2/\ 0n ♦

♦ (27-27 ♦ f) ^ ♦ 2( T - a)^21 « 5**22

(Bg) t a vj/ 3 - 6 y4 ♦ S if22 - ajJ21 * 3 yy2 - 2 (7+2*1) y2 ♦

♦ C4*-r > y4 - 2 y*u - i7jtf20 -► 2 ^jj2 ♦

♦2(y ♦ 5 ) J*21 ♦ ( T - 25 » 2a) J^22*

(Bg ) * B0U - 6 /tf10 - S*01 ♦ a ISqq ♦ 3D 4 -<2y-^2r - ]i>*00 ♦

♦ (n - 2« - 2 r>*01 ♦ (» - 2a -2 T)*10 ♦

♦ 2( p ♦ p ♦ o-J^02 ♦ ar020 - * ^12 - k ^21*

<Bl0) t T30%% - 6^33 - I 402 ♦ 4^03 ♦ 3M • (2f - |i - 2^)0^

♦ y*oo - A *10 ♦ 2(* • T > *u * 4

♦ (2 p + p - 2 I ) /fj2 ♦ erjft^ - k 02V

(B33 } t 1^22 “ ft ^21 * ® ^12 ♦ 3a A m V #03 ♦ V 1^30 —

- 2(|t ♦ ; )^33 . ^0O2-A Jt20 ♦ (2* - x+ 2ft)iftia ♦

♦ (2*) -T> 2*) ^21 ♦ < f ♦ f - 2< - & ) 4^22*
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gsatf *
The tetrad components of electromagnetic field tensor 

in S.P. formalism are given by the three complex scalarss

*o - 'A lV> .

t\ - § »•!> u*»b ♦ ^ ^

J^2 * ^sto ® ® * ••• (4*14)

By asking use of these scalers the N.P. version of the 

electromagnetic bivector takes the form (Dabney and Zund, 1971)

yeb * - 2 R.A Ipftg ♦ 2i Jm 0X ♦ ff2 l^V, ♦

♦ *2 1 [a*bj" H n[a*bJ " ^0 “paV) * *** (4a5)

Electromagnetic Field Equations «

The Maxwell * s equations in the presence of source for 

the electromagnetic field

-ab _ -a

ab/c
... (4.14)

we rewrite these equations in K.P* formalism as follows a

D 0% - 6 0,

4 0 - • e /I*

4 0% -& 0,

(* - 2«)^q ♦ 2 0X - k 02 ♦ ^ I0 ,

- V 0O ♦ 2|1 ♦ ( r - 23) 0% ♦ | x2

(p - 2j)0q ♦ 2X^ • * j *

#
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Oytfj • 6 ♦ 2S ♦ ( p • 2tr ) 02 ^ ^ 2j • • •• (4*17)

DX2 ♦ a X. • 6X| « 5 X2 • (y ♦ 7 - ji • h) X0 ♦ C| +ft-a- T )I^ ♦

+c c ♦ (p^p-f-f)x2 ... (4.18)

The Strtu Energy Momentum Tensor for S lectio magnetic Field 1

The energy momentum tensor for a source fraa electro­

magnetic field la

Tu, - i ®.b rca »*d - »b • a. (4.19)

This in term* of complex null tatrad Z*f and Maxwell scalar* 

0^ , tha above axprasaion takes the form

*«b “ 3 [-a *a 1«1b ♦ *0 30 Vb ♦ h *a "A +

♦ *o?a "A ] ♦ "1 *1 [ ♦ “(A)] -

- 2i "a xU-b> - gi g2 »(A» ‘ *o "1 »(.%) *
* 0q Ij n(a®b) * •*• (4.20)

The Strata Energy Tenaor For Null Electromagnetic yield 1

For null electromagnetic fiald deacribed through 

mathematical condition*

■**» - 0 - F„, »*«* ... (4

w* can reduce tha form of tha atraas energy tenaor fo
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electroa«gnetic field (OUMite 1904) m

■«i. -1 ia v* , m }
where £22 - 0 3 ■ Ijfl* .

• (4.22)

(4.23)

5. Special Choice of Flow i

Soma special types of flows characterised by through 
restrictions on the kinematical parameters associated with the 
tine like flow vector are listed below (the restrictions are 
written in K.P. version).

(A) Geodesic glow « This flow is governed by the condition

0X m 04 - 03 - 0 ... (5.1)

Zn N.P. version it can be written as 

(- ♦(- ♦ | | • 0#

* ♦ V - k - f - 0. ... (5.2)

(B) The Tins like Killing Flow i

The tijM like killing flow is characterised by

°U “ °12 “ °»

°n . oja - 0.
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Zn N.P. varaion va can writ*

f ♦ f • y - f * o#
T • V ♦ * ♦ 3 • 0*

« + $ + «-£ m 0#

? * ? m H H *0*

<r - > ■ 0. ... (5.4)

(C) Tha Rigid Flow i Tha Rigid flow follows tha nacassary 
conditions

°u - °« * °*
02a * Sjj * o*

Oj| ♦ ®41 * 2O32 ■ 0#

Oj 0. ... (5.5)

Zn N.P. fornalioa it can ba writtan as

(• ♦ ? - it - 7 *0#

p + p- H- Ji-0,
X - V + x- k+ 2a + 2l«0,

O' - A m 0. # ♦ a (5.6)
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APPENDIX

(A^) N.P. Concomitants of Co variant Darivativa* of Null 

Congruancaa i

Covariant darivativa* of null congruancaa ara axpraasad 

In tana* of spin coafflclant*

l.,b “ <f + T Jl.H, + < <• ♦ I ) Ipfe ♦ [- (« ♦ 5>l.*b ■

- f + 3- vs ♦ p vs - I VbJ ♦

♦ c.c.# • •• ^Al,l)

naib * [V *a*b - ^ "*"b - 8 "A * 11 V*b] ♦ c-c*

- (T ♦ 7 ~ < * ♦ * ♦ c.c.

••• *A1.2*

*a#b " ^ Mb - ? la®b " ^ XA ♦ * 1«nb ♦ <T - r>**V

• • • **♦ (8 - aJn^Wjj ♦ ♦ < fr ~ fr -

- T Vb ♦ P na"fc ♦ ^na"b ~ knanb ' ••• <ai.3>

**lb " V Mb “ A 1a*\> * H *A ♦ ♦ <l-l>Mb ♦

♦ 4«-jj) ♦ (8 - «)*A ♦ C T - 4 ) m^ -

- T n^lfc ♦ ff ♦ p «A - * na°b • ••• <Al.4>
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(Aj) Tha Divarganca of tho Null Cbngruancas i

f ♦ t - f - p

n ,m m * ♦ * - ? - r .

- i-; + 3-r

tatrad i

Dia " lmtb 1 taB* - »a

- i«bPb - (a ♦ p)l# - p»a - O' «,#61

y *b ■ t« ♦ s h« - p 5. - s-»,

• • • ^a.i*

a • a <a2.2*

• • • *a2.3*

• •• <A2.4*

Congruancas of tha N.P,

tha Congruanca 1^ t

1®i • • • • <A3.1>

V

• o* ®^|# • • • <A3.3>

X • ••• (A3.4*l„b O - h * r >1. -T*. -T ■»

(ii) Tha intrinsic darivativaa of tha congruanca m% •

b _ • 1 j. / L t. 1.. fk \••• 1*3.3# 

••• <A3.6*

• •• (A-j^«y)

Da^ - nafb ( f - I )m% - knm#

»*. - %,b ^ - * i, -««-»>■. - °n.'

**a * *a»b ■ * M* - 0 - «>% - f

A % " *a,b n v it ♦ c? - i )®, - t *A3.8}
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(ill) The intrinsic derivatives of the Congruence »a* 

D»a ■ »a|b lb ■ )Im- Saa<

* *g|j) * ■ ♦ (a - £)®a * p * ••*

5. - A - <« -■ 5 )% - «• •

* “• * 5e#b »b * ^ ♦ <? - *>5e • * V

<a3.10)

<a3.UJ

*A3.12S

(iv) The intrinsic derivatives of the congruence na t

on. ■ n«,blb • * *. ♦ *5. - ‘ <• ♦ * > v ••• ^3.13*

$ne " ne,b * * “a * * ** * ( * * * yV

6n# • na#b a * A aft ♦ ji a. (« ♦ I )n -

°« ■ ».,b ”b “ v "« ♦ V s. - (r ♦ r>».

••• <A3.14> 

••• (A3.15>

••• <A3.i6)

(A4) Projections of the Covariant Derivative, of the 

Hull congruences •

(1) projectionsof *aib *

1*1e|b - 0 , ... U4>1:

mZib -P "to • or a^ ♦ kn^t • • • (A^ 2'

■ Xa#b " T lb i -0
1 ** S’♦ kHh 0 • (A^^3,

»*i„b - < If ♦ r - c« ♦ f )»^ - (5 ♦ ?) “h ♦

♦ C t ♦ T ) V ^*4.4
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,9*

•lb -T1b + p,*b + o'sb-knb'

■\,b - °*

*-t*-7nb-(&- «)% - (« - &)8^ -

- ( t - f >11^ »

(a4,5)

••• (a4.6>

••• *A4.7*

“Nwb ■ •*• <A4*8)

EaJUsMfisaja* %b

x*"«#b “ ^ + ? "b ♦ ♦5**b-5nb, ... (a4<9)

** «,|b » - C? - - ($ - 5 )% - (* - I)% -

-(?-) % , ••• <A4.lO}

■* 5.,b - °' ... <a4#11)

»* S.,b * v 1„ - V. it, - <* -b ♦ « "b . ... (A4a2)

(iv) Pfol«ction« of »

x*“«#b • - <» ♦ 7)*b ♦ ♦ P >«fe ♦ ♦ P)% -

- { f ♦ I >1^ » **• (A4.13*

■ - i5 H,*5,,b + ;*#b-’'V <A4.14)

8 n w 
• •!» - Vlb + ,A«^>+ii5b-*v

n*n•#b

oOo


