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Ingroduction

In the 4-dimensional spsce time continuum of the
general Theory of Relativity variocus types of tetrads are
aveilable in literature. The most prominent among these
formalisms is one which is proposed by Newman and Penrose
in 1962, which consists of four ‘invisible vectors'-~ in the
sense that, their magnitudes vanish,

The Einstein field equations can also be formulated
in different forms from the standard tensorial one (Carmeld
1982) . One of these forms, which proved to be very powerful
and useful in seeking exact solutions is the null tetrad
formulation of Newman and Penrose, Rumber of articles based
on this formulisn are presented in the ‘Abstracts of Contri-
buted psper’ - the 9th International Conference on General
Relativity and Gravitation held in July 1980 at Jena,
(Germany) (Ed4. Schmutzer 1980) in the four recent books,
Cosmology and Gravitation (Ed. Bergmann and Sabbata 1980),
General Relativity and Gravitation (Ed. Held 1980), General
Relativity - An Einstein Centenary Survey, from Cambridce
(EA. Hawking and Israel 1979) and Gravitatign Quanta and the
Universes - An Einstein Centenary Symposium held at.
Ahmedabad (E4. Prasanna, Narlikar, Vishveshwara 19680) bears



testinmony to its incredible influence. This powerful technique
is used in the present dissertation to exploit the various
geometrical and dynamical aspects of the space time correspon-
ding to the charged perfect fluid in mull electromagnetic
field.

2. ition of the N.P, ¢ 14 ]

The spectacular success of the Newman Penrose
formalism is Que to

(1) 1Its suitability for computational work,
(11) 1Its efficiency in making the Eirstein eguations
transparent,

(144) Its thorough utilisation of the Bianchi
identities.

uta Advantages

In 1962 Newnan and Penrose have introduced a complex
null tetrad |

z:” = (1%, n®, =8, @Y, 1 =1, 2, 3, 4.

where 18, n® are two real null vector fields and m®, ®° can

overhead bar indicates the complex conjugate) are complex
null vectors. They satisfy the pseudo-normal relations

l‘n. - 13

-‘;‘ -l soe (2.1)



and the orthogonal relations

10 = 15" = mn® = fynt =0, cee (2.2)

together with self orthogonality relations

1.1' - n.n‘ - n.m. - i‘;' = 0. vee (2.3)

defining their null character.
Thus out of ten inner products 'ot the four wvector
fields, as many as eight vanish in N.P.formalism. This

establishes the computational advantages of this formalimm

over the others.

The relationship between this tetrad and the geometry
of space tims is given by the ‘Completeness relation’

q.b -» 1.nb + n.lb - -.5 - ;‘.b. oo (2.‘)

3. tabilie £ the N,P. formal (]

The accessibility of this null formalism to non-null
vector flelds is easyy for example, the unit time like

vector £ield u® can be written either as

1
u. - (3) ! (1‘ + n‘ ) eee (3.1)
Or as
-l/2
\l. - (2’ 1/ (-. - a. ) eve (3.2)

where u®u = 1



The unit space like vector field u® can be expressed

as

n = ('.')"V2 (n® + B%) eoe (3.3)
or as

-l/2

n® = (2) d (1* - n% ees (3.4)
or as

b. - - 4 (2)-1/2 (ﬂ. - a‘ ) eoe (3.5,
because h‘h. -],
4. 8 ified ve n of Einstein field n

Instead of the tensor quantities, their physical
components with respect to the null tetrad are utilised and
this makes the Einstein's field equations more transparent,

A prominent exemplar of this efficiency is in the representa-
tion of the Riemann-Christofell curveture tensor in terms

of five weyl scalar functions, the six Ricci scalar functions
and one curvature scalar. This formalism provides an algorithm
for computing the curveture tensr of space time in a form
suitable for a variety of applications, while at the same
time providing additional information pertaining to the
geometry of space time (Katkar, 1981).

Trangparency Of The Curveturs Tensor And The Five Weyl scalarss

Lat c.bcd is the Weyl conformal curveture tensor.
¥We have the defining expression for this tensor



Rabcd'cabcd’i‘qad%“qu%*WM‘%“w’ +

‘Q.d % - 9.c QM ) ese (‘.1)

+
At »

where Rab - R:be is the Ricci tensor and R @ R: is the

scalar curveture. The free gravitational part of the curveture

tensor R, .4 is Weyl tensor C,, 4«

The ¥eyl- tensor cubed in K,P. formalisn is expressed by
{Campbell and Wainwrite, 1977)

Cobca ™ Re .L- 340 Vab Yea * ¢ ¥ WarMea * MarVed -
- 2\Vz (u.b Vea * WMy Meg * Vaplead) ¢
* 443 (VMo + MuVea) = 2 44 Vap "ca] o eee(4.2)
where U, = 283 .0 ,
Vp =21 .
and M, =1 B -m;lib .
Then the tetrad components of cma are
\]\, 0 - . c‘bcd 1‘ab lcnd,
Y1 " - Cabee 1%nP1%8,

=8 b,c &



\P‘ - -cmd'uln see (‘33)

Intrinsic Derivative Operators @

wWe have the four operators D, a, 8§, 3' defined by
a a8
D"‘,.‘o A“g"no‘
s6=45 ", s8-8, 5. cor (4.0)

8pin Coefficients s This formalism combines 24 Ricci
rotation coefficients in to 12 complex spin coefficients.
The Ricci rotation coefficients are defined through

b _s
,“k = zib" zj ax [ ] [ X X J (“5)

which are antisymmetric in first two indices. In N.P. forma-
lism these are xnown as spin coefficients which are defined

as follows

k= llyb n‘lb. f - I"b n® ;b,

b b
o= ll’h ) e U = ll:b D‘ﬂ .
Ve «n —u nb. P en a n,
ab ayd

=& =b -8 .b
A.-n.’b“ » n '-n”b. ) § [

a = 1/3 (1.’b n‘;b - arb ;. ;b ).

B = V21, s - 'ubi‘ oy,
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Yy = 12 (lubn‘nb-- ;‘nb)o

&b
€= vaa,, o"P.n,  &21°). cee (4.6)
Ricci scalars s

The enuseration of the ten scalars which are just the
tetrad components of Ricci tensor Rep and R are given by

a,b

By, = - V2R, 1%,

‘02 8 - 1/2 R‘b ﬂ‘-bc

$o = - Vary1® 2,
£, = - Ve Ry, (1%° + u%"),
B, = = VIR, n%P,
=-12r, & &,

B, =-ViRg ot @,

£, =~ 1V2R, 0% P,

A = 1/24 R. ces (4.7

Comnutator Relationg s

The commutstor ratios formed out of intrinsic

derivatives are



[40]Fa(r+T)DB-(T+mMsg-(T+REH +

+ (€ +C)ad
[&.A:]J-- VD§+(p-r*?)6ﬂ*; ;ﬂ‘f(t-a-a);\m
[s. n]ﬁ-<a+a-'i)w-(§+e-'('—)w-o-'a'ko-xm.

(e8] 8= (FewDf-(B-alsf-@-PEL+ (F-plas
eeoe (4.8)

where [6.!}] «-8§D-D3S&,
By leballing the values like (Carmeli 1977, p.332)

Dx® = ".;b 1® =18,
s x‘-x.’b o = m®,
Bt et ® -,
ax®ex® ® =n®., ces (4.9)
Ne derive the metric equation
a1 e Dt e (y + YN a (T +Ma® = (T+ ) A +

+( € +6€)0%
1%t e @+p-R)1%w(p+ € -C)ntuci +xt
8 can @ V1t (pay+ NP+ AR+ (T3 -pnt

3:‘-65'-('5-5)1‘—(5-«)&‘-(E-s)ﬁ'*(ﬁ-p)n'.

eee (4,10)



The Ricci Identities

% 1 a
Yarbe = Yaycd * "‘a Repe *

can be written in terms of rotation coefficients
=
Rragk ® Tnigsx = Thiksy = Thmg Yok * Trek T4 % Y

n
¢+ 'm ‘ 7Ijh - 7*1 )O e (‘011)

These generate the following eighteen X.P. squations

Py ) 1Dp-FTkm(pleed I+ (EsE)p-KT +
+k (3a+8=R) ¢+ By

(vp.) ano”-bkﬂ(9+§)cr+(3(—-?-)¢r4
+(T=R+a+3a) X+ po

(WP3 ) s DT ~akma(T+Mps (TeMo+(E=-F) -
-k 3y +7) ey, +8.

(WP,) 1Da-8¢ =(p+tt-2t)a+pd=f takAakys
+(Cep) me g,

(NPg) 1 DR =8¢ m(a+Mot(F-C)palpey k=
-le=%)+ w,.,

(BPg) 1Dy =8 € = (T+R)us (T+mMp =l be €)=

-(70?)6'4»7:!- ’k'ﬁ\,’/z-A*ﬂll.



(NP-’ )

(vpg )

(e )

(8P, )

(8Pyy)

(8P, ;)

(3913)

(npy )

U‘Pls)

10

DA-KI-(F/\ +6p) +02 4+ (g - Vi -
-3 E-¢EA + fa0.

w-a:-(§p+a~/§)+u‘i-(e+?)u-
-!(3-3)-111:4»\,,/202/\.

DY-oalm (R+T ) p+ (R+T)A +(y=7)0a
- 36+ ) V vy, + 8y,

AA =B Yme(p+ WA = (3g=T)IA +
+(3¢+k§+:-f)\)-\y‘,
6_9-36“"9(5*3)-6'(30!-5’*(f-F) +
t(p=p) ke vy, +0,,
Ga-fbt(pf-/\u‘)+a§¢35-2aa+r(p-§)*
+Elpmp) oyt A+ £,

8 -Kp-(P-})\)'t(uoE)R'f(;*a)p*
+ "‘;’3""\4/3*5210
b Veopm (24 AN ) ¢+ (y+T)p= VUne
HT =38 =) ) +
Sy -8 = (T -a=-By+pT =0 Vet Vea) -

-Bly-T=n)+8,,



1

(WP1g) s §T ~2ao0=(po+tAp) + (T+3-a)T -
-3y -FY)o-X g*’ozo

(NP9 ) 1ap=-8T ==(pp+oid+ Baa-T)T +
+ty+ ) pe Vikewyy,=24,

(NP3 ) aau-gr-(fa* E) Ve (T+aA ¢ (7 =plae

+B-T) r-y,e. ces (4.12)

The Bianchi Identitises : The Bianchi identities

R‘Nd). + R.b“'c + Rm’d - 0, eve “013)

in texms of Ricci rotation coefficients will give rise to

the following relations in K,P. version.
(By) 18yg=Dy, +Dfy =805~ (ba=R)yg,y -
| "2‘1’1‘3}’*"”3“‘f’2*‘§"’;'23"00*
+ 2¢( (—+§)ﬁ°1+ 20’!10-3511-;502.
(8 ) "Wo“a\Pz*D‘oz"Mol' &y = W)Yo -
-22T+8) Y, + Zcr\yz-Xdooi» 2(R-B)fy, +
+ 208, + (2 €=-2 6408y, - 2% B3

(By) 1 3By, =D W,y + 2D )y - 8830} + 8 8y ~ 8 By =

.JA\I/onQsz*‘(G-')\Vl‘.‘& 3”"[»
, :}trﬁﬂ\ft&

(& =

e ! LBRARY ) 2

T

N\ -f-g\.w‘/i*
LHARY



12

+(h= 23 =2y =27 Mgy + (2a+2me2T) By, +
+2(T..2§+§)ﬂm+2(2§-9)5u+

+2G‘§20-;"02-2;’12"a5310

(By ) s 3oy, =8y + (D, =8 8y)) + (8 £y = a8p)) =

“3VYPor6lr=-p) y, =9T Y,+t6oy, -
+(2+ MeT2h) g+ (29 -2p~4¢) 8,4

+ 2 0’521 - 2k ”22:

(Bg ) s 3(E W, =D \yy) +DFyy =680+ 2088y, ~0fy) =

(n‘) s

=AW, -9 Yy, v 6l b-p) Yy kY, -
~2Y B+t 2 Mgy +UR-p=2T) fhg+
+ (2% + cf)ﬁu§(2a+2’[‘+:-2;)ﬂz°-
~258,,-k 0, +205-p-t) Oy,
3oy, =8 \yy) +Dfag =8 By + 2088y, - o)) =
-6 VW1-9;&\P2+6(B-T)\P3+JG~L}J‘-
-2V -2Vl + 2035 - Wfy, + 2 Mgy, -

- A Bggt 2R +T = 38 ) #y5 +2(p + T +m)f,, +

0(§~'2"°2?’"29)‘220
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(37) .ELV’-D \’,‘03521-&520-3/\ \Vz'-Z‘”a)\}/af

+ (21-2"; * ;) ‘20 + 2 i:" G)‘zl - 8"22

7
(Bg ) s uh-uy‘+'inn-aﬂn-3 Vg = 20r42p) Yy +

#3(?*3)521* (:L:-'za-h) 853220

(Bg ) s DBy = 8 By = 88y, + & fpg + ID A =(2yepsy = BBy, +
+(M-2a-2T)8,, + (R = 23 =2 T )y, +

"'2(?*?)”1l*;'50200‘520‘§”12'k”310

(310) 8 Mu - 5.611 - x ‘02 + A‘ol + BN = ‘21 - - 2p)ﬂ°1+
+ ).lﬂoo - .):jm + 2AX -T) fih * (ﬂﬁ-h—f)tm +

('11) ] D‘zzO&‘zl-gﬁlz*dll‘f“/\' V”ox"‘ ;‘10“

-20p + )8, - /\ﬂoz "'}‘—‘zo + (2n - ‘ffo )05,

+(26-T*2§)ﬂu+(P¢§~2(-2z-).622.
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Maxyell's Scalars s

The tetfad components of electromagnetic field tensor
Fap in N.2, formalism are given by the three complex scalars:

By = Py 1%
gy =1y U° 45 W)
b

‘2 - "b;‘ﬂ . ees (4.14)

By making use of these scalars the N.P. version of the
electromagnetic bivector takes the form (Debney and Zund, 1971)

"b » e 2 R‘-‘l ) § [.nb:, + 21 In ‘1 n[-p;bj L 4 ”2 1l [‘.bJ +
+ 32 1[‘-.—%]- io n[“bj - ﬁo ﬁ[.?%] . ees (4.15)
El tic Field Equations

The Maxwell's eguations in the presence of scurce for

the electromagnetic field
ab a
r b = J ,

4 absc = 0 . ses (‘01‘)

vWe rewrite these aquations in K.P. formalism as follows s
DA -8By = (x-2a8,+208 -X8,+5 I,
6’2‘5‘1." VIO*%&HI*(T-ZB) ‘2"'%120

btl-aﬂo-(u-zr)ﬁo*ztﬂ,,-o'tz*%n.
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DB, -5 8y == ABy+ My + (p=26)By¢31 « cue (41D

+Cv(-* ? + .?. -t - z‘ ) 12 . eee (4.18)
The Stress Ener tum Ten Yor Elect etic Pield

The energy momentum tensor for a source free electro-

magnetic field is

1 cd c
T‘b- q.b Pcd!' -’w rb eoe (4.19)

3

This in terms of complex null tetrad z‘, and Maxwell scalars
"A\ + the above expression takes the form

.;. [‘z 32 1y *+ &, 30 nn + Bo B, mm, +
+ "oia ;u;b] + 8, 5 [l(d%) + "(aab)] -
- Bl ‘z lia™) - g 32 1(:%) = i.'o 5 Da"™) -~

- ‘o 31 ﬂ‘.%) . ese (‘020)

The St Ene Ten r Null Blect tic Pield

For null electromagnetic field described through
mathematical conditions

) 4 t'b s (= r‘b ’..b. cee (4.2

ab

¥We can reduce the form of the stress energy tensor fo¥y
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electromagnetic field (CGumaste 1984) as

1,4, 2
x 11 L B B J »
e "3 15| a'd | (4,22)
vhere f,, =88 = 1#1?, ves (4.23)
S. 8 dal iceof?” ]

Some special types of flows characterized by through
restrictions on the kinematical parameters associsted with the
time like flow vector are listed below (the restrictions are

written in N.P. version).

(A) Geogdesic Flow 3 This flow is governed by the condition

-G, =0 eoe (5.1)

G) =Gy -Gy

In N.P. version it can be written as

¢t +C+yeymo,

R+ VakaT =o, cee (5.2)
(B) The Time 1 Killing P s

The time like killing flow is characterized by

Gy = G2 =0

Ga1 + G2, = 0,
05 = 0.
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In N.P., version we can write

t+ E=y-F =o,

T « V +a+pmo,

E+BeR-k =0,

P+P-p-p =0,

e - A =0, vos (5.4)

(C) The Rigid Flow : The Rigid flow follows the necessary

conditions
611 - Gl? = 0,
021 + 621 - 00
931 + G‘l + 3532 - 0,

Gs = 0, eee (5.5)

In N.P. formalism it can be written as

¢ +‘(: -7 -; - 0,
pr-r-k=0
T =V +Xwk+2a+23 =0,

;'- /\ = 0, ese (5-6)
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APPENDIX
(A;) N.P. Goncomitants of Govariant Derivatives of Null

Congruences s

Covariant derivatives of null congruences are sxpressed

in terms of spin coefficients
laggb = (r + 7)1, + ( ¢+ €) l.h + [-— (e + D)1 W -

- f'alb"’;“n"b"pmaib';'.“b] +

+ C.C., eee (Ay.1)
nep * [y mly, - Amm - pmi +n a.nb] + C.C.

“lr+7)nly - (b [ )ngby, + (a+f)ngmy, + C.C.
see (Al.z)

myp ™ V 1y - L, - Ay ¢ Kl + (y = Pmle

+ (5 - a)mgm + (a-p)mfmy + ( €~ € Imy

- T nly*+p ngly + ondy - kngny , cos (A 4)
b ® Vidp-Alm - LR Al e (Y=p)m 1y +

o 4acf) mm + (3 - WBER + ( E= ¢ ) Wny -

- U n.lbi»a‘n‘nb%; n‘%cin. P ees (AI.‘)
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“z’ The Divergence of the Null Congrusnces

1%, =t+b-p =B, cee (Ag.q)
n‘l’. S ptpeTeTo, ses (Ag 9)
u‘“ « Reg+3 =T cos (Ag 4)
m,, "FW-a+ 8-T cee (Ag g)

(A,) Intrinsic Dexrivatives of the Congruences of the K.P,
tetrad

(1) The intrinsic derivatives of the Congruence 1

a
Dl, = 1, 10 = ( €+ T )1, - Wmy -, , cee Ay y)
81, = 1o,p8° = (3 + 81, = fm, = O By e (a5 Q)
E1,=1,, @ = (a+F)1, -p &, -5n, cee (Ag4)
al = 1l,,p o> = (1+?)1.-fu.-‘1‘i‘. coe “3.4)

(14) The intrinsic derivatives of the congruence m

a
Dm = nm lh.;l +(6--")u - kn ees (A )
(] arb a a a’ 3.5
5.. - -"h .b - A 1‘ - (: "ﬂ)-‘ - m.p e (‘-3.‘)
6.. L '.'b m =y a ™ B = C)" - ? n. . esve (A3.1)

‘-.. ..’b ab. i/-l."’ (' -; )'. -ta. sse (Aa.s’



(11%)

blll. - n.’b

lh
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-Rl.*((‘:ﬂ G)ﬁ‘-ﬁn..

5‘.';”5.”-“1.* (@ - p)im, - m, o

Ai'a;‘,bnb- Vig+ (;oy)i.- ‘En‘.

(iv)

‘Dn‘ - ll.’

hl”-!m.-o-;;‘-( (-#.(")n..

an.-n.’bnb-pn‘+23a- ( (—+'('-)n.,

Kull Congruences i

(1) Projections of 1ub s

8
1 1.”

-0,

Sn,=ng,upm =Am +um -
a n.-n”hnbf-' V m
(a,)

(x + B )n.o

+ 9;‘- (v + Pn,

"’\;b 'tlb'P"b"?%*k“b'

il

0'3"3‘(3*7)15“‘3*5)%-(:*3);”'*

+ e+ ) ny

B 1,y =Tl -pm -5l +kn ,

The intrinsic derivatives of the Congruence i'c

cee ‘53.9’

ces (Aa.lo’

*B e (As.ll)

ose ‘As.lz)

The intrinsic derivatives of the congruence ng

L X R ] (Aa.ls’

*ee (‘3.1‘)

e (A28

oee (Aa.lc)

Projections of the Covariant Derivatives of the

eee (A‘.l)
e (Ag )

e (R 3)

LB B J (A‘.‘)
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(11) Z2mfections of m_

1".3»"T‘b*?%*°";b'k"b'
a%n

ad = 0o

-(¢-¢ .,
n...’b - )}lb-;nb-;\-;bf;ﬂb
(111) Pmfections of &,
l'ﬁub--f1b+§ib+ +Fm, -kn,
Bt Ay - (T=0y - (8 ~T)8 ~ (a-Fimy -
-(E=¢€)n,
-

m ‘.,h s 0,

n‘;"h- Vi -p® =Am +Rn .

(iv) Projections of By,b *

1‘13”» --(yf;)lbo(a‘ta)nb#(;ﬂ-a);b-
-(e+ Ein

wfn,p = - D"b’;'b*;\_ib";“b'

ianath == Vij+Am + iy - Rn,

n‘n.,b = 0,

o0o

L X N J

LA B J

LR B J

LR B J

(Aq,s)

(Ag. 6

(A‘.-,)

(Ag.8)

(Ag.9)

(Ag,.10)

(Ag.11)

(Ag.12)




