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CHAPTER - III / POTENTIAL ENERGY FUNCTIONS.

3.1 Account on Potential Energy Curve:

The simple conditions for a function to represent 

potential energy are:

1. It must show minimum at the equilibrium internuclear 

distance;

2. It has a sharp rise towards infinity as the nuclei 

are brought closer together; and

3. It has a less sharp rise towards dissociation limit

as the separation is increased.

In practice, it is very difficult to obtain a 

potential energy function, which will satisfy the above conditions. 

Hence, some form for potential energy function should be 

adopted. In this connection, a number of potential energy

functions are suggested, making use of energy levels themselves 

and quantum mechanical methods. These functions have some 

good points as well as limitations.

Varshini1 has studied some of these functions and 

discussed their merits and demerits. His discussion is in 

terms of the parameters F, C and A. The potential energy U(r) 

of a diatomic molecule can be expressed as:
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Utr) = jy U“(r)tr-re)J + J7 U"1 (re)(r-re)s . ... 

where, r = the internuclear distance, 

re = Its equilibrium value,

'x' and 1 y' are defined as:

(3.1)

x = U"'(r )>U"(r )

y = U""(r )/U'"(r ) e e
Dunham has shown that 
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a and w x can be expressed in terms of x, y and u as follows e e e
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where, W = 2.1078 x 10

In the above equations, the quantities 

are different for different functions. 
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F and C can be expressed in terms of dimensionless parameter A 

given by:

A

The parameter A is called "Sutherland's Parameter" in honour of 

Sutherland.^'^ Hence,

K„re e
2D, (3.11)

a e

wexe Gr
W

^ Ar -2

(3.12)

(3.13)

With the help of equations (3.2), (3.3), (3.7) and (3.8), 

a and (*exe can be calculated. These calculated values of ae and 

0)eXe can be compared with experimental values. Varshini used 

different potential energy functions and showed that o)exe can be 

calculated to a greater degree of accuracy than ae. A function 

which may be useful for uiexe may fail completely for ae.

On the basis of 23 diatomic molecules studied by 

Varshini, the functions in order of increasing accuracy are 

listed below:
ft c c

For Q*e: 1. Morse, Poschl-Telfer, Rosen-Morse,
7 8

Frost-Musul in,

2. Rydberg,9,10

3. Varshini III, VI

For ii)g xg: 1. Morse, Poschl-Teller, Rosen-Morse, Frost-

Musulin, Varshini III, VI.
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2. Rydberg

3. Lippincott,11 '1 2 Varshini VII

Thus, for overall representation of the P.E. Curves, the

Rydberg, Varshini" III and VI functions are most useful. The

best values of a and u> x are obtained from « = (0.11A +e e e e
0.36) 6Be2/we, wexe = (5A + g) W/re2lJA, using A = kere2/2De. 

Above equation can be transferred to De = 5Wkerg2/(2wexere2]iA-9W) 

For estimation of dissociation energies, this equation deserves to 

be employed in preference to De = V/4<Ve.

3.2 Different Forms of Potential Energy Function:

The simplest physical picture of potential energy 

curve gives minimum at the equilibrium internuclear separation, 

a sharp rise towards infinity as the nuclei are brought closer 

and a less sharp rise towards dissociation limit as the 

separation is increased. In practice, it is very difficult 

to find a simple mathematical expression representing the 

potential energy as a function of internuclear separation and 

hence, it is necessary to adopt some form for compromise.

The potential energy curve can be constructed 

by two ways:

1. By using experimentally observed energy levels;

2. By quantum mechanical methods.
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OldenbergJ3 Rydberg and Klein14 have plotted poten­

tial energy curve by making use of energy levels and found

that the methods are laborious and cannot be applied accurately
15 16at low vibrational quantum numbers. Rees, ' formulated the 

Klein-Rydberg method which enables the evaluation of potential 

energy curve accurately in the region of minimum. It is 

somewhat impossible to reach a sufficiently accurate potential 

energy curve due to the mathematical and computational 

difficulties. Lippincott and Varshini have formulated criteria 

for a good potential function. But a single potential function 

cannot satisfy all these conditions simultaneously. Hence, 

it is suggested that there is no general potential function 

applicable to molecules.

3.2.1 The Morse Function:

The Morse Function is the most useful function 

for plotting approximate potential energy curve. It may be 

written in several different forms. But the most convenient 

form is given by:

U

where, £

De(1 -e-2^)

r - r,

(3.14)

4(BeDe)%

De = the dissociation energy,

8 is a constant given by ^ =
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w Be are vibrational and rotational constants.

The equilibrium internuclear distance is given by: 

4.1053 fl
r = ---------- x 10 cm. when their expression is substituted in

e ^

Schrodinger Wave Equation. The resulting wave expression for 

vibrational energy takes the required form, i.e. G(v) = 

w_(v+%) - to x with o> xQ = w 2/4De.

Good Points:

1 . The Morse Function leads the potential curve of correct

general shape, with its minimum at the equilibrium 

internuclear distance and going smoothly to the 

dissociation limit as 'r1 increases;

2. Since only three spectroscopically determined paramters,

Be, Wg and De are required, the function can often 

be used for molecular states for which spectroscopic 

data are limited.

Limitations:

1. As equilibrium internuclear distance tends to zero, the

potential energy given by Morse Function rises to a 

very high value, but remains finite. But in practice,

this defect is not so important.

2. As the function involves a small number of parameters, 

the function in its simple form, cannot be adopted to 

give more accurate fit which may be justified by more
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precise data.

It is important to know that in the Morse function, 

the dissociation energy is measured from minimum of the 

potential energy curve, not from the lowest real vibrational 

level. Therefore, the dissociation energy is slightly greater 

than the true dissociation energy, (DQ) measured from the 

lowest real vibrational energy.

3.2.2 The Dunham Function:

According to simple harmonic oscillator approximation 

the potential energy curve in the region of minimum may be 

considered to be a parabolic form. But to a higher approximation, 

the curve departs from parabolic form. This departure may be 

represented by a power series. Representing potential energy 

as a function K, Dunham17 introduced the function of the form 

as follows:

U = aQC2(l+a1C + a2£2 + a3S3 + ...) ...(3.15)

r 1 re
where, 4 = -------

re

Dunham used the Wentzel-BriIlouin-Kramers Method of 

solving wave equations to derive energy levels and gave express 

ions for s^, a^ , a2, etc., in terms of rotational and vibrational

constants:
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aQ = we2/4Be ... (3.15-a)

a1 = -1-"eV6Be2 ... (3.15-b)

a2 = 53,2/4 - 2xewe/3Be (3.16-cJ

a3 = a2.-V/30Be»-1-2a1 . |a2 *i|V2- Jaf ♦ |aj ...

(3.15-d)

Further, terms may be evaluated. But they are more 

complex. These expressions are only approximate, owing to 

the use of the Wentzel-Bri I lou in-Kramers Method of solving 

the wave equations. Dunham investigated errors resulting from 

their approximation. For small correction terms are

required, for hydrides, the error is almost negligible.

Good Points:

1. The function can be used to give very accurate results

in the region of minimum.

2. The function is capable of giving more accurate results

than that of Morse function in the region of minimum.

3. The function can be used to give lower part of the

curve when the dissociation energy is not known.

Limitations:

1 . As the series is not convergent, the function is not

suitable for large values of internuclear distance.

2. As the internuclear distance becomes infinite, the potential 

energy obtained from this function tends to plus or 

minus infinity instead of going to dissociation limit.
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1 83.2.3 The Hulbert-Hirschfelder Function:

A number of potential energy expressions were

suggested. These mostly endeavour to obtain the advantage of the

Morse Function, combined with greater flexibility and accuracy

and introduce additional parameters. Manning and Rosen Poschi

and Teller, Hylleras, 20'21'22 and Coolidge, James and Vernon23

have introduced useful potential energy functions. Hulbert and 
1 8Hirschfelder have reviewed and compared these potential energy 

functions. Then by using these results, they modify Morse 

potential energy function and put forward one of their own 

potential energy function given by:

U = De[(1-e-x)2 + x3e-2* (1-bx)] ... (3.16)

where, x = 2&Z = ..Vl *
2(BeDe)% re

c = 1 + a., (De/a^-s

b = 2 + (^ - Dea2/a0)/C

The constant p is the same as that of Morse function

and the constants a0, a( and a^ have the same values as 

in Dunham's function. The spectroscopically determined constants 

used are BQ, “ , x w a and De.

Cood Points:

1 . The function involves just those five parameters which are 

most readily obtained from the study of band spectrum.
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2. This is probably the best expression for plotting the poten­

tial energy curve when the above constants are known.

Limitations:

1. As it is in modified Morse function, it has the limitations 

of Morse function.

2. It requires the knowledge of dissociation energy.

3. It is only suitable for potential curves of fairly conven­

tional shape.

With only a few exceptions, this potential curve 

lies above the Morse curve. The work of Tawde and Gopal- 

krishnan2** on the transition probabilities in the C2 (swan)

system suggests that this function is only satisfactory in 

the region r > r .

3-2*4 Mecke-Sutherland Function:

2 5 2.3Mecke and Sutherland suggested the function of the

form:

U =
a

r01
_b_
„n (3.17)

Here, both the attrative and repulsive terms are of reciprocal 

type. This type of function was used before by Gruneisen,26

27Mie etc. for forces in the solid state. A special case (m = 2,

2 8n=1) has been treated by Fues. Such a type of function was used 

29by Baughan for the interaction between non-bonded atoms.
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De

ke

2A

(a) (m-n) _ b (m-n)
m n n mr r „e e

t \ i m+2 . , > , n +2am(m-n}/r = bn(m-n)/r0
6 G

k r 2/De = mn

ae = (m+n)

w x =
e e

This function is 

are determined from

2Be 2

0)
e

7+ — mn 
3

a

k

four 

e' re'

+ — n 2 
3

constant 

De and

+ 4(m+n)

funct I >n

a . e

+ 4

and

W

rewA

their values

Sutherland later on modified this function. He

a b
replaced r by (r-d), i.e. U = ---------=----- =-----—

(r-d) (r-d)n

This modified function can be used to derive a series of 

fruitful relations connecting various molecular parameters by 

making certain assumptions regarding a, d, m and n.

3.2.^Linnet Function:

, . 30,31
Linnet suggested a function of the form:

U _L be‘nr 
m r

(3.19)

From this function he derived following relations:

De m
m-nr.

n r.
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k = am (m + 1 e

. m+2k r e e

0) xe e

= ma

11 m+2 - nr )/r e e
m2D rm 

e e

1+D rm/a 
e e

. 2 U5 {20-(nr*)

4-nr

120-(nr )*

4-nr,

2,098

reUA

Linnet traced the regularities in the value of a and extended the

function to other periods. The funtion gives rise to a low

maximum between r=rg and r= "J this behaviour is found with

£ and H states of f*L. But there is no experimental evidenceg g 2
for such a maximum in these states.

3.2.6 Lippincott Function:

Lippincott has suggested the following function and has 

given a semi theoretical justification for it,

U = Detl-exp(-nP2/2r)] [1+af(r)j ... (3.20)

Here, f(r) is the function of internuclear distance such that for r=0, 

f(r)=°° and for r=°°, f(r)=0.

Lippincott considered the term f(r) to be unimportant 

and neglected it.

U = De(1-exp(-nP2/2r)] ... (3.21)

This function gives, n = k r /D
G G G

wx = (3nr + 3) _e e e
e A
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As this function (3.21) gives a e to be zero, Lippincott used 

function (3.20) with:

af(r) = -a(r /r)6[1-exp(-b2nr"/2r'2)]^ + a(r /r)12 X 
6 6 6

[l-exp(-b2nr"/2r^2)]

and derived the following equation:

D = u /2nr B e e e e

a nr \ 6B
«. - • tt

w x = 1.5B (0.25+nr/4+ab(nr /2)2 + (5a2b2-ab2)nr 12] 

e e e e

It is observed that the calculated values of a and w x aree e e

in well agreement with the experimental value.

3.2.*f MRK Potential Function:

32Behere attempted the hybrid potential function from

33Morse, Rydberg and Kratzer. A potential which is linear

combination of Morse and Rydberg is suggested by Iyer and

34 35Sharma , which is re-investigated by Birajdar et al. A

potential function which is a combination of Morse and Kratzer was

also suggested by Raghuwanshi and Sharma. 36 The Rydberg Kratzer
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hybrid potential was suggested by Varma and Jha. 37

The potential which is a combination of Morse, 

Rydberg and Kratzer is of the form,

u = De {[1 -e ap]2 - [1+bp]e^ +p7+l} ••• (3.22)

where, De = the dissociation energy

P (r-re)

a = Morse parameter given by a2 = ke/2Dg

b = Rydberg parameter given by b2 = ke/De

ke = the force constant.

Equation (1) can be considered either in Morse form or in

Rydberg form:

U(r) = De{[1-e 3p]2 - [l + »^ap]e + — + l} Morse Form
r ... (3.23)

HoP /•/2 -bo o ^
U(r) = De{ [ 1 -e ]2 - [1+bp]e + L_ + 1 } Rydberg Form

r ... (3.24)

The potential function (3.22) satisfies the criteria in order to be 

a suitable potential function. As suggested by Varshini, and 

uexe can be calculated for a given potential as follows:

= [-
_xre

1]

U) e
[fxlyl W

where, x

where, y

. U"'(re)
U" (re)

= U,V(re)

U" (re)

(3.25)

(3.26)

The values of U", U"1, U at r = r^ for Morse form and Rydberg 

form are obtained. Using Morse function (3.23), the expressions 

for 'x' and 'y' are given as follows:
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a3r 3(3+2/2) + 6 13a4r 4 + 36
e _____ ______ _ e______

(2a2re2 + 1)r0 y (2a2re2+1)re

The relations between Sutherland parameter the Morse parameter a 

and Rydberg parameter b are given by:

A = 2a2r 2 - 1 and A = b2r 2 + 1 e e

so that

,A~1^ , , ,A-1 ' . , , ,A-1 */*
are = (-j-) , a2re2 = (-j-) and a3re3 = (-y) , etc.

bre = (A-1}%, b2re2 = (A-l), b3rg3 = (A-l)3'2 , etc.

Using relation (4),
a3re 3(3 + 2/2) + 6 
______ - 1 6Be-

(1).

In terms of A,

a (0.6869 I
A A (3.27)

Using relation (3.26)

w,x e e

"a2re3(3+2/2) + 6 2 r 4 4
13a re + 36

(2a2re2 +1) 2a2re2 + 1 ►

V

W
W

substituting the values of ar , a2r 2, a3r 3, etc., in terms of A
6 6 6

end after simplification, we get.

w x e e 3.8272 - 14.7316 -
18.0184 52.9228 

—TZ-------

relations (6) and (7) gives the values of 

potential in Morse form.

. 42.1232 CA-1)3/2
----P--------
_JL_ (3.28) ' 
u „ 2

and weXe using
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The relations (3.27) and (3.28) are applied to a 

number of diatomic molecules. The results are listed in Tables 

(3.9a) and (3.9b). The experimental values of ae and we*e 

and other molecular constants required to calculate
oo

a and w x are taken from Herzberg. 0e e e

From Table (3.9a), it can be seen that the values 

of ae and wexe are lowered down by MRK functions. Table (3.9b) 

gives the comparison of percentage errors of few potentials 

and MRK potential. It is observed that MRK gives considerable 

average % error in a& and we*e compared to other potentials.

3.3 RKRV Procedure for Obtaining Classical Turning Points:

The previous methods of plotting potential energy 

curves (3.2.1 to 3.2.6) uses a mathematical expression involving 

derived molecular constants. Here, it is assumed that the 

vibrational levels can be represented as a single rapidly 

convergent series in (V+’s), as

C(v) = n>e(v+!s) - uexe(v+*)* + XgW^v+’iO3 + ... ... (3.29)

But this is not always possible. For a number of excited states, 

there are definite signs for abrupt change in the rate of conver­

gence of vibrational levels. Such levels are represented by two 

power series in (v+%), one below certain value of 'v' and the 

other above this value of 'v'. Hence, the knowledge of energy 

levels themselves rather than some derived formula is essential,
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i.e. potential energy curve should be plotted by making use

of energy levels. Rydberg gave a graphical procedure of

doing this and the method was further developed by Klein.
39Klein's method has been used with success by Rosenbaum 

and by Almy and Beiler40for the upper electronic states of 

LiH and KH.

This method is suitable for higher vibrational 

levels and not for lower vibrational levels. Klein has derived 

the following function:

1 r]'
S(U,K) = Ssr /[U-*(i'k)J d« ••• (3*30)

Here, U

E(l,k)

k 

I'

Klein showed

= the potential energy.

= Energy of vibration and rotation expressed as a 
function of action variable I,

= square of angular momentum/2]i

= the value of I for U = E

that, I = (u+’-s).h

k = [k(k+l)h2]/8ll2y

Rees provided analytical expressions for f and g of Klein.

Iff = li and 
du

ds

then, the maximum and minimum values of internuclear distance for 

vibrating molecuire are given by:



so

r = (f/g + f2)3* + f 
max

rmin (f/g + f2)^ - f
(3.31)

These are the classical turning points. For a normal potential

curve (the rotationless state), the values f

ds
dk

ds
du k=0

and

k=09 = 

as follows:

1) To obtain f:

are required. These values are obtained

a. The vibrational energy levels, obtained from the

measurements of band origin are tabulated and

a 1level with vibrational quantum no, v=i and

energy U. is selected.

b. From U., the energy of all levels with U<i is

subtracted and a series of values of the quantity 

(U. - Ey) is obtained.

c* Then (U."Ey^ are P,otted against (V^) and from; this 

graph, the area under the curve between v=0 to v=i+h

is obtained.

d. This area multiplied by the factor h(hc)%/fllC2y)^ -
-23

1.631 xIO /Up gives the value of S for Uj.

e. Similarly, values of S are obtained for different 

values of Uj. S is plotted against U to get ds/du.

2) To obtain g:

Here, the same procedure is repeated. Only (Uj-Ey)
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is replaced by [Uj - (Ev + Er) = {Uj - (E^ + B^X(K+1)].

A series of S and U for different values of K is obtained. S is 

plotted against K at any selected U. '9' is obtained from

the slope of this graph at k=0. But we know that Er<<Ey and 

and hence, no accurate results are obtained even if a very 

large scale graph is used. Therefore, replacing ds/dk by 

As/Ak, more accurate results are obtained as follows:

1) (U. -E^)%-[U.-(E^+B^k (k+1)]5* is plotted against (v+’-s)

2) The area beneath the curve multiplied by the factor 

h(hc}%/[II(2y)’s gives - AS
3) AK = K(KH)h2/8l^« 3.350xl0~31K(K+1)/ UA

4) Hence, g = -AS/AK can be evaluated.

Cood Points of Klein's Method:

1. Here, the resulting curve depends upon experimentally 

determined energy levels.

2. It does not depend upon the derived constants or any 

assumption about them.

Limitations:

1. The method is based upon classical mechanics and it

is unsuitable for lower vibrational levels. For low 

vibrational levels, i.e. below about v=sf the graphical 

method has insufficient accuracy as there are no enough 

points.
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2. * F * cannot be determined with great accuracy. The

percentage errors in r and r . are less as compared 

with the errors in f and g. But the effect is considered 

to be unimportant, if the results reliable to 5% are

required.

3.4 True Potential Energy Curve:

3.4.1 Extended Rydberg Potential Energy Curve.

41The extended Rydberg potential as suggested which 

is of the form:
-a,P

(3.32)U = De[1 + a P + a P + aP]
1 2 3 e

where, De = the dissociation energy (not D° j 

P = r - r

a^, a2, a3 = are some constants which can be evaluated 

if we can evaluate the constants f2, f3 and fj, given as follows: 

f2 = 4ll2mc»)e2c2 

-3f

where

3f2 \ 
—- (1 + 

r CR2 '6B2e

aewe.
[15 (1 + —)

8a)exe
6B2' 

e
m = the reduced mass 

c = the velocity of light.

B,

(3.33)

and all other constants have the usual meaning.
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Here, f2 comes out in a unit of a Joules A° . As in

the expression for f3 and f^, r and r2 are in denominator, f3
-3comes out in a unit a Joules A° and f comes out in a unit

-4
of a Joules A° . aewe/B2e and wexe/Be are dimensionless 

quantities.

When the constants f2, f3 and are obtained, then 

we have to solve the following quartic equation for a^, i.e.

Deaj* — 6f2af - 4f3a| - fi{= 0.

In this equation, De is to be taken in eV. This

quatric equation has four roots. The largest positive root 

should be taken as a^ and then a2and a3 are evaluated as follows:

Maf - f2/De) 

a1a2 - l/3a|
(3.34)

6D,

Once all the constants a^, a2 and a3 are obtained, 

we come back to the equation for U. Various values of r, i.e. 

turning points obtained through RKR calculations are substituted 

in the expression for U along with a^, a2 and a3 and U 

values are calculated. These U values are then compared 

with G(v).

We have applied their method to X state of HoF and 

X2Z state of YbF and the results are reported in Tables (3.10) 

and (3.11).
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3.4.2 Rapid Method to Construct True Potential Energy Curve:

It is very laborious to obtain classical turning

points from RKR and RKRV methods. To avoid this, Vaidyan
42and Santaram have suggested a rapid method to construct

potential energy curve based on RKR potential which involves
43 44empirical relations. Connecting 'r' and *U1, Vaidyan et al. ' 

recasted the Morse function in order to obtain an equation

of a straight line for the empirical relations in the form

log [{we ± (4u)fix U)%}/toe] = -a'r + arg 

where, a' = 2.3036, a and re are constants.

(3.35)

The equation of straight line can be obtained by 

replacing -a1 by m and (ar +logw ) by C. The resulting

equation is of the form:

log [we + (4toexeU)^] = mr + c

For r and r . , we can write, max mm
log [toe + (4toexeU)%] = m+r + c+

and

log[toe - (4togXeU)^] = mr-* c

(3.36)

For r < re - (3.37)

For r < rg - (3.38)

These equations result in the negative value of 

m. From Morse function, we note that a should be positive, which

indicates that m being negative is appropriate. Geometrically, m 

represents the slope of the straight line. In the RKRV procedure 

for the determination of classical turning points, the half width 

of the potential curve is given by:
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f = rma* rmin 
2

where, (r -r . } is given by: max min

^ max rm i n ^

These expressions are similar to the expressions (3.37] 

and (3.38), 1 r' values corresponding to any energy values.

U can be obtained if m and c are known. The constants m and 

c are obtained by using 'r' values evaluated using RKRV 

procedure corresponding to two energy states. After knowing 

m and c values, the evaluation of 'r' values is simple and 

rapid.

8lI2uCw:.x. e e

fln{u> + (40) x U)% - ln{o) -(4w x UJ’-s}}
e e ® 6 “ “

From the expressions (3.37) and (3.38), it is

observed that the applicability of Morse function to a particular 

electronic state requires that:

1) m+ = m_

2) c+ = c_

The applicability of Morse function to a particular 

electronic state is tested by plotting the graph of log

[we i (4u)exell)1-z] versus r. If the graph turns to be a straight 

line, then the above conditions are satisfied and Morse function 

is applicable to that particular electronic state. If m+ # m_ 

the graph deviates from the straight line and represents the
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the deviation of Morse Curve from that curve.

RKRV data is used to adjust the Morse function in 

order to represent an electronic state sufficiently upto that 

vibrational level at which its energy can be expressed as a 

quadratic in (v+’-s).

In this method, the turning points i"max# rminanc* t*ie 

equilibrium internuclear distance of the electronic state, 

which obey Morse function, can be related by the equation:

atre 2e e = ___________________

e_armax + e-armin

With the help of the above equation, the shifted 

r^ corresponding to Morse Constant a', which is mean of a^and a2 

can be determined making use of RKRV turning points.

45
Recently, Reddy and Reddy modified the method due 

to Vaidyan and Santaram. In the latter method, one needs two 

r . and tw0 values from RKRV method, to evaluate the

constants m and c. Reddy and Reddy gave a procedure in 

which r values from RKRV are not needed to evaluate the 

true turning points. They have obtained the following relations:

“e * 1'V.V' .
m* = In / (r4 - r3)



97

where.

r4 “ r3 {[
b2

2/g, 2^ K + 1 (X4_X3)} re

in which 

bi . &1 * ,35p.
h, hJ

g, = 18P2 + I ; h, = 1-3m and b' = 3.75-12.1
1 ll 1

5m

2,917,^ + 82p2
2 h2 ^

92
1HP2 + i /h_; h2 = 1 - 7m/3 and b" = 2.917-7.35m

x4-x3 = P[0.501 + 5K + 43.1 K2]

P = (Be/0)e)J5, m = a /B and K = w x /to e e e .e e

For r>re, In [w0 - (^exeU3^ = m+r3 + c+

r<re ' ln [a,e - (4wexeu3r,] = m_r + c_

for r±, r3 = [ {b2 k/2/g2) + /g2 ± P(3.74166+10.91 32K+49.273K2)]

Knowing the values m+ from equations (3.40) and (3.41), 

one can evaluate the true turning points rapidly by varying 

'U1 value in the Vaidyan and Santaram method.

We have applied the rapid, method to construct the 

true potential energy curve for the electronic states of x and B 

of xef, A2A5/2, B2A5/2 and X2A5^2 states of PtH and PtD,

X and A states of HoF, X2I and A2II^2 states of YbF X state 

of LuF and SiTe, A3!!*, B2II+ and X'2 + states of InBr.
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The constants 'm' and 'c1 in equation (3.37) and 

(3.38) which depend upon molecular geometry can be determined 

by two methods:

1) A graph of log[u)e ± (4a)exeU)%] versus r is plotted. The 

slope corresponds to 'm' and the intercept corresponds 

to 'c' values.

2) Using equations (3.37) and (3.38), the constants are 

determined using least-square method. For this, we 

have to use vibrational energy U in different vibrational 

states, the accurate RKRV data of vibrational energies, 

spectroscopic constants available in literature.

We have computed the values of 'm' and 'c' for the 

above mentioned states. The graphs of log[we ± (4wexeU)%] versus 

r are plotted for the above mentioned states and are represented 

in Figs. (3.1.) to (3.7).

The classical turning points are evaluated, for 

all the states using rapid method and are given in Tables 

(3.1) to (3.8), along with RKRV values. The constants *m1 and 

'c* are given for the corresponding states in each Table. 

From the table, we can see that the absolute difference (m+ -m_) 

are sufficiently large and hence, the graphs deviate from straight 

line. Hence, a new functional relation for these states is

used.
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3.4.3 Lakshman & Rao Method:

46Lakshman & Rao constructed a potential energy 

curve with the help of modified Ree's method. They constructed 

rotationless potential energy curve. For this, they derived 

the equations by replacing 'Ug1, ,a3exe', 'll', 'Be' and 'a 1

of Ree's equation by 'wm1, 1 umXm', 'Urn', 'Bm' and 'am1,

respectively.
% %

f(cm) = (c*/yu»nXm) In [ (0)2m-4a)mXmU)^/a)m-(4a)mXmU) ... (3.45)

g(cm 1 ) = (p/4c*)~ (wmXmj X
f %
tarn (wmXmUm) + (2u>mXmBm -amwm)

ln[(co2 -4oomXmUm)^ /. u>m-(4WmXmUm}’2]} ... (3.46)
m

where, c* = 16.8575

“m, wmXm are evaluated using least-square procedure. 

For this, four vibrational levels are used at a time. The

values so obtained are used for middle two levels. The next 

set of four vibrational levels is used to determine constants 

for other successive levels.

The method is applied to construct the true 

potential energy curve for X and B states of

X2 A 5 / 2 states of PtH and PtD. The values are taken from 

literature and are reported in Tables (3.1, 3.6 and 3.7) 

along with the values obtained by RKRV method. Rapid method and 

using functional relations. It is observed that the values

are in excellent agreement with the RKRV method.
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Functional delation for Diatomics:

We know that if a graph of log[we±(4wexeU)%] versus 

r is a straight line, then Morse function is applicable to that 

particular electronic state. If a graph deviates from straight 

line, then Morse function is not applicable for that particular 

electronic state.

For such electronic states, the following functional

formulae are suggested to represent empirical relations
47connecting r and U.

f{U) = yr2 + pr + C 

and f(U) = Ar3/2 + Br + C

The constants involved in the functional relation may 

be determined with the knowledge of RKRV turning points. 

After knowing these constants, the algebraic expressions are 

solved for the determination of r values, corresponding 

to given U Like Vaidyan et al. this method is not simple 

and rapid. But the method is definitely more accurate than 

their method.

We have evaluated the constants y, p and C for 

the entire curve and the final expressions are reported below:

I) Xef:
1) X ^State, f(U)= -0.4364225476r2-2.438427358r-0.7728402242

2) B1/2 State, f(U) = -0.4153787627r2 - 2.849482089r - 2.12209657
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II) PtH

1) A2 A^tate, f(u) = -0.4223189803r2 - 2.065950475r + 1.016500486

2) B2 A State, f(U) = -0.39C5277027r2 - 1.896836923r + 1.239829934' 5/2

3) X2 A5/|tate, f(U) = -0.80C954252r2 - 3.367242994r + 0.037148666

III) PtD

1) A2 Agitate, f(U) = -0.5000934877r2 - 2.313645315r- + 0.699422677

2) B2 Agitate, f(U) = -0.4748879145r2 - 2.170690995r + 0.8916136613

3) X2 A State, f(U) = -0.8403833521r2 - 3.418348434r + 0.068849731
5/2

IV) HoF

1) X State f(U) = -0.0057172108r2 - 0.0299752595r + 2.75190141

2) A State f(U) = -0.0049610683r2 - 0.0267819337r + 2.755212934

V) Ybf

1) X2Z State f<U) = -0.0048676451r2 - 0.0270737176r + 2.665795925

2) A2H3/2 State f(U) = -0.0047004015r2 - 0.0261417908r + 2.667225269

VI) SiTe

1) X State f(U) = -0.6315197088r2 - 3.48238583r - 1.974764376

VII) LuF

1} X State f(U) = -0.9128694237r2 - 4.251925055r - 2.015485929

VIII) InBr

1) A3no State f (U) = -1.803071025r2 - 10.12193385r - 11.64985467

2) B2II State f(U) = -1.603001064r2 - 9.138871765r - 10.48534958

3) X'E+ State f(U) = -0.7376750812r2 - 4.432917618r - 4.163843781
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Using these expressions, we have computed classical 

turning points for different electronic states of molecules 

XeF, PtH, PtD, HoF, YbF, SiTe, LuF and InBr. These results 

are reported in Tables (3.1) to (3.8).
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Ĵ

La
ks

hm
an

&
R

ao
's

 Me
th

od
R

K
R

V
 Me

th
od

U
(r 

cm
 “

C
la

ss
ic

al
 Tu

rn
in

g P
oi

nt
s fo

r Pt
H

 Mo
le

cu
le

TA
B

LE
 3.7

K.
N

.U
pa

dh
ya

.5
*



115

1 Re
la

tio
n Cons

ta
nt

s an
d

R
ef

er
en

ce
s

1.
 Sin

gh
,V

.B
., R

ai
,A

,K
. Nn 9

*£
O

m
C£
e&

CQ
to

*
•i—
fKS

CC 2.
 Ve

m
pt

i.S
.N

. & 
Jo

ne
s,

rr,in •UJ
3

3.
 Sin

gh
, V.

B
. et

 al
.54 >> #

rt5I
■MI<D\

CQ
>
szcr>c
CO

2.
61

19
 m+

 = 0
.4

81
74

72
46

c+
 = 1

.1
79

22
60

72

m
- = 

1.
68

37
05

32
2

c-
 = 1

.7
92

60
99

47

0
<ws

X
(0
£L.

2.
51

81

2.
55

07

2.
57

41

2.
59

40

2.
62

89

2.
64

52

2.
66

14

2.
67

79

2.
69

50

2.
71

36

2.
73

50

2.
76

37

l_
CQc
4-
o U

si
ng

 Fun
ct

io
ns

0
<w>
c
i
t.

2.
43

21

2.
40

05

2.
37

85

2.
36

03

2.
34

43 00O
IN
CO

CM 2.
31

63

2.
30

37

2.
29

17

2.
28

01

2.
26

90

2.
25

83

2.
24

78

«+■»nj
to

o
fc=sm
<

uo
jC
+*
CD
S

<*•**
o
<
taw'

X
ro

EL.

2.
54

48

in

to
CM 2.

65
43

2.
68

74

2.
71

48

2.
73

84

2.
75

92 00r>r-

IN 2.
79

47

2.
81

02

2.
82

44

2.
83

77

2.
85

00

O
(0+Jc

*o
CL

2
*5.m
oc

**—N
0
<

c
E

2.
43

21

2.
40

57

2.
38

60

2.
36

90

2.
35

34

2.
33

88

2.
32

48

2.
31

14

2.
29

83

2.
28

54

2.
27

27

2.
26

02

2.
24

78

C
la

ss
ic

al
 Tur

ni
ng

T5o
JC*•>0)
2

L

Q
<
"x

(0
EU

2.
54

48

2.
59

13

2.
62

52

2.
65

41

2.
68

01

2.
70

42

2.
72

70

2.
74

88

2.
76

99

2.
79

05

2.
81

04

2.
83

04

2.
85

00

OS
SC
Q£

0»+k
ScW»

C
’i
u

2.
43

21

2.
39

52

2.
37

09

2.
35

18

2.
33

56

2.
32

14

2.
30

86

2.
29

69

2.
28

60

2.
27

57

2.
26

60

2.
25

68

2.
24

78

U
(r

)

Eo

11
3.

65

33
9.

29

56
2.

50

78
3.

20

10
01

.3
0

12
16

.6
9

14
29

.3
1

16
39

.0
4 Cl

m
SfCO 20

49
.5

2

22
50

.1
0

24
47

.5
4

26
42

.0
6

>
o - fM CO St in to 00 Cl o IN

TA
BL

E 3.
8a



C
la

ss
ic

al
 Tur

ni
ng

 Po
in

ts
 of

 X'
£+

 Sta
te

 of
 InB

r
C

PI
i~!

55
69

40
 

4*
 Sin

gh
 V.

B
. et

 al
.

71
57

 m+ 
= 0.

36
98

76
92

2

73
60

 c+ 
= 1.

41
39

64
05

1

75
56

 m- 
= 1.

07
08

74
17

6

77
48

 c- 
= -0

.3
33

37
42

62
5

79
40

81
34

83
35

85
49

87
82

90
53

54
67

00
 

3.
 Sin

gh
, V.

B
. et

 al
53

Jo
ne

s,
 W.

E.
64

17
 

2.
 Ve

m
pt

i, S
.N

. an
d

60
26

 
1.

 Sin
gh

 V.
B

. et
 al

.5*
-

46
66

44
23

42
27

40
54

39
01

37
61

36
30

35
08

33
92

32
82

31
76

30
74

29
76

2.
50

22
60

26

66
23

70
16

73
25

75
84

78
11

80
13

81
96

83
65

85
21

86
66

88
02

89
31

90
53

46
80

44
26

42
41

40
85

39
46

38
18

36
98

35
84

34
75

33
70

32
68

31
68

30
71

29
76

2.
85

45

2.
87

19

2.
88

8

2.
90

53

60
26

64
86

68
18

70
98

73
46

75
74

77
88

79
89

81
82

83
67

48
07

45
10

42
62

40
67

39
03

37
60

36
32

35
17

34
10

33
12

32
20

31
34

30
53

29
76

36 26 08 82 49 08 59 04 40 67 86 96 01 95

11
1

33
3

55
4

77
3

99
2

12
10

14
26

16
42

18
56

20
69

22
81

24
92

27
03

29
11

2 3 4 5 6 7 8 9 10 11 12 13

U
si

ng
 Fu

nc
tio

na
l Re

la
tio

n Cons
ta

nt
s an

d
R

ef
er

en
ce

s
m

ax

(oV) U
iWl 

(oV)XB
U

i"<
:0v) 

U
!U

Jj

R
ap

id
 Me

th
od

rm
ax

(A
°:

joVlU
!U

lj

R
K

R
V M

et
ho

d
U

(r
)

cm



117

C
on

st
an

ts
 and

R
ef

er
en

ce
s

CM
in •

r*<0
•M
QJ

CO

JO
an
£

•f*
oo

**• 
to •

*o «
c<0 4*>

co <u
• to

Z • *
• UJ CD

CO • *
3 >••f— ft A

■P Ifl £
Cl <U O)
Sec
® O *r 
> *"3 CO

to
to

10
-M
aj

CO
>

.£
o»
c

•p*
CO

+ 0.
47

49
71

46
33

= 1.
18

10
92

51
3

= 1.
78

11
70

52
4

= -2
.0

46
25

45
52

• •
CM

•
CO

•
4*

+
E +

u E o

R
el

at
io

n

0
< 54

40

57
98 in

ino
ID 62

74

64
72

66
59

68
41

CM
CM
O
h-

o
CM

COosr
N

***•
CM
LO
r**

c*.
CO
00

COost
00

X
(0
£

V-

O
<
W*

C

£
V.

a1 CM CM CM (N CM CM (N CM CM CM CM (N

U
si

ng
 Fun

ct
io

na
l

2.
44

98

2.
41

51

2.
39

08

2.
37

07

2.
35

31

2.
33

71

2.
32

22

2.
30

82

2.
29

49

2.
28

21

2.
26

99

2.
25

80

2.
24

64

M
et

ho
d

o
<
"“x

n>
E

V.

2.
45

44

2.
61

38

2.
65

86

2.
69

31

2.
72

16

2.
74

61

2.
76

76

2.
78

68

2.
80

43

2.
82

01

2.
83

48

2.
84

82

2.
86

08

R
ap

id *"*S
0
<w

C
i

L.

2.
43

03

2.
40

42

2.
38

47

2.
36

77

2.
35

22

2.
33

76

2.
32

26

2.
31

01

2.
29

70

2.
28

41

trlZZ'Z 2.
25

89

2.
24

64

TJo
x:4J(U
3

0
<
""x

ra
E

V.

2.
54

40

2.
59

13

2.
62

60

2.
65

56

2.
68

24

2.
70

73

2.
73

10

2.
75

37

2.
77

58

2.
79

74

2.
81

87

2.
83

98

2.
86

08

>
0£
irf
0£

0
<

c 2.
43

03

2.
39

35

2.
36

93

2.
35

03

2.
38

42

2.
32

01

2.
30

74

2.
29

58

2.
28

49

2.
27

46

2.
26

49

2.
25

55

2.
24

64

U
(r

)

l_ U
IO

11
1.

75

33
3.

45

55
2.

50

76
8.

83

98
2.

25

11
92

.6
8

13
99

.9
3

16
03

.8
7

18
04

.3
7

20
01

.2
9

21
94

.6
0

23
84

.0
5

25
70

.0
0

>
o - <N CO =r in co 00 o o

- 12

C
la

ss
ic

al
 Tur

ni
ng

 Po
in

ts
 B2I

I St
at

e o
f In

B
r

TA
B

LE
 3.8

c



118

Pe
rc

en
ta

ge
er

ro
r

62
.7

5%

62
.5

0%

57
.9

05

59
.9

0%

51
.1

0%

64
.4

0%

34
.3

0%

76
.6

0%

75
.2

0%

o\o
O
r—

•
00
10 49

.9
6%

64
.9

8%

67
.1

9%

66
.2

5%

w
 xfl

 
e e

(c
al

cu
la

te
d)

0.
47

68

0.
73

10

1 .4
80

2.
05

1

4.
46

1.
06

7

1.
55

0.
34

2 191*0 0.
22

3

17
.0

47

23
.4

77

14
.8

89

2.
28

3

1 .4
11

1 .7
21

0)
 X e e

(e
xp

er
im

en
ta

l)

00
CM

1.
95

3.
52

5.
11

9.
12

3.
00

06*6 1.
46

5

0.
65

0.
70

29
.7

5

6.
52

4.
30

ors

Pe
rc

en
ta

ge
Er

ro
r

52
.9

0%

63
.5

0%

40
.0

0%

48
.2

0%

37
.7

0%

72
.9

0%

53
.6

0%

62
.1

0%

19
.0

0%

23
.2

0%

34
.2

0%

48
.6

0%

53
.4

0%

49
.6

0%

a e
(c

al
cu

la
te

d)

0.
00

04
01

0.
00

07
30

0.
00

21
0

0.
00

33
4

0.
01

04
9

0.
00

14
1

0.
00

20
2

0.
00

20
3

0.
13

00
6

0.
19

05
2

0.
09

47
2

0.
00

28
23

0.
00

13
5

0.
00

25
2

15
■M 
C 
0) 

0) E
a •-

0)a
X
<u
W

cn
IT)
00ooo

•
o

CM
Oo

•
o 0.

00
35

0.
00

64
6

0.
01

68
5

0.
00

52
14

0.
00

43
58

0.
00

53
6

0.
16

07
9

0.
24

8

0.
14

4

0.
00

55

6300*0 0.
00

50

M
ol

ec
ul

e

A
IB

r

A
IC

I

B
B

r

B
C

I

Be
F

Br
F

C
IF O

In
Br

K
B

r

M
nH

H
IN

Pb
H

O
d

C
eO

M
gO

T
A

B
L

E 3.
9a

on
 and 

u)
 x in 

(c
m

 ^) 
us

in
g M

R
K

 Po
te

nt
ia

l
C
 

6 G



119

TABLE 3.9b

Comparison with Different Potentials

Potential Used
Average Percentage

Error in ae
Average Percentage

Error in id x e e

Morse ±25.98 ±26.82

Rydberg ±22.39 ±19.92

MR Potential ±26.54 ±24.48

RK Potential ±26.12 ±22.62

MK Potential ±20.43 ±20.13

MRK Potential ±47.10 ±65.00
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Fig. 3-2
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Fig.3-3
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Fig. 3-4
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Fig. 3-5
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Fig. 3-7
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