
CHAPTER_III

INFLUENCE FUNCTION OF CERTAIN FUNCTIONALS 

U1 INTRODUCTION..: In this chapter we are considered various

types of functionals viz.
i) oc-trimmed mean

*

ii) «-trimmed variance
iii) «-Winsorized mean
iv) «-Winsorized variance '
v) M-estimator.

The influence function of each of them is obtained. In 
section 3.3 of this Chapter the finite-sample versions of 
influence function is considered and some simple theoretical 
and numerical examples on empirical influence function and 
sensitivity curve are given. ■
3^1 INFLUENCE FUNCTIONS OF oc-TRIMMED MEAN

In this section we shall define i) «-trimmed mean and
ii) oc-trimmed variance and obtain their influence functions.
Ofcourse, the final result of IF of oc-trimmed mean has been
given directly in the paper (Hample, (1974)). The oc-trimmed
variance is defined and its IF is obtained independently.
The <?c-trimmed mean : One class of estimators with very good 
robustness properties are the oc-trimmed means (0<oe< i/*) which
have been proposed by Hample(1968) as substitutes for the
mean.
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The ^-trimmed mean(0<«<t/t) can be obtained as follows : 
Let jzj,...,be the ordered sample of size n and

«{0<«<i/z) be the given number. Define h to be n«(or tn«] + *?) 
if n« is (or is not) an integer. Then the sample mean 
computed, by deleting h smallest and h largest observations, 
is called the sample «-trimmed mean and is denoted by Tnec.

That is,

rp =
ln,«

1 xu> (3.1.1)
i=h+l

Here [n«] denote the integer part of n«.
Further, corresponding to a distribution function F the 
oc-trimmed mean of F is given by

F”1(»-«)
T«(F) " JxdF(x), 0<«< i/1

F'^oe)
-

1 —Ot
--TirJr",<p,dP'

CC

«<P<l-« (3.1.2)

The «-trimmed mean represents a compromise between the mean 
and the median, which represent the limiting cases as «->0 and 
«->i/2, respectively.

Let F be a continuous distribution

function. In order to obtain IF(x;TK,F), it is enough to 

9find —— (T^(G)) | , where T^G) is the «-trimmed mean of^t ' I i.=n
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the distribution G. Here we need to consider the following 

three cases.

The oc-trimmed mean of the distribution G is

G“1 (i -«)
TW(G) = JydG(y)

G-1(«)

G_1(i-«) 
Jyg(y)dy
G“1 (<x )

lrJL
1 toe yf (y)dy

F“.M-f^)
(3. 1.3)

Differentiating (3.1.3) partially w.r.t. t, we get

l“t 1-t Jc?t l~t

F' ‘ (-j=i) * [f “1 < -rrj > ] sr [F"1 < > ]}1-t J3t 1—t Iii>Jydr(y’
F~ 1

_lzt_.Jp-1 /lz«zfc\-J-- p-* („«~fc\-fL- fgrtl \
l-2oe ■ l-t at 1 l-t J 1-t' at Ll-tJ/

X
l-2« .

F-i(Ar^t,
ydF(y)
F_1 (-f~{#)
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l-2« 1-t L(l~t)

l-2«
JydF(y)
F~‘(^)

F-1 ( i -«)
Pt t=0 l-2«i-tF-Ml-^H-^J-F-^cHc-l)]- pl~ JydF(y)

F_1<«)

Therefore,

IF(x; T^., F) = pi- [F"1(«)-['F“l(P)dP-'<F“1(«)-x<F“1(l-x<)] «<P<W

“ —C«)-TW<F>] , x<F_1 («) , (3. 1.4)

Where TW<F) is the cc-Winsorized mean (defined in subsequent 

section)

£aae_JLL : If F~1(oc)ix<F 1 (l-«)

In this case T^G) is

G-‘(1-tc)
T^G) = |ydG(y)

G"1^)

G-1(l-«)
Jyg(y)dy + ^ x 

GT1^)

i
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r'(ATstt)
- -7*?- yf(y)dy + -Hf- x (3.1.5)1—2« J 1—2<x

F~* (—s—)
1 -t

Differentiating (3.1.5) partially w.r.t. t, we get

Srfc.<G>] =

F_-1 <-rSt>1 D"1 <t^> ]jt tF"‘ <-*;> 1}
pi jydF(y) ♦ — 

F-C-fSF)
1—2«

-JlrJi_/Ip-i(_Iz2erfc) f—rsL—l- p-!(_«_)[----2L_r-Hl-2« 1 1-t l(l-t)£j 1-t l(l~t)zJ/

l-2« ydF(y)J=
1—2«F 1 (—jprg)

9
&b

[T"<a)^L_n " -pfe[F“‘F-‘(«)(«)]
u—U

F 1 ( i-r>c)pi W>+ Pi

Therefore, F~1 («)

j[—C<
IF(x;Tx, F) = -p^[xr-J'F-1(P)dP - «F-i(«)- kF'MW)]. «<P<1-tc 

= jZ^ Mw(F>] . F-^ocJlxiF-MW) (3.1.6)
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: If x>F~1

Here TW(G) is

G“1{1~«) 
T«(G) = JydG(y)

G"*(x)

G“1(1-w) 
= yg(y)dy
G"1(x)

= .lr.t
l-2« Jyf(y)dy 

F-1^)
(3.1.7)

Differentiating (3.1.7) partially w.r.t. t, we get

5*t
[t(G)'J __i.t.

l-2«
i tt’ i I i —c»: I t l —t< | _ tt»*~ i / oc \ f « l

(1-t)

- _JL— ydF(y)
1 J

F''<-rSE)

5r[,r<Q)]|t=0“ -^[F-u-1 <!-«>-*
Therefore,

1 («)(«)] _1__
1~2«

F_l(l-«)
jydF(y)
F_1(«)

1 ~OC
IF(x; Tc<, F) = jJ^[F"i (l-x<)-|F-i(P)d^x.cF”1(«)-«F“i(l^)],

«<P< t~«
= [F‘l(l-«)-yF)] , x>F“‘(l-«) (3.1.8)
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Thus,from (3.1.4),(3.1.6) and (3.1.8), the IF of the «-trimmed 
mean at F is given by

IFUjT^.F) = [F_1 («)—TW(F>] , for x<F“‘(«)

= p^;[x-Tw(F)] , for F"1 («) <x<F_i ( W)
s

= ■^[r'(W)-VF)] , for x>F-1(1-w)

and GES is given by (3.1.9)

r*(TK,F) = ■p^[F“1(l-^)-Tw(F)]

= finite (3.1.10)

This implies that the o-.-trimmed mean is B-robust at F.
In particular, if F is symmetric about aero, then the IF of 
the «-trimmed mean reduces to,
IF(x; T , F) ~ -4- F-1(«) , if x<F-*(c<)

1—2oc

= x ’ lf F“1(«)ixSF"1(l-r<)

— -—4~ F“1 (l-'x) , if x>F~** (1 «).
1—Z«

The same can be written as,

IF(x;Tk,F) = , if IxI < F~1 (1-Tx)

= F~1 (1—oc) signlxl ( if |xt> F“!(l-«)
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and GES will be
r*(TK,F) - -4- F"1 (l-x<)

1 6«
= Finite.

The corresponding asymptotic variance of estimator is given by

V(Tk,F) = JlF4(x;TK,F)dF(x)

F-^cc) F“1 (i -«)
dF<x,+(Ffc^ KdF(x)±.

(l-2«)
-oo F-i(«)

F_1(i-«)

( l-2oc > 1
[FCx)f <«>

-oo
[F<x,]

B> — 1F’’(i-«)

X
<l-2«)

F-Mi-«)
Jx4dF(x)
F_1(cc)

(l-2oc)
F"1 ( i-<x)
fxzdF(x)+2«(F_i(«))i
F‘*(«)

(l-2«)
i —oe
|[F~1<P)]idP+2«(F~1{«)):
OC

Comparing the results (2.1.13) and (3.1.10),

we conclude that, the «-trimmed mean for 0<oc<i/*, provides a 
correction for the deficiency of the result (2.1.13)
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: Let X(i)»*(*)>•••»*(n) denote the

order Statistic and «(0<oc<i/z) be the given number. Define 
h = n« (or h = [noc] + i?) if n« is (or is not) an integer. Let 
the sample variance computed by deleting h observations 
from each end of the sample be called the sample «~trimmed 
variance and be denoted by Vr

That is,
n,«'

n—h
n,« JL

n-2h - C <x<irTn,«> (3.1.11)
i=h+l

Where Tn>oc is the mean of the trimmed sample.

« d!iartrib&ttcxi function f, let the -r.-ttltmsd 

variance of F be given by -

F 1 ( l-oc)
Vk(F) = -pi— J(xr-Toe(F))zdF(x) , 0<«<iA ‘ (3.1.12)

F_1(«)
Where T^F) is the <*-trimmed mean at F.

If F is symmetric about zero, then

F 1 (i-«)
V«(F) = —j;- Jx1dF(x) , 0<«<i/i

" F_1(«)

i —oc ^
= J[F-4(PjdP , «<P<1-^ (3.1.13)
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IF of oc-trimmed variance : Consider a continuous distribution

function F, symmetric about zero and the corresponding 
«-trimmed variance VW(F). Here, as before, we have to find

C?—— lV^;(F) 1 I in order to obtain IF(x;V^,F). We need to
" 1t=0

consider the following three cases.

.Case..1 : If x<F~1f«>

The «-trimmed variance of the distribution G is

G~1 ( i -«)
Vk{G) = Jy*dG(y) - [tk(G)]2

G-J(«)

= 1^ F f(y)dy ~ [T«(6>r (3.1.14)

Differentiating (3.1.14) partially w.r.t. t, we get

. JLzh
1~2«

_£
9t

- 2 T“(Q,ii“tT«<G>]

1~ 2«

F-^^i)
JyzdF(y)
F-‘(-^|)
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i.-:
lz±. ||f'~ 1 <lzs£r±.> 1y r__r«_ i _ rF“i<_«=t) i-t J L<t-t)aJ L 1-t f [TT^h]}

- Jy*dF(y) - 2T„<a>i|-[Tot(G)]
F_1(—

St [VW(G)] I = ~|-[{F-^{W))1(-x<)-(F-1(«))±(«-l)] 
11=0 1 ^

F— 4 ( i-«)
Jy2dF(y)

1~~2« F-1(«)
Therefore,

F-1 (i-<x)
IF(x;VK,F) - [(F~1<«))i - Jy1dF(y)-2«(F-i(«))4]

F-1 (®c)
= [(F-^o:))2 - VW(F)], (3.1.15)

1 —OC £ £
Where VW(F) - J [f-4 <P)] dP + 2«[F-1<«>] , «<P<l-w,

OC

if? a oc-Winsorized variance of distribution F, which is 
symmetric about zero (defined in subsequent section).
Cas£i_H : If F~1 (oc) <x<F~1 ( 1-t*)

The «-trimmed variance of the distribution G is 
a"1 (t-oc)

V«(G) = Jy2dG(y)—[^(G)] *
G”‘(«)
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- jy2«(y)dy + x2 - [tm<G)]*

“ Jy2f(y)dy + x2 - [t„<g>]
F~1 (t^e)

Differentiating this partially w.r.t. t and substituting\
t = 0, we get

9
it l-2«

[F-1 {!-«)] <-«)-fF-1(«)] z
(«)

Therefore,

r‘d-«)
jyzdF(y) + x1 
F-1<«)

IF<x;V«,F) l-2«
t F~1 (l -«) 

xV2«[F“i(«ej] - jy2dF(y)
F-1 (cc)

[**-Vw(F>]

: x>F~*( l-«)

In this case VW(G) is

G“1 (i-oc)
Vk(G) - |yzdG(y) - [^(G)]*

G-1(«)

F-‘(--f=|)
= Jy2f< y^y -[t«<g>]K F_1(—

(3.1.16)
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Differentiating this partially w.r.t. t and substituting 
t = 0, we get
IF(x;V^,F) - p£- [(F-1 («)) * - VW(F)] (3.1.17)

Thus, from (3.1.15),(3.1.16) and (3.1.17), the IF of 
oc-trimmed variance at a symmetric distribution F is given by
IF(x;Vk,F) - p£- [(F~‘(«) )*—V^(F)] , for x<F~J(«) or x>F~1(l-^) 

- [x1-Vw(F)], for F'1(«)<x<F"‘(W). ■

3.2
Aim.oc-KINSQRIZED.. VARIANCE :
In this section we shall define i) oc-Winsorized mean and 

«-Winsorized variance and the influence functions for both are 
obtained. Ofcourse, the final result of IF of «~Winsorized 
mean has been given directly in the paper (Sample (1974)).
The «-Winsorized variance is defined and its IF is obtained 
independently.
oc-Winsorized Mean : Another class of the order Statistics are
the oc-Winsorized means (0<«<iA) which satisfy the robustness 
properties. In case of the oc-trimmed means the extreme 
observations are not considered (given zero weight). But for 
«:-Winsorized means, in a sense weightes are given to the 
extreme observations. The purpose in doing is that we do not 
want to "throw away" the n« leftmost and n« rightmost 
observations as in the «-trimmed mean.
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The «-Winsorized mean can be obtained as follows :
I.et t4X(n) be the ordered sample of size n and

«(0<«O/2) be the given number. Define h=n«, if n« is an 
integer and h=[n«] + P, if n« is not an integer. Replace the 
values of the h leftmost and h rightmost observations by that 
of x^+i) x(n-h) respectively. Count these values (h+1)

times. The mean obtained from'this modified sample is known 
as the «-Winsorized mean and is denoted by Wn>cc. That is,

w = hx (h+1) +x (h+1) +x (h+ *) + ~ lhx (Jirdil
n'« n

= n_1|(h+l)(x^h+i)+x^n_h))+ £ x(i)j* h<nrt (3.2.1) 
L i=h+2. J

Furthermore, an asymptotically equivalent definition, which
holds for all distribution^ F, is given by

1p<i-oc)
TW(F) = |xdF(x)+ oefF-^oO+F^d-oc)], 0<«<i/i

F"1(«)
i -«= Jf~ 1 (P)dP+ «[f-1(«)+F_1(1-«)], 0<P< i —oc
oc

= (l-2«)Tec(F)+ c^fF-^c^+F-MW)], (3.2.2)

Where T^F) is the «-trimmed mean at the distribution F.

F~1(«) and F 

F~1 has jumps there

: There will be trouble if the corner points 

“‘(I-’k) are not uniquely determined that is if
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: i) If F is symmetric about zero, then 
Tk(F) = TW(F) = 0
ii) If F is symmetric about 6, (0>O), then T^tFXT^F)

iii) If F is symmetric about 6, (0<O), then T(X{F)>TW(F)
iv) For a random sample, Tn>oc >< Wnot. I

IF of ot-Winsorized Mean :
Consider a continuous distribution function F. In order

ato obtain IF(x;Tw,F), it is enough to find ^-[tw(Q)] |
t=0

where TW(G) is the «-Winsorized mean of distribution G. We 
need to consider the following three cases,

: If.xSF.lVly),
■v

Here TW(G) is

G_1(i-«)
TW(G) « Jyg(y)dy+ « [g~‘(x) + G"1 {1-^c)] 

G_1(«)

(1-t) |yf(y)dy+ « [f~ 1 (-^i) + F-1 (-17c?t)1
u 1 It
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Differentiatlng this partially w.r.t. t, we get

5TtV«)] -

+ «

F-‘ c-s^gt) 
- Jyf(y)dy

■H&]f[F-T(^7I 9b 1 l-tJ fCF"i(-A^ft)] 9b

9b

- Jyf(y)dy+ ftF-l(_^-|yj + <i-t)T f[F~‘(^r^1)]
F-H-Js^f) L 1 it.

F~1{i-«)
[TW(F>] | _ •* F“*(l-«)('-«)- F-^ocHct-l)- JydF(y) 

t_0 F-^ec)

+ « f.....•«■"!--------- + --------- (^ei)------- }

IJi i—X---------- 4. ---------- \ V5ul-------
If [F_1 («) ] f [F-1 { 1-^c) ].

Therefore,

IF(x;Tw, F) » F-1 («)■
i —«

f (F («) |V~1 (P)dP - otF-^oO-wF^a-oc)

OC
fCF-1(«)] fCF~1 < 1-T>c) ]

" F‘<“> - nF^oi - Tw<F) - “* fiPfei _ _ t_l
f[F_1(«)3J
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F-1<«) iftF-^oc)] U(F) ,

Where U(F) = TW(F) + L_ _ _ _ _ _ j_ _ ,I f[F~1( 1-XK ) ] f CF-1 (c:) ] J

x<F~1(«)» (3.2.3)

1

Casjs_.II : I f F.~1 (<*) OdETJUl^l
In this ease TW(G) is

G ( i-«)fw(G) - |yg(y)dy + t.x + « [g~‘ (c.:)+G~* (l-«)] 
G~1(«)

(1-t) |yf(y)dy+t.x + « [F“1 (-“)+F_1<-*“*)]
1-t

Differentiating this partially w.r.t. t, we get

S>h

u.*
3) = (1-t) F-M

yf(y)dy

l~t L (l~t)

4- « r ii.x_ _ _ _ r__«_ _ I +_ _ _ l_ _ _  r_ =«_ 11 + „J f CF 1 ( j~£—•) J l( l-t)lJ f[F-f<-4^^T] L(l-t)lJ J

a F“1(i-«)
~= F-*(l-«)(-«) - F"1 («)(«)- JydF(y)

fc~0 F-1 (■:•:)

+ ot J_ « __ _ _ 1[ f[F-!(«) 3 f[F-‘(l-«)lJ + x
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1" ^Therefore,

IF(x;Tw, F) *» x - JV~‘ (P)dP - « F_i(«) - ocF”1*!-^)

X
fCF-M-^)] fCF_1 («) ] 

= x-U(F), F”1(«)<x<F_1(1-^)

If ..X)£ll 1 lrgcl 

Here TW(G) is

G“1 (1 -«)
TW(G) = Jyg<y)dy + « [g"1 (oO+Q-^ 1-*)] 

G"‘{«)

yu-m)
■= (1-t) Jyf(y)dy + <* [f-^-^-) + F~1(-{~:>] 

Differentiating this partially w.r.t. t, we get

(3.2.4)

9t

— yf(y)dy

F 1 (-j~g)

+ OC X r—«—i L/ 1-4-\^J
_____ 1________  j l~^ot

IfCF-^-prl-)] L(l~t)2j ' fCF-^-^)] L(l-t)2-

+«
(____ + _____________ izS*____ ]
|_fCF-1(«c)3 f[F~1( 1—k ) ] j

a 1 (1 -<*)
~“[tw<G>]| _ - F’*(l-«)(l-«) - F-1(«) («) - JydF(y)

t-° F~‘<«)
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Therefore,
IF(x;Tw, F) = F^l-™) + --— - eeF-1^) ~ ocF-^l-ot)w f[F (l-w)j

i —« r 1- Jf ‘(PJdP - «z| fCF-i( !-«) 3 “ ffF“*(«)']|
oc u

= F-‘(H) + ^zt=t71-- rr-U(F), x>F“1(1-«) (3.2.5)f [F ( l-oc) ]
V

Thus, from (3.2.3),(3.2.4) and (3.2.5), the IF of the 
«-Winsorized mean at F is given by

IF(x;Tw,F) = F-1(«) - —~^~-y - U(F), if x<F"1(«)

= x - U(F) , if F~1 («)<x<F~1 (1—oc)
= F~1 (lHx) •<•• • --- - U(F), if x>F“1 (1-w) (3. 2.6)f[F (1-w)]

The IF of the oc-Winsorized mean has jumps at F-1(«) and

F’MW).
The GES is given by
r»(T,.n-r‘iM* nF'.(i--)] 1,(F)

* Finite
This implies that the oc-Winsorized mean is B-robust at any 
distribution
In particular, if F is symmetric about zero, then the 
IF(x;Tw,F) reduces to,
IF(x;Tw,F) - F~1 (oc) - ——--— , for x<F~1(«)w f(F I(l-«))

“ x , for F“1 («) <x<F~1 (1-oc)
- F~'(i-->^7r=T(i--j7 • for x>F-‘(W).
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It may also be written as

IF<x;Tw,F) = x
= F"1 ( i~rx) + OCftF’MWn

, for lxl<F_i(1-w) 
Sign(x), forlxl>F-1(1-w)

and QES is given by

GES = F-1 (1—oe) + ---- -------t f [F 1 (l-w) ]

= Finite '
The asymptotic variance of estimator is 

V(TW,F) « JlFNx;Tw,F)dF(x)

j^F-^oc)
f[F'

-j* F-i(«) F" (i-oe)IdF(x) + RdF(x)
”® F“‘(«)

* {F~,(1-) * w^il IdF<x)
F (i -«)

F~1 ( 1-TJC ) + __________ OC_______f [F_1 (1—oc ) ] J
<oc) r*<»“«)] [F(x)J |xzdF(x)

-co
CO

F-1{«)

If” *(!-«) + ---- 05
f[F_1 < 1—cc) 3 j

12. F"1!!-1^)j [<oe-0) + ( l-(l-^c))]+ Jx*dF(x)
F~1(«)

F~1 (1 -oc)|x2dF(x) + 2«{F-(1-K)+Fri^--T]
F-^oc)
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: Let x^ i)» 3C( i) :(n) be the

ordered sample of size n and «(()<«< i/*) be the given number. 

Define h to be n<x(or [n«]+Jl) if n« is (or is not) an integer. 

Replace the h extreme observations on either side of sample 

by and respectively. Count these values (h+1)

times. Let the variance obtained from this modified sample

be called the sample oe-Winsorized variance and be denoted by 

Vwn. That is,

^w,n n (k+n[(x(h+!) Wnj0C) + ^xn-h ^n,«) ] 
n-h-i z

+ n"1 L(x(i)-Wn>oc) , (3.2.7)
i=h+2

Where Wn>oc is «-Winsorized mean.
v

Furthermore, if F is distribution function, then «-Winsorized 

variance of F is given by

F‘1(H)
VW(F) - |(x-Tw(F))ZdF(x)+«[(F“1(«)-Tw(F))1 + (F-1(l-^)-Tw(F))t]j 

F~*(c<)
0<«< l/z (3.2.8)

Where TW(F) is oc-Winsorized mean at F.

In particular, if F is symmetric about zero, then «-Winsorized 

variance is given by 

F~1 (1 -oc )
VW(F) » JxzdF(x)+ «[(F-1(«))£ + (F-1(l-x<))2]

F~‘(«)
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JLT<
» J[F‘"I(P)]*dP + 2<* [F~1 (oc)] ^, «<P<l->x (3.2.9)

OC

We note that «-Winsorized variance at any distribution is 
always greater than that of the «-trimmed variance.
IF of «—Winsorized Variance : Let F be a continuous

distribution function which \s symmetric about zero and VW(F) 

be the «-Winsorized variance of F. IF(x;Vw,F) is obtained by 

9 r -i—— VW(G)It . Here also, we will consider the following*t=0

three cases.

Case 1 : If x<F~V(oc)

The «-Winsorized variance of the distribution G is 

G"*( i-oc)
VW(G) - [ytg(y)dy+ « [(G"1 (oc) J^G'1 ( W)) *] - (TW(G))*

G“ 1 («)
p— 1 ^ 1 -OC—t j

“ (l~t) jy*f (y)dy+ « [(F~‘ )* + (F-1 ) Z]“(TW(G)) *

Differentiating this partially w.r.t. t and substituting t-0, 
we get

9t

F-1(i-c<)
[vw(G)] | ** [f~1(l-w) ] (-w)— [f_‘(«)] (oc—1)— |y2dF(y)

F~t(«)
+ 2oc I).F~1 (lry.) + (oc-DF-1 (oc)I 

[ f (F“l ( l-’oc) ) f (F-1 (oc) ) j
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Therefore,

F_1(l-«)
IF(x;Vw,F) - [F-1(oS)]Z-fyMF(y)-2«[F"l(«)]i+2oc —< 2*-1)

= [F-‘(oc)]%2oc(2cc-1) - VW(F) (3.2.10)

Where VW(F) is the «-Winsorized variance of distribution F 

which is symmetric about zero 

Casein :

Here, «-Winsorized variance of the distribution G is 

G-^i-c:)
VW(G)

(l-t)

y*g(y)dy+tx*4«[(G“,(«))* + (G-1(i-«))4] - [tw(G)] 
G~1{«)

p-1 (JLySLyJt)
V£f (y)dy+tx£ +« [(F"1 (*=&=&})Z + (F"1 ())1 ]- [Tw(G) ]

1 b 1 hF_1(—j-t)
Differentiating this partially w.r.t. t and substituting t=0, 
we get

at'l-^w
t=0

r!d-«)
[(F-1 (l-«))£(-c:)-<F_1 <«))*<«>] -|y2f(y)dy +x*

F“‘(«)

+ 2<x — (-«) +---- («)]
]_f (F~1 ( 1“'oc) ) ftF-^oc))
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Therefore,
F“‘( i-«)IF(x;Vw,F) = x£ + 4«* - 2[f-1<«)]* - JW(y)dy
F-1{«)

= x2 + 4k1 (3.2.11)

Case .1.II : x>F~1 (l-«)

For this case VW(Q) is N
G_1(i-«)

VW(G) = Jy^gCyJdy+octcG-^^JjHCG-Ml-^))4] - (TW(G))*
G-i(«)

F-1/*-«\V j - [* /= (1-t) Jy^ftyJdy+cc^F-^ ^g))* + <F_1 < ~) > “ <VG>>*

Differentiating this partially w.r.t. t and substituting t=0,
we get

F~1 (i -t<)

Therefore,

VW(F) (3.2.12)
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From (3.2.10), (3.2.11) and (3.2.12), the IF of the 
«-Winsorized variance at F, which is symmetric about zero, is 
given by

IF(x;Vw,F) = (F-1^))^^*-!) —~ VW(F),

for x>F‘"1 (1—oc) or x<F-1(«)
*

= xz + 4oc4 ---F-7.,!■■.(«)■ — v (F)

for F”1 («) <x<F~1 ( 1-tx ). I

3Ui
In this section we shall consider the finite-sample 

versions of IF. The IF defined (2.1.5) is concerned with the 
underlying distribution F. This IF can also be viewed as an 
asymptotic functional of a sequence of suitable estimators of 
F. However, there exist also some simple finite-sample 
versions of IF, which can easily be computed and they are :
i) Empirical Influence Function 

ii) Sensitivity Curve.
The graphical representation of these versions of 

influence function for various estimators is given in this
section.
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Now, we shall discuss these versions in detail.
1) Empirical_InflUfinc.e-F-UtictiQn : Suppose we have a sample

(x,,xz,...,xn) of n observations and an estimator {Tn;nll>.

I.et an observation in the sample (say Xjj) be replaced by an

arbitrary value x. Then the empirical influence function 
(EIF) of the estimator at thatssample is a function

Tn(Xj,xz, .. . , xn_j, x) (as a function of x). This simplest

idea is suggested by Hample (1982). Let us consider some 
special cases of EIF.
i) If n=10, ee=.l, then [n«]==l and suppose X{1Q) is replaced

by x. Therefore, the EIF of the 10%- trimmed mean, which is a 
function of x, can be obtained by deleting the smallest and

s

the largest items from the modified sample. That is,

EIF of 10% trimmed mean — -X^1 ^ ^.(%.) , if x<x^, j

x(l)<xix(9)

- .-x-(Ot*(»j.t:.:.>if X>X(9)

This EIF of the 10%-trimmed mean is constant when x<x^jj, is 

continuous nondedteasing x^jjixix^j and is again constant
when x>x (*>
ii) If 0=10, «=.1, then [n«]=l and suppose X(1o) is replaced

by x. Therefore, the EIF of the 10%-Winsorized mean, which 
is a function of x, can be obtained as follows :
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EIF of 10%-Winsorized mean

2xU.) f
iO » if x<x(t)

2x+Xf **+xf,>+. • .+xm+2x,8>
iO ’ if X(i)iX<X(t)

?l2x( *) +.-(_i)i.,-:x( ?)+2x( *)
IO ' if X(2)<X<X(0

2x(*l+X( •+X(e)+2x
id » if X(S)<X<X(9)

IO ’ if x>x(9)
This EIF of the 10%-Winsorized mean is bounded for both xr>+w 
and x->—co. Symilarly, the EIF of «~trimmed mean and that of 
«-Winsorized mean also be obtained and note that these 
empirical influence functions are always bounded for finite 
values of *(i)»(i=l»2,...,n).

Now, we shall consider a numerical example.
Example!3.3.1) : For the Cushny and Peebles data (Ref.Hample 

(1986), page 79), we have n=10, xn=4.6. Using this data the

empirical influence functions of the simple arithmetic mean, 
the median (50%), the 10% and 20%-trimmed means, 10% and 
20%-Winsorized means have been calculated in the following 
table(3.3.1), where the last observation 4.6 in the data has 
been replaced by an arbitrary value x.
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Xable Ha (3.3.1)
EXE af various estimators based on Cusfapy and Eaebies data

X
EIF of 
Mean

EIF of 
10%~ 

trimmed 
mean

EIF of 
20%— 

trimmed 
mean

EIF of 
10X-

Winsorized
mean

EIF of 
20%-

Winsorized
mean

EIF of 
Med i an 
(50%)

-3.0 .82 1.10 1. 17 1.06 1. 14 1.25
-2.0 .92 1.10 1. 17 1.06 1. 14 1.25
-1.0 1.02 1. 10 1. 17 1.06 1. 14 1.25
0.0 1. 12 1. 10 1. 17 1.06 1 . 14 1.25
0. 1 1. 13 1. 11 1. 17 1.08 1.14 1.25
0.7 1. 19 1. 19 1. 17 1. 18 1. 14 1.25
0.8 1. 20 1.20 1. 17 1.22 1. 14 1.25
0.9 1.21 1.21 1. 18 1.23 1. 17 1.25
1.0 1.22 1.23 1.20 1.24 1.20 1.25
1.2 1.24 1.25 1.23 1.28 1.22 1.25
1.3 1.25 1.26 1.25 1.27 1.23 1.30
1.8 1.30 1.33 1.33 1.32 1.36 1.30
1.9 1.31 1.34 1.33 1.34 1.36 1.30
2.0 1.32 1.35 1.33 1.36 1.36 1.30
2.4 1.36 1.40 1.33 1.44 1.36 1.30
2.5 1.37 1.40 1.33 1.44 1.36 1.30
3.0 1.42 1.40 1.33 1.44 1.36 1.30
4.0 1.52 1.40 1.33 1.44 1.36 1.30
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lean

.10% winsorisred moan

•10% Tr immed 
mean

-20% uinsorizcd 
mean

■20% Trimmed mean 
_ Median <50%)

Figure { 3.3.1 )
Empirical influence functions of the mean, the median, the 10% and 20% - 
trimmed means and the 10% and 20% - winsorized means for Gushny and 
Peebles data.
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Figure(3.3.1) shows the empirical influence functions for 

the various estimators viz. the arithmetic mean, the 10% and 

20%-trimmed means, the 10% and 20%-Winsorized means and the 

median(50%). It simply shows the values of various estimators 

for other various values of last observation. The EIF of the 

mean becomes unbounded for both x44co and xr>-®, where as for 

the other estimators it is bounded. ■

2) Sensitivity Curve : Tukey (1970) suggested another

finite-sample version of IF which is known as sensitivity 

curve and is denoted as Scn(x). This can be obtain, if we

replace F by Fn_j and t by ^ j.n (2.1.5). That is,

Son(x) - [T(-“=l Pn_1+ 1 V - T(F„.,)] .B-* (3.3.1)

where Fn„1 is the empirical distribution function 

corresponding to (xt, Xj., . . . , xn_1).

The above formula (3.3.1) is equivalent to

Scn(x) = n[Tn(x,, . . ., xn_t, x) - Tn_, (xt, . . . ,xn_j)] , (3.3.2) 

Where Tn_t(x,,.. . xn_,) can be obtained from the sample 

(Xj,...,xn_j) of (n-1) observations and Tn(xt,...,x^.j,x) can' 

be calculated by introducing an observation x in the sample

(Xj,...,xn_j).

Equivalently for n fixed, one can consider (3.3.2) as 

Scn( x) Tn( Xj, . . . , x^ _ j,x) Tj^„j(Xj,..., xn _ |)
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Now, we shall consider some special cases of sensitivity 
curve
i) If n=5 and <k=.2, then [n«]=l. Therefore, the 20%-trimmed 

mean Tn ^ would be the average of the, remaining items after
trimming the smallest and the largest items. That is,

^n,oc “ [x( 2.)+x( 3)+x( 4)] O)

An additional value x is introduced in the sample and the 
20%-trimmed mean Tn+j_ is obtained. The difference

Tn+1,oc~Tn,c,c> which is a function of x, is called a 
Sensitivity curve. That is,

4 4n,« » if x<x(i)
_ T

4 1n,« if x(0<x<x<5)
»i.)«i,i«(.i^(Si _ T

4 *n,« if X>X(5).

This sensitivity curve is continuous when and is
equal to constant when x<x^jj or x>x^sj. A sensitivity curve
for the 10%-trimmed mean can also be obtained in a similar 
way. Note that these sensitivity curves are bounded, where 
as the sensitivity curve for arithmetic mean is not bounded, 
ii) If n=10, «=.1, then •Therefore, the 10%-Winsorized
mean will be

= 2x(i)4x(?) + ••*x(e >+2x(9) n,« to
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An additional value x is introduced in the sample and the 
10%-Winsorized mean Wn+1>4>c can be obtained. The difference,

Wn+1,vx~^n,o:’ *s a function of x and is called a sensitivity 

curve. That is,
Scn(x) for 10%-Winsorized mean

^n+i,« ^n,«

2xm+x(i1...+xf?)+2x(9l—1— V—x-T1 L—i---  "n,« » lf x<x(i)

?*+*0at^il^LLllggLal - w if X/ ,<x<x, ,it "n,^11 x(i)~x x(*)

- „ if x, ' <x<x, ,
11 "n,«,1X x( 2; ) “ x'x( 9 )

2*m+xm + . • • +x(ai+2x11 w,n,«* if x{9)-x<x(lo)

Zx(Otx(8)t,.lx(>)i2x(t0) _
11 nn,«’ 11 x~x(io) •

This sensitivity curve is bounded for all values of x. The
sensitivity curves corresponding to «-trimmed mean and
«-Winsorized mean are always bounded for finite values of

x( i) > (i 1,2, ...,n).

In the following Table(3.3.2), the values of 10% and 
20%-trimmed means, 10% and 20%-Winsorized means and simple 
arithmetic mean after introducing an additional observation x 
in the Cushny and Peebles data are given in column numbers 
2,4,6,8 and 10 respectively. The values of sensitivity 
curves corresponding to these various estimators are given in 
column numbers 3,5,7,9 and 11 respectively.
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Figure ( 3.3.2 )
Sensitivity Curve?: of the mean, the 1 d?i and 20% - trimrred means the 10% and 
20;; - uinsorized meann for Cushny and I-eebl.es data.
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Here, for n—10, . 1, the 10%-trimmed mean Tn<)C equals 1.40
and the 10%-Winsorized mean Wn>oc equals 1.44. And for n=10, 
«=.2, the 20%~trimmed mean Tn>ct is equal to 1.33 and 
20%-Winsorized mean Wnw. is equal to 1.36. The simple 
arithmetic mean 5^ for n=l0, 1.58. The figure (3.3.2) shows
the sensitivity curves of the simple arithmetic mean, the 10% 
and 20%-trimmed means the 10% and 20%-Winsorized means, 
eonputed for the Cushny and Peebles data, where the arbitrary 
value x is taken as an additional observation. From the 
graph, we conclude that the sensitivity curve for arithmetic 
mean is unbounded, where as for other estimators it is 
bounded. If we compare the graph of sensitivity curve for 
the arithmetic mean with the corresponding graphs of 
sensitivity curves for the other estimators, it shows a 
higher "influence" of the additional observation x in the 
central part of the sample and no influence if x falls into 
the left or right tail. Also we find that both the trimmed 
mean and Winsorized mean restrict the influence of outliers, 
but in different ways.
2LA INFLUENCE FUNCTION OF M-ESTIMATORS :

Main aim of this section is to obtain IF of M-estimator. 
In this section first we shall discuss the Huber'b approach 
for M-estimators and then we define M-estimator and in 
particular for location parameter. The IF of M-estimators is 
obtained. Some examples are also given.
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"Huber’s(1964) paper on

According to Hample(1986),

formed the first

basis for a theory of robust estimation". In that paper he 
introduced a flexible class of estimators, called 
"M-estimators", which become a very useful tool in the theory 
of robust statistics. These estimators are just a slight 
generalization of MLE's, so it is also known as "generalized 
maximum likelihood type estimators".

Let Xj, x-., . . . , xn be a random sample from the distribution

with density f(x,0). To obtain MLE based on a random sample

Of size n, we need to minimize — > lnf(x£,

we need to solve the equation

i = l

r11- f (xt,0) 
iTl f<Xi'e)

0) or equivalently

= 0 (under suitable

conditions). Where 6 is a parameter.
To find M-estimator, Huber (1964) has considered the

problem of minimization of ) P(x*,Tn) . Sometimes this can
i=l

be done by solving the equation ^ T(x^,Tn) =0, as a
i = l

function of T, for a suitable function P (•)• If P =-lnf or 

T — — f /f, then Huber’s problem reduces to that of finding
the MLE for Q. I
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M—estimator : Let Xj.Xj...,xn be a random sample that arises

from a distribution with density f(x,0), where the unknown 
parameter 0 belongs to some parameter space 9. We consider 
estimators of 0 which are functionals (real-valued 
statistics) Tn=Tn(Xj,x£,xn) based on sample. The

estimators of type M are solutions of the more general
\

structure, proposed by Huber (1964), is the one that minimizes
^ P(Xi,Tn), (3.4.1)
i = l

where P is same function on £ X 9, £ being the sample space.
9Suppose that P has a derivative T(x, 0) = —r~ P(x, 0), so the 

estimate Tn satisfies the implicit equation

_nu,) VUi.Tn) = 0. (3.4.2)
i = l

Any estimator defined by (3.4.1) or (3.4.2) is called an 
M-estimator.
Remark (3.4.1) : If Hn is the empirical distribution function 

generated by the sample, then the solution Tn of (3.4.2) can 

also be written as T(Hn), where T is functional given by
JV(x,T(H))dH(x) « 0, (3.4.3),

for all distributions H for which the integral is defined 
(Ref. Hample (1986), Page 101). ■
IF of M-estimators : In order to obtain the IF of M-estimator

at any distribution, we have to consider contamination
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(mixture of distributions). For that purpose, we replace H 

by (l~t)F+t^x, 0<t<l

Therefore,
JV(x, T[ (1—t)F+t^x]>df <1—t)F+t^x](x) - 0 

By differentiating this w.r.t. t at t^O, we get

Ji£-[*<*.®>]I(F, 5^-{Tt(i-t)r+fc-xi}t=0 "<*>
+ JV(x, T(F))d(*x- F)(x) = 0

Making use of (3.4.3) and using definition of IF, we obtain

IF(x;T,F) = -- - g— x,.T.CE.)J------- (3.4.4)
- f“-mx,9) |m#„ dF(y)

^96 L JT(F)
where ~T[(l-t)F+td I = IF(x;<f,F).

It-0
In general (3.4.4) can be written as

IF(x;?,F) ----- ------JV dF
under the assumption that the denominator is nonzero.

From (3.4,4) we can say that the IF of an M-estimate is 

proportional to 'f. The T is B-robust at F iff <f(*,T(F)) is 

bounded.

The QES of M-estimator is given by

r*(<f,F) = S£P |<P ■[jVdF]~1| (3.4.5)
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and the asymptotic variance of M-estimator is given by 

V(T,F) « JlF(x;<P,F)*dF(x)

«= ,f^(x;T(F?) dF(x) 4 fi
[J^<x.«)]T(F,dF(x)]1 '

M-estimators for location * Let Xj,xz,..., xn be a random
sample that arises from a distribution with density f(x-0) of 
the continuous type, where 0 is a location parameter. The 
logarithm of the likelihood function is

n ^lnL<0) = Y_^ lnfUj-©) - 
i=l

£ 

4 -1
PU^-e)

where P(x) = — lnf(x).
In maximum likelihood we wish to maximize lnL(S) or, in

terms of the p function, minimize P(Xi~0). Supposei^-1
that this minimization can be achieved by differentiating and
solving K*that is, finding the appropriate 0 that 
satisfies

where

^ T(Xi-e) = 0,
i = t

/

T(x) *= ? (x) = - — f (X)
The solution of this equation that minimizes K.{0) is called 
the maximum likelihood or M-estimator of 0 and is denoted as
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If the functional T(•) is the M-funetional corresponding 
to 'f, where it is assumed that

[VdF(x) = 0,

in order that T(•) be Fisher consistent, then, as before, 
IF(x;'f,F) can be obtained and is given by

IF(x;tf,F) = ---;--iixJLCELD— , (3.4.7)
J> (x“T(F))dF(X)

with the assumption that the denominator is nonzero. ■
Let us illustrate (3.4.7) through an example. If F is 

normal distribution function with mean 6, then using (3.4.7), 
we have

v

IF(x;<P,F) =* ; 9. ------J—(3<r-0)dF(x)

= ___ xzf_
- JdF(x)

= 9—x , —co<x<co.

In the following we obtain M-estimators for location 
parameter corresponding to various *P( *) functions. ■
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ExamEle_X3L_4-JLl : Let 'P(x) - x. Therefore, the corresponding 

M-estimator Tn satisfies the equation

that is,
f^ fUi-V - o.
i = l

that is,

-AC (Xi-Tn) - 0, 
i=l

Tn = x .
zEquivalently, when P(x) = ^ + C , the M-estimator for

location parameter will be the sample mean. ■
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