CHAPTER - II

SUFFICIENCY AND INFORMATION

2,0 Introduction :

Suppose. a certain experiment is performed, the
main job of the statistician is to store and interpret
data and draw valid conclusions., To store the raw data
is very costly, since he likes to condense whole data in
terms of a single figqure, i.e. the figure represents
whole data, that single figure is called 'statistic’,

In the problem of statistical inference one has
to estimate an unknown parameter ag to test certain
hypothesis, based on the data collected for the purpose,
Often the data can be simplified through the copputation
of a few numerical values (called statistic). The
statistical analysis can be based on the above summarised
data, just as effectively as an analysis that could be
based on the original data., Such summaries are known as
sufficient statistic, Loosely speaking, a statistic T is
called sufficient it contains all the infommation that
entire data confains. In the classical setup sufficient

statistic 1s defined as follows :



Definition 2.0.1 : Let X = (xl,xz,...,xn) be a sample
from{pg s0e } A statistic T = T(x) is said to be

sufficient statistic for the unknown parameter 9, if and
only if, the conditional distribution of X given T = t is

independent of @.

The entire sample is always sufficient for @, Thus
the problem is to find a sufficient statistic of minimum
dimensions, To find a sufficient statistic the

factorization criterion can be used.

The Factorization Theorem 2.C.] : Let, xl’ Xos eeey X

be random variables with probability mass function
Fg (Xl, X2, e v ey xn))g 6@ Then’ T(xl) x2,"" xn) is
sufficient for @ if and only if,

fg(xl,xz,...,xn,g) = h(xl,xz,...,xn) fO(T(xl’XQ""’xn))’

where h is independent of @ and it is non~negative function
of X and fO(T(xl,xz,...,xn)) is non~negative function of &

and statistic T.

The discussion given above is interms of a classical
setup. This chapfer contains three sections, The Section 2.1
deals with sufficiency through information in which sufficiency
of estimator is defined in terms of information theory., The

Section 2,2 deals with minimum discrimination function in which
reSUth LN ]



related to the estimation is given and fl(x), the
density function which close to fz(x) is found out under
certain conditions such that the discrimination function
must be minimum, The section 2.3 deals with a variant
of the fundamental lemma of Neyman and Pearson in which

the Neyman-Pearson Lemma is proved in bayesian form

(Renyi 1966).

2,1 Sufficiency Through Information :

Let, (~O~=, ¥, p) be a probability space. Where 3=
is non-empty any arbitrary set, W be 6 - field of subsets
of 3= and p is a probability measure defined on . Let
© be a discrete random variable in (-=, , P). A

function @ = @(w) where, w @ =, taking finite number of

different values 9y, S5 o002 (r >2) for w € N, We
define event By such that,

Bk:iwlo(w) =ok} K=1,2,...r ‘ (2.1.1)
and B, & ff.

We interpret © as the parameter of probability
distribution, And the event By as hypothesis that the true

value of @ is equal to Oy i,e.
Py = p(Bk) = p(e = Gk) k=1,2,...,r (2.1.2)
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Thus the prior distribution of @ be Pl,Pz,...,Pr. Then

the Shannon's entropy is defined as
r
kel

H(®) is interpreted as "the amount of missing information®

about © when @ is unknown except its prior distribution is

given (gl’ 629 *e ogk are known) .

Let X = X&(w). )&,(w), e.o» X (0) are random
variables which take only finite number of 's' different
values, Let X = X(w) be a random sample and p(k[j)=pk(x)
be the posterior distribution of @ after observing
X = Xy is given by p(k{j) = p({w]@ = Qk‘kublx = xjk) (2.1.4)
where, X13XgseeesXg aTe the vector values of X, Then,

the posterior entropy will be .

H(OYxy) = =% p(k{3) log pK3) (2.1.5)

This can be interpreted as "the amount of the information

concerning € still missing even observing x, i,e. X = xj‘

3

The average amount of information concerning @ still

missing® is given as

r s '
H(e|X) = < H(B]x)> = -gl%l Pl X=x;\p(k\3) Log,p(Kk]| 1)
(2.1.6)

Which is interpreted as "the average amount of information




!
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still missing for @ after observing random sample X",

Define,
R(@, X) = H(®) = H(®|X) (2,1.7)

vhere, R(9,X) is 'the amount of information in the observed
sample X with respect to unknown parameter @', It is the

+erage decrease of the entropy of © after observing X.

Let the conditional distribution p(k}3j)
p(¥]3) = (py(x), ... p(x)) of @ is indentical with the
prior distribution (pl,pz....,pr); if and only if © and X

are independent,

In this case,
H(e]X) = H(®). ) (2.1.8)
i.e. R(Q,X) = 0

i.e. the observations of X cannot give any information

about ©, From equation (1.2,10)
H(8]X) < H(®) (2.1.9)
i.e. R(e,Xx) > 0.
Let T(X), X € E, be any k dimentional vector valued
borel measurable function on n - dimentional space E . We

call T(X) as statistic because after observing the sample

X, we can calculate T(X).
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Theorem 2,1.1 We have,

R(®, T(x)) = R(® ,X) (2.1.10)

if and only if the conditional probability distribution
of & given value of X is fixed, if it depends on the value
of T(x) only,

ice. p(k|i) = p(kl3) (2.1.11)
Proof - Let us define,
p(k,3) = p({ wlo = 8y X = x,7) (2.1.12)

a5 = p({ulx = x4 §)
Let YisYoseees Yy be the values taken by the function T on
the Set ‘{XI’XZ’oooxs} N

Let,

cy = {j\'r(xj) = YLX L=1,2,...,m (2.1.13)
Now define,

h(x,) =4, jec (L=1,2,..., m (2.1.14)
The probability,
r(k,4) = p{o 8=0,, T(x)=r}), )

) (2.1.15)

r (L) =pleitix) =y V).

The numbers,

u(k,3) = r(k,1) aj 5/ T (L) (2.1,16)
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where r(k, L) =  Z- p(k,3)
36y

i,e, R(©.X) = R(9,T(x) = H(Q)="H (O] X)=H(S)+H(O}T(X))

H(Q|T(X))=-H(e1X)

L

i.e. H(8[T(x)) - H(e]X)

i |
-3 é::_ r(k,1) log, [r(k,1)/r(L)] -

w

-2 2 p(k,3) logy[p(k,3)/qy]
k=1 j=1

= - Ezj[b(k,l) log, u(k 1) / q +

+ p(k,2) 1092 U(k.2)/q2 + ees H] 4+

> k §) 1 k :
+ k-1 ?E1 p(k J) logyp(k J) / qj

ice. =2 2.p(k,3) tog,(ulk,3)/ay )+

Ky 3'-\

<+7E:i2%;lp(k.j) log,(p(k,3) / aj)

= 2_ [p(k,3) log,(p(k,§) / u(k,3)) 3 O
k=1 3=1

if and only if (2.1.10) satisfies

p(k,3) = ulk,j)
if r(k,h(xj))qj / r(h(xj)) = u(k,j)
if and only if,

u(k,3) / Qj = u(k,i) / a3

(2.1,17)

(2.1.18)



i.e. R(® X) - R(®, T(x) 2> ©
i.e. R(®, T(X) £R(8,X).

The amount of informatlon contained in the observations of
X is greater than the amount of information contained in

T(X), i.e. H(8]X) &H(8{T(x)
T4 R(O, Tx)) = Re,x) with

PCKIY) = P(KII). a.e.

We call the function ‘T(X) is sufficient for ©. Now

definition of sufficiency is given as

Definition 2,1.1 The function _T(x) of the observations

is said to be sufficient if and only if the amount of
information contained in the observations is equal to the
amount of information contained in the function T(x)

about the unknown parameter @,

Let the random vector X has density function
Fg (xl,xz,....xn) and ﬂk(T(x)) be the density function of

T(x), Then,

f@ (xl,x2,,..xn) = ¢k(T(x),Q) . h(x) (2.1.20)

where, h(x) is independent ©. This is usual definition of

sufficiency (through factorization theorem),



2.2 Minimum Discrimination Function :

In the previous chapter (Section 1,4) we have
considered the Kullback-Leibler information measure I(1:2),

and it is given as

(1:2) = J1,(x) log, [£,(x)/£,(x)] ar (x)  (2.2.1)
It is also considered as directed divergence.

Suppose that, fz(k) is given, then our aim is to
select a probability measure Py close to Py, i,e. we select
fl(x) such that I(1:2) must be minimum, That is the mean
information for discrimination in favour of He against H,
is minimum, where Hi’ i=1,2 is the hypotheses that the

density of X is fi(x).

L d

A}

Definition 2,2,1 The variation of the information

when we pass from the initial probability measure p* to the
new probability measure p absolutely continuous to p¥ is

denoted. by H(p‘p*) is defined as

H(p|p*) = J{Ib(x) log, P(x) dp* (2.2.2)

where, P(x) is Randon-Nikodym derivative of p with respect
to p¥%,
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Note that
jﬂ(X)logeﬂ(x) dp¥ = flogefb(x) dp (2.2.3)

Let, ( ==, F , v2) be a probability space and T(x)
be a real valued F - measurable, non-degenerate bounded

function. The probability measure ¥* is defined as

Ha) = [ g’exp(-ar(x)>dv2 17 8(8) (2.2.4)

For every A €, where,

g(e) = | exp (=BT(x))d¥y (x) (2.2.5)
PV o Wi
and ) ’ .
[ 1a*x) =o. (2.2.6)
T o W

Letma 2.2.1 : The equation o (B) / p(B) =<9 (2.2.7)

has unique solution,
Proof : Let, g=0~T (2.2.8)

Observe that, T is non-degenerate then,

vz-&g >'0-} > 0, vzig<01> 0



Define
G(B) = 3 (8-T) exp [B(6~T)]dv, (2.2.9)
g T
= 5 (6-T) exp [B(6-T)] dv, +
A
+ j (6~T) exp [B(6-T)] dv,
C
A
wWhere,

A =‘& X\g(X) > 0X9 Ac = KX\ g(X) ’§ O’i

we can write

lin ) 9(x) exp [Ag(x)] dvy(x) =
= éigiroo £ g(x) exp [Bg(x)Jdv,(x) +
1i .
+ B12> o 4;C g(x) exp [3gb(x)] dyz
= o+ O
= 4+ 00
Similarly,
‘131;1;- ® _‘5)__ o(x) exp [Bg(x)] dv,(x) =
= é12> o { Q(X) exp [Bg(X)] d?z(x) +
4 lim f a(x) exp [Bg(x)] dv,(x)
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N\
\

\

i.e. G (B) is the increasing function taking values -wto @
Therefore,
v(g) = ) o2 ' |
G'(B) = g°(x) exp [Bg(x)] dv,(x) > o,
P4 T
G (B) exists, therefore, G(B) is continuous

= G(B) = O (2.2.10)

has unique¢ solution,

d @-m exp[BeT)] @, = O
-J; @ exp fa(e—r)]va - ﬂ'r exp [B(6-T)] v, = 0

_g;‘ © exp [B(ObT)]dvz = lxn'r exp [B(6-T)] dv,,

i.e. exp [BO] 4}5._ © exp |f--ﬁ’1‘]d'u2 = exp [pO] J{.T‘ exp[-—ﬁ’l’]dv2

i.e, _({__O exp [-AT) dv, = J{..‘T exp [-[;r] v,

iso-g‘J - dv, = = JT - d
e exp [~BT] 9 exp [~BT] v,

-opB) = p(p

ie. p(B) / PP = -0
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Theorem 2,2.1 Let,

J T(x)dv

l(x) =@ (2.2.11)

o T

then the inequality,
H(vl‘vz) 3,H(V*lv2) = loge[l/ﬂ(ﬁ)]-ﬁe (2.2.12)

where, the equality holds if and only if the probability

measure ¥, is equal to the probability measure v* on P .

Proof : The above inequality holds if
H(vl\vz) = 00
Let us, 7, is absolutely continuous with respect to

v, which is initial probability measure. Therefore suppose
that

H (v]7,) < +o
and there exists unique function by Randon-Nikodym theorem

B(x) = (d ») / dv,)(x)

Then,
HOyl %) = J a0 Logg B(x) d,(x) (2.2.13)
HOMvy) = 3 8500 log g (x)awy(x) (2.2.14)
where, @%(x) = (dzo'* / dvz)(") = exp[-8T(x)] / P(B)



By the equations (2.2,6) and (2.2,11) we can write

;L p(x) log, g¥*(x)dv,(x) = 45‘__ ¥ (x) Log B ( x) dv,,( x)

(2.2,15)

But from the equations (2.2.13), (2.2,14) and (2,2.15) it
is enough to show that

Aﬂ(x)i‘ogeﬂ*(x)dw’z(ﬂé wiﬂ(x)logeﬂ(x)dvz

therefore.
_‘Lﬂ(x) log, [#%(x) / p(x)]av,(x) 0 (2.2.16)

= I(», ¥¥*) £ O which is true.

i,e. I (1:2) %0 .
equality holds it and only if ¥, = ¥,

Theorem 2.2.1 has the following interpretation

Let, v, be given probability measure andP be the
class of all probability measures Yy satisfying the condition

[1xav (0 = e,

\

Then, H(vll v2) is minimum for », = »* when minimum is taken

over P.

woliib UALLASG I
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Equivalently,

min, H (7;]7,) = HO¥ v))
1SP

The above theorem 2,2,1 can be used for the estimation
problems also. The corresponding criterion is similar to
that of maximum likelihoolcdierion. The criterion based on
theorem (2.2.1) is a variant of the principle of maximum
information applied to the discrimination function. The
following result gives the .similarity of the principle of
maximum information and that of the principle of minimum

discrimination function,

Theorem 2.,2.2 The probability function

¥(x) 3 o, [ flx)an(x) = 1 . (2.2.17)
N

which minimizes the discrimination function

1(1:2) = | £,(x) log[f,(x)/f,(x)] dA(x)
: D g T . (

subject to constraint

J 1oe0ax) =6 (2.2.18)
ol

is given by

£5(x) = £,(x) exp [-AT(x)] / B(B) (2.2.19)
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where, B(B) = { f,(x)exp[-£T(x)]dA(x) (2.2.20)
e

B being the unique solution of the equation

(d/dB) (log, P(B) ==6.

and T being a non-degenerate random variable,

Proof : We have to maximize the function

= -1(1:2) = [ £;(x) log [£,(x)/£(x)] dA(x)
. \

using the Langragisn multiplier method. and considering that
log x < x-1 if x#1

and log x = x=1 if x = 1.

wWe get,
I-a-po= _A;.fl(x)loge[fz(x)/fl<x)}dx(x)-agg;fl<x)dx<x)}-
-8 J T(x)f,(x)dA(x)
g
= J £ 000eg (£,(x)/2)(x)) ~a-pT(0) 0 (x)
= ] #0109, [ (£,(x)/£1(x) ) exp(=a=£T (x) JdA(x)
< _i__fl(x>1oge[<f2(x)/el(x))(exp[-a-eTngD~1]dx<x>
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wWhere the equality holds if and only if

fl(x) = fz(x) exp [- a - BT(x)] a.e. A,

We get the constants a and B using the equations (2,2.17)
and (2.2.18),

We get
a = log, B(B).

and also we obtain the minimum value of the discrimination
function,

It is given as

I(x : 2) =~ 6B - log B(B) (2.2.21)
we know that © is the parameter if we take a sample of n
observations and we estimate the value of © on the basis of

. A .
the sample observations say @(x). Then, we also, estimate

A
the value of I(% : 2) and also B(x) = B(&(x)) such that,

T(x) = O(x)

~[(¢/48) (10a B8N Y5 ) 2p(B(x))

A A A A
i.e.I(#:2) = -0(x) B(x) ~log, B(B(x))

A A A
~6B(8) ~ log P (B(8))

A ,
The I(% : 2) is the minimum discrimination information
function between the populations with the probability density
function f*(x) with the parameter value @ and its estimated

Y
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A
value @ and with the density function f2(x).-And
A
I(x:2) 3 O

A
If equality holds, the estimated value @ is equal to the
parameter value © and population having probability density
fz(x) s+ Also I(x 3 2) is interpreted as deviation between

the sample and the population density function f2(x).

As application of above theorem (2.2.2) we consider

following example :
Example 2,2.1 fz(x) ~ N(©,1) and T(x) = x

T(x) = x i.e. X —> N (8,1/n)

f,(x) = 1/V2x exp f(-l/Z)(X~9)2]

.
- 00 <X<00

We know that

J % £5(x) dx = o
g g
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w

#(p) = 0)0 exp(=£%) (1/ [/251/n) exp[ (~n/2) (%0)2] dX

00

=yn fiy2n J exp t-ﬁ'i - (n/2)(% - 7] d&x
- O

=\/E/V-2; mfo exp {(-n/z)[(‘i-e)z + 2gx/n] } dx

= VE/VE;_J exp{ (-n/2) f'fz- 2% + 6% + Qﬁ;({n]}dx

Lo o)
exp(-nez/z)\/ﬁ/vi'f f exp{ (=n/2)[%*-2(6-B/n)% +
-

v (0 - o/m)? - (e-8/m %]} ax

Q0

expten92/2)m(9-ﬁ/n)2/2] \/'ﬁ/\/'é?og exp{-;n/z['i..(g-ﬁ/n)z]de

exp [ -n92/2 + n(O-B/n)z/ 2]

exp [-n92/2 +n/2(92-230/n + pz/n?")]

= exp [ -B® + 52/20 1.
Also, we know that,

((d/dB) [ log, P (B) ] =~ &

(d/dp) (-BS + B%/2n) = - &



ioeo -0 * Zﬁ 2!\ = -0'

i,e, B = n(o'e.)

i.e. £¥(x)
= £,(x) exp (~BX) / B(B)

= (VA/VBD exp (9)(5c0)? exp(-ER)/oxp [-B0es”/20]

(VR /yi;)exp{(-n/z)f(i. o) %+26%(n - 280/n + 8Y/n?) 7}

(\/ﬁ/\/'z';)exp(_(-n/2)t§2-2§0+02+2£33§/n-2[39/n + 82/ n2]

(v/a fyzx) exp{(-nxz)tiz-z(efa/n>§ + (0-B/n)*=(e-8/n)%

+o? - 2p6fn + 82/ nz]]

(V7 ¢Z0) exp &(-n/Z)[(‘i - 6~ B/n)1%-(o -B/n)2+(0-£/n)2}

il

(V‘r‘x’/\/ﬁi) exp{( -n/2) [ X=(0~8/n) ]25

it

(VA [VER) exp (=n/2) [%-(6-n(6 - 6')/n))?

= (VE/VE; ) expﬁ( -n/2 ) ( x- @' )2}
Thus f* — N(®', 1/n)
Theref ore, |
I(x s 2) =~ 0'g - log, A(B)
= -9'n(8-0')+ne(6 -0')-n? (8 -6')%/2n
= n(@ - O')2 / 2
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2.3 A variant of the Fundamental Lemma of Neyman and
Pearson

Let, & be the unknown parameter and XyprXogr oo X be a
sequence of random variables (say random sample X)., The
distribution of a random sample X depends on ©. We also
consider as @ 1s a random variable which takes values 9,
and 01 with probabilities wo and wl respectively., We also

suppose that the random variables x_. independently and

n
identically distributed under @ = 9, as well as § = 9.
The density functions of a random sample under © = e, and

Q= 01 are fo(x) and fl(x) respectively with fo(x)# fl(x).

We know that the amount of information R(Q,X)

containing in observing the sample is given as :

-

R(@ X) = H(8) - H (9]X) (2.3.1)

where, #}(©) is the entropy of @,
i,e. H(8) = W,log, 1/W, + W log, 1/W;

i}

H (Ol"n) P(0 =0, ]x) log 1/p(6=20_|x) +

p(e = 6,{x )log, 1/p(6=0, | x )

where, !{(O,x) denotes the expection of f{(g\xn), Also
R(©, X) is interpreted as the average information about @

after observing sample X,



s
The fundamental lemma of Neyman and pearson'used in
obtaining most powerful test for testing @ = Oo verses
©,. But here we consider bayesian form of Neyman

1
Pearson Lemma, It is stated as 'decision procedure for

e

which probability of an error is minimal'. Such decision

is called as standard decision,

Let us, consider a decision A= A(X) is a borel
measurable function of a sample on the values of @ = 8,
and @ = Ol. IfA = Go. we accept the hypothesis @ = OO and

if A= 01 we accept the hypothesis @ = @ The error in

l.
the decision is defined as the decision which taken is not

correct and it is denoted by €,

€ =plAaf o]
i.e. €= Wp(A=0,l0=0,) + Wp(A=e [e=6) (2.3.2)

On the basis of the sample standard decision is

if p(e =& |Xx) > p(e = &,1x),  accept o, ;
if p(e = Ol\x) > p(@ = Gol X), accept o, ; (2.3.3)
if p(6 =9, |X) = p(0 = g xl, §
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The choice is made either o  or Ol with probability W, and
W, respectively for p(e = §.,}X) = p(e = §;|X).

Theorem 2,3,1 : No decision can have a smaller error than

standard decision.

Proof : Consider the sample space 'S' and it is divided

into three disjoint parts as So. Sl and 52 such that

X &S, if p(9,1X) < p(&|X) ;
X €S, if P(Q 1 X) < p(6,| X) (2.3.4)

X &S, if p(o \x)

p(€1X) )

n
Let, ¥ = (¥y Yor soes yn) and fi(y) = i[lf(yi)

Define,
El if v6 s ; )
8(¥) = {0 if V& s i (2.3.55
g W, if V6 s, g
| Equivalently & is given as
E 1 if £,(P)w; > fo(Y)' W,
8(Y) = go if fO(Y)wo > fl(i") W, (2.3.6)

ny 1if £,y = £() W,
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The error in the standard decision is also given as

€ =W, J6(ME (N7 + wy [[L-6(NIE, (D o) (2.3.7)

d7 denotes dy; dY, ..., dY, and integral is all over

sample space,

Let us consider 11“ be another different decision from

standard decision A, then
. *
21 if & =6
My) = é (2.3.8)
(o if &% =9

The error & decision A¥ is denoted by &%,

¥ = w, [P (NdF + w [[1-6%D] £,(Dah)

\

Therefore,

e*-e = [[6%F) - 6(NI[Wf(F)] oF~ j L% )= 8DIvif(p
> 0

a

&€ % 6

By likelihood ratio test we accept hypothesis

o=0p,  Af [£,(N) / £,(D] > [w, / W]



and the hypothesis @ = S, is accepted if

[£,(7) /7 £(D)] < [Wy/w,]
it (5T / £ = /W]

The random choice is made between & = Oo and @ = Ql with
pro babilities wl and wo respectively,

Theorem 2.3.2 There exist constants A and A with A > O and

O < A <1 depending on f (x), fl(x) and W, such that

n

0 < ft(Q) - RO,X) s AA" (n=1,2,...)

For A we may take the value

= inf /mf(x)f 3 dx)

O<axl

*

Theorem 2,3,3 Les € denote the error of standard decision,

Then, |
< [ H(e) - R(8, X) ]

From these both theorems, the 6 is error in the standard

decision after observing sample X, Therefore, €, < AA"
n

= 1’2’000
00
This implies the series 2. 8 1is convergent. Then by
l"ho

Borel cantelli lemma, if we take samples indefiinitely in

number and make standard decision for each n with
!
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probabilityl, the situation will occur that our all decisions
are correct, Here, to find out.zkn, we consider following

example

Example 2,3.1 : If ng (x) = exp (@) based on single
observation p(@ = Ol) =1/3 = L

p(@=6,) =2/3= W, withH :8 =1
Hy :16,=2
6(x) =1
Let,
An td=8 if pte = 8,\x] > pt0=02\ X]
d =9, if p[e = ¢} X] < p[e=0,| X]
d =0 or9, if p[e = &;1x] = p[e = 6,{X]
o6 = o, | X] |
= £(x]9,).p(0 = 8)) / [f(x|8)p(6 = &))+f(x[6,).p(6 = 8,)]
=9, exp (-0 xX1/3)/ [© exp (-8 x) 1/3 + 0,exp(-8, x)2/3)
similarly,
pIEG = 8,\ X]

=6, exp (-O2x).2/3 / [91 exp (~01x).1/3 4+ exp (-sz)2/3 ]



If p[Q=Gl\X] > p[0=021x]

o, exp [-Glx](l/B) / [8; exp (-9;x){1/3)+ 9, exp (-sz]i?/én

> 0, exp (—Ozx)4?/§)/ Epl exp (-leX}/3)+ s, exp(-@zx%{g/qn

i.e. &, exp (-le) Q73> 8, exp (-9,x) (2/3)

i,e. exp [ (02 - 91) x]>2 02/0l

exp (x) > 4

x > logg 4
Thus, Accept H° if x > loge 4
Accept H, 1if x < log 4

Accept 01 or 02 if x = 1°ge 4, \

(Accept Ho if x > ]_oge 4

5(x) =
éReiect H, 1f otherwise



