APPENDIX A

LEMMA A .1 : A 2%7P design of even resolution R = 2! must contain

at least o

“1 (k k—1

%) () &
runs.
PROOF : In the design matrix, let Xil), ,(cl) be the column vectors
associated with the k£ main effects, X§2), ,£2) be the column vectors
associated with the (’;) two-factor interactions, . . . | let Xl(l“l) , ...X,?"l)

be the column vectors associated with the (lfl) (1- l)th-factor interac-

tions and the matrix X be given by,
X = [x{”, X x@ Xéi)) LxE ...XE‘;l))]
2 -1

Let Zy, Z1, ...Z(k-—l) represent the column vectors associated with the
.

grand mean and the interactions of the first factor with the (’;:11)

(1 — 1) factor interactions which do not include the first factor. Let

the matrix Z be given by,
7= {ZO, Z, ...Z(f:ll)].

The columns of the matrix [X , Z] are orthogonal to each other and

linearly independent.

i-1 —
Suppose the design contains N < Y (I;) + (llc ;) runs. Let
§=0 -

-1
s=N-=-Y () Then select any vectors Wi, ...W, such that the ma-
i=1 \?,

trix [X, W] is of rank N.
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-1
= N2> (k) Since [X W] is of full rank N there exist matrices
i=1

H, and H, suzch that Z = X H; + W H,.

The model for underlying designis, Y = X081 + WG+ ZF3+¢ where Y
is the N x 1 vector of responses, £ = (:_Z: (lj) X 1) vector of parameters
to be estimated and f; = (N —g% :f)) X1, B = ((f:ll) X 1) vectors
of parameters not to be estimated. Since E(f,) = f, and 1 = JY for
some matrix J, we have

EJY = JEY = J(Xp+ Wh + Zs) = fi
=JX=1,JW=0,&JZ=0.

But JZ = J(XH, + WH,)

JZ =JXH + JWH,

JZ = H; +0H; = Hy

= H; must have zero, therefore Z = W Hy. But there are more lin-

early independent Z’s than W’s, which contradicts the assumption
H (k k—1

N < : O
<5()+ ()

THEOREM A .1: Let N = 2677 let H be the largest integer such
H (k
mmsz(

=1

) and let I be the indicator function. Then
1

Rz < 1+ 2H + I[Nz fj (k) + (kl";l)] (A.2)

i=0 \?

PROOF : Suppose R0 = 1 + 21 is odd. Then the parameters esti-
mated include the grand mean, the £ main effects, the (g) two-factor

interaction, ..., and the (’f) [-factor interactions. This requires a mini-
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mum of 1 + (’1“) + (’2“) + . (’;) = Zﬁ.__o (’:) < N runs. Then ! < H and
Roer = 1+21 < 14 2H so that (A.2) holds. Now suppose Ryep = 21 is
even. From the definition of H we have H > 1~ 1. If H =1~ 1, then
Rpmas = 2l = 2+2H and (A.2) is satisfied since N > 02§ (’;) + (’;:11) by
the preceding lemma. If H > [ then Ry, = 2 < 2H and (A.2) holds.

O

APPENDIX B

LEMMA B.1

n(0) = 2271 n(E) = 27-1 — 1, where n(O) & n(E) are defined in (4.1).
PROOF

Consider a set ¢ = {13,42,...5,}, 0 < g <d2 <. . . <is<p+1l
There are 2”2 — 1 such subsets. Let & denote the set of entire collection
of these subsets.

Let s be an odd number. Clearly there are 2°7° members of S
which intersect ¢ in only 7;, 7 = 1,2,...s and no other members of
¢. Similarly there are (3) possible triplets {i3i5%;,} C ¢ and for each
of these triplets there are exactly 27 members of S which intersects
¢ in this triplet and no other members of ¢. Continuing in a similar
manner, for i;,,,...t;, € ¢ there are 2?7% sets in S which intersect
¢ in {ij,%4,...,%;,} and no other members of ¢. The totality of these

members give the number of symbols in O and is given as,

0= () ()
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:.21"8{(:) + (g) + (Z)] (B.1)
CRCIC

If s is an odd then, we have

0-()0-(1)0-(1)

(B.2) can be written as

[(i) ¥ (Z) +(Z)} + {(3) ¥ (;) ¥ ...(sj 1)} _ g

T O
RIS

substituting (B.4) in (B.1), we get

ek

n(0) = 2P2{2*"1} = 2r-1,

Since Cardinality of S = Cardinality of £ + Cardinality of O 1i.e.
OUFE = S and #S5 =27 — 1, we have

n(E)=(P-1)-(@H=01_1
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