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CATEGORIES AND COMPLEXES

gBsimmaiBa: ;
This - chapter essentially, consists of all the basic 

«
definitions and results which will be needed" in the ensuing

chapters,,,.
" *•« ’

Definition (1.1) : A category &Q- consists' of
I

(a) class of objects;

(b) for every ordered pair of objects A, B

a setj2jC.[A, B] of morphisms with domain, A and
:!

codomain B.

If f € ^[A,B] we write f:A—*B or A —> B.

(c) for every ordered triple of objects A, B,
• I

a function^ [B,C] x t90 [A.B]-f _feJ.[A.C] .called composition

delined as (g,fj*—»g f. satisfying the following
• • i
two axioms : !

* l
i

i) Associativity : h (g f) = (h g) f 

whenever the compositions make sense.
t

II) Existence of identities : For each,A 

there exists £. tp££A,A] such that 

f IA = f and 1^ g=g whenever the 

compositibns make sense.
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We shall denote a category and the class of objects by 
the same letter.

Definition (1,2) : If the morphisms f: A-—>B and g : B 
are such that g f a i then g is called a left inverse of 'f
and, f is called the.right inverse of g.

* Definition (1.3) i If the morphisms f : A-~*B and g:B— 
are such that g f = IA and f g = Ifi then g is called the'

inverse of f.

Definition (1.4j : A morphism.f: A—)-B is called an 
isomorphism if it has the inverse.

* t

Definition (1.5) : When such an isomorphism exists inj£[A,B3,
we say that A is isomorphic to B.

>

Definition (1.6)- : a morphism f: A—*B' is called a

monomorphism if f g - f h implies g - h for all g, h *^"EC>A] .
*

for all

Definition (1.7) : If a monomorphism exists in^^fA, B] then
*

A is* called a subobiect of B.
• t

Definition (1.8) : A morphism f : A*—>B is called an 
epimorphism if g f —'h f implies g = h for all g, hfcv^[B»D] 
for all
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Definition (1,9) : An object U€J*£is called an initial

object of if the set [U,A] contains precisely one morphism 
for each A tj*.

In any.category, the initial object (if it exists) is
unique upto isomorphism.

/ t * * 1 * /
Definition (1.10) : Let v^and be categories'. ,A (covariant)

«* '
functor T : 94~*Sh consists of

(a) an object function which assigns an object 
T(A)6^ to each object A&«^; and

l(b) a morphism .function which assigns a morphism T(f) :
T(A)—>T(B) in ^ to each morphism f :A—^Ef iri

«*

in such, a way that s
V

i) For each A 6 ji, we have T(IA) = *x(A)‘* 
ii) If g f is defined in J^-then T(g f) = T(g) T(f).

Definition (L.ll)i : Given two functors S, T " ,
, t

a natural transformation ’l s S —->T is a function which 
assigns to each object a morphism Tlv : S(X)--- * T(x)
in'J& , in such a way that every morphism f: A—>B in 
yields a'commutative diagram

S(A)---—\---------- ? T(A)

1T(f)1------- } T(B)
*1 are called the components of the natural transformation tl.

S(B)
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If. Hv is an isomorphism for each X6 then *1 is called a

natural equivalence..
/

Definition (1.12) : A categoryis said.to be a subcateqorv 

of the category if the following conditions are satisfied :

(a) '
. (b) ^'[A.'b] £^[A,B] for all .

1 I ' .1
(c) the composition of any two morphisms in*£ris the 

same as their composition in, J**.

(d) * I is the same in as in for all X€r»
X

I
» '

Definition (1.13) : a subcategorywPfof.^is called full 

subcateqorv if ^[A,'B] x [A,B] ^or a*l (A,B) €

Definition (i.14) : Let lAi) iI a se^ of objects in an 

arbitrary category^* A product for this family is a family 

of morphisms : A—>A/^ with the property that for any

family £7^ : B—>A^# there is a unique morphism it : B —>A 

such that the following diagram commutes for every i € I.

The object A will be denoted by 7t A. .
xti *
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Definition (1.15) : CLEAVAGE

Let £ andj§ be categories and P : be a functor.
For each B 6 » let $(B) = P”'(B) denote the (possibly empty)

fibre of P over B, where the fibre ^(B) is a subcategory of g

consisting of those objects of ^ which are mapped onto B by the 

fu nctor P and those morphisms which are mapped onto I0 by P.
, » i

Let JB : ^(B)-* gj be. the inclusion functor. A cleavage 
consists of functors f : ^(B) —£>(B') for each morphism
f : B' —»B in © , together with natural transformations 

ef :i JB' f —*'JB satlsfyin9 two axioms. ^
i

Axiom (1) : P(0f) = f and if g ; E1-- *.E in & satisfies
p<9>- = f, there exists a unique <p* : E* —»f*E in ^(B‘) such

that (0f)E <j>* = 9.
1

[ We usually omit the subscript E from (0f)g when it is clear

which component of the natural transformation is relevant.j

To state the second axiom, consider the composition
Btt —£---> b1 --- 9—» b in J©, Then for each E<r£(B) there
is a uniquely determined morphism

(dfg>E : f* 9* E ------- » (g f)*E in £(B") such that



(0gf*E ^fg^E = (0g^(ef^g*E

making the following diagram commutative.

It is easily checked that (dfg)g are-the components of a 
natural transformation dfg : f* g*----s*(g f)* ' .

Axion (2) : Each dfg is a natural equivalence. I
(

Definition 71.16) : A cleavage is called nanaaliZ&A it 
(IB)* = I ^(b) a-^ ® ^ © « ■ ' 1

Definition (1.17) : A cleavage is called split if each d^ .—*—* T9
is,the identity natural transformation, ■ .

Definition (1,18) : An opposite cleavage or opcleavaae consists 
of functors f4 : ^(B*)—£(B) for each morphism f:B,!—»B in,J) 

together with natural transformations : Jgt—— J^f •’ * *
satisfying two axioms :

Axiom (1) : P (ff) = f and if <j> : E* —•* E ingsatisfies P (J>)=f, 
there exists a unique f ■ fj "" * E. in ^(B) such "thst

T QMa- = 9 • .
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QS, —B in $ . Then for each E“ € ^ (B“*) tfiere

, is a uniquely determined morphism 1
<

(cfg>H« : (9f)*E“ --+ gjf
in £(B) such that

. (efg>E» = (Vf*E»'(tf)E»

making the following diagram commutative.

It is easily checked that' (cfg)Et, 

natural transformation

cfg 5 --- » 9*f*

are the components of a

Axiam (2) : Each c^ is a natural equivalence.
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Definition (1.19) : Consider a commutative diagram of 

functors

$> —I---

where P and P have cleavages {jf, 0f, d^g J and , 0^, dfg y 
respectively. Then t( £(B) = T0 for all B€ and if f :B» y B 

is a morphism in JB , then there is a unique natural transfor­

mation
T] • T f* f1* T

such that P ("H^) = Ig, and T(0f) = 0^ ^ • (I)

These transformations satisfy a complicated relation
dfg f*Clg3 ^f^g*E = %f TB" C^fgW 

for B“__L-» B' -1.-> B in S _______ (II)

If Tl is identity for all f, then the functor T is called
*cleavage-preserving, i.e. if Tgtf* = f T0 

then by (I) we have T(8f) = 0f
r*'

and by (II) we have T(dfg) = dfg.

Definition (1.20) : Consider a commutative diagram of 
functors
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Where P and P have opcleavages ^f^, *f •cfgland >cfg|.

respectively. Then T ) §(B) = T0 for all B&Sand if 

f . gi—b is a morphism in then there is a unique natural 

transformaxion

f*

such that PC'Hf) = Igf and T^) =

These transformations satisfy a complicated relation

( I)

SfcFW ,Cfg = TB ^Cfg^E“3 ^gf C11)

for B® ------ »B»-------9 -^B in S ,
< » , -

“ • 11

If *1 is identity for all f, then the functor T is called 

opcleavage-preserving,
■■!■«* «• * - MOT. 4OTOTOT

i.e. if f* Tg, = Tb f*
rU ts*

then by (I) we have T(\|rf) = \|rf and by (II) T(cfg) = cfg

Convention : ,By a ring R we shall always mean a commutative ■

unitary ring and by. an R-algebra A we mean a commutative unitary

algebra over R, Will always denote the category of unitary

commutative R-algebras and unitary algebra homomorjahisms.

Definition r(l,21) ' : An algebra X = £' X (dir), X being
n$o n

the R-submodules of X, is called an anti-commutative graded

if;

*n for a11 "• m»°;
/

ii) for all n, m ^-o,’ x £Xn, x* e 
implies x.x' = (—1)nro xf«x;
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2iii) x :in Xn, n being odd implies x =0.

If xfc-X^ then x is said to be homogeneous of degree n.
' i

If x fX, then x is represented in a unique way in the form
x = £ x where X. is homogeneous of degree n.nso n .

*

Definition (1.22) : A subalgebra Y of an anticommutative 
graded algebra X i's called homogeneous .suId algebra if Y has a 
set of module generators composed of homogeneous elements.

* , i .■<
* * ,i * . „

. *i ( # " /

Remark (1.1). : Any commutative R-algebra can be considered 
as an anticommutative graded algebra with degree O for every 
element.

Remark (1.2) : If Y is a homogeneous subalijebra of the 
anticommutative graded algebra X, then Y i's an anticommutative 
graded algebra equipped with the gradation induced by that of ■

X.
i

Definition (1.23). : Let X = £ X and Y = £ Y benjj,o n n^o. n
. anticommutative graded R-algebras. Then the R-algebra 
hemomorphism ^ : X—>Y is called a graded algebra 
homomorphism if for each n^o (J>(Xn) ^Yn*

Proposition (1.1). : Let (Xa)a^ be a family of anticommutative
graded R-algeb^as such that for each a €l, = £ X_ (dir)* n^o °’>n
is the gradation of Xg. Then TPXa = £ (xXa ) is ana n^o a
anticommutative graded R-algebra.
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Proof ; We know that kXa is an R-algebrd and that for each
g,

n>o, uXa is an R-submodule of tiXiT. Set IP X~ = 2 (nX~ ) 
a >n a a n^o a »n

This sum is direc.t; and f|>X~ is a subalgebra of.JtX„. Wea a
claim that TPXa is anticommutative. For this take arbitrary

homogeneous elements x = (xa n)a and y = (ya m)'a of respective 

degrees n and m irl IPX . Then xy f it Xa . . ' ,(j a ^ M*,nTm
Since xy = (xa.n-Ya.m'a = ( <-1)™ Ya>m-Xa,n*< = 

oSimilarly x = 0 if n is odd.

Hence VP X„ is an anticommutative graded R-algebra\ 
a

Definition (.124) : For a family (Xa)a6j of anticommutative .

graded R-algebras, the R-algebra TP X„ = 2 (n X„ ) is■ . a a n}o a u*n

called the ‘‘product11'of the family (X^^j

Convention : ^ will always denote the category of all

anticommutative graded algebras with morphisms the graded 

algebra homomorphisms.

Definition (1,252. : Let X and Y be anticommutative graded 

algebras. For any m^o, a homogeneous algebra homomorphism 

of degree m is an algebra homomorphism (J : X——*Y such that

(Xn> -Yn-h« for 311 n>°-
Definition (1.26) : Let X = 2 X be an anticommutative

n> o n
graded algebrsu By an R-derivation of degree 1 of X we mean 

an R-linear mapping d : X—->X homogeneous of degree 1 such 
that d(xy) ■= dx»y +(-l)mx.dy where xfcX^.
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Definition (1.27) : An R-complex is a pair (X,d) where X

is an anticommutative graded R-algebra and d:X—^X is an 
R-derivation of degree 1 of X such that d d = 0,

Definition (1.28) :: An R-complex (Y,6) is called an
i

R-subcomplex of an R-complex (X,d) if

i) Y is homogeneous subalgebra -of X such 
that dYCYmm * 

ii) the restriction of d to Y is 6.

Remark (1.3) : If (X, d) is an R-complex with Xn = O for 
n^-1, then d = 0.

Remark (1.4) : If dn denotes the restriction of d to Xn, 
then we have a sequence

of modules and derivations such that dn dn_^ ^ 0 for all n^. 1.

Remark J.lJil. : The intersection of a collection of 
R-subcomplexes of an R-complex (X, d) is again an 
-R-subcomplex of (X,d).

Remarks (1.6) : ' Let (X,d) be an R-complex and S a subset
of X. Let £(Xa,da)]j a£j be a collection of all R-subcomplexes 
of (X,d) such that SCXa for each afcl. Then the intersection 
of {.(Xa,da)} a^i is again an R-subcomplex (Y,6) of (X,d) 
such that SCY, Moreover, there does not exist a proper- 
R-subcomplex (Z,d) .of (Yfd) such that S CZ, Then (Y,8) is 
called the R-complex generated by S.
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Definition (1.29) : Let (X,d) and (Y,6) be R~complexes. A 

complex homomorphism f; (X,d)——>(Y,6)' is a graded algebra 

homomorphism f : X—*Y such that f d - 8 f,

Definition (1.30) : A compl'ex homomorphism f:(x,d)—b(Y",6)
i " ■

is called an isomorphism if there exists a complex homomorphism 
g : (Yfs)—>(X,d) such that g f is identity, on (X,d), and f g 

is identity on (Y,fiK
»

Proposition (1.2) :
»"W m ‘W ^*11

A collection of all fi-complexes' together 

with complex homomorphisms forms a category

Proof : Let denote the collection of all R-,complexes. Then 

is nonempty, because the^complex (X,d) with XQ = some 

R-algebra and Xn = 0 for n^-1, is in $ . Also for every (X,d) 

in $ , the identity mapping I:X—»X is trivially a complex

homomorphism I:(X,d)—(X,d). Let (X,d), (Y,6) and (Z,d) be 
R-complexes and let f: (X,d)—*(Y,6) and g:(Y,6) —> (Z,d) be 

any complex homomorphisms.
I

Then g>f : (X,d) —*(Z,<i) is a complex homomorphism 

because g.f d = g„8.f = & g.f. Hence ^ is a category.
* i

EE9RPSA.tion il.^3) : .Let {.(X^dj} atI be a family of

R-oomplexes. Then (T?Xa-,d) is an Rr-complex where d is the
a

restriction of (tjL) : jtX_.—> xX„ to 1PX_.
«»U» « W* nr ** .y **
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Proof : We know that TPxa is an anticommutative graded
a

R-algebra. We claim that diTPX,,—*TPXa is a derivation of
a ** n

degree 1 of TP Xfl such that d d = 0, Recall that
a

TP Xa = £ uXa n; &nd (da)a : uXa—»7iXa, given fey (da)a((xa)a) = 
cl oa * cl cl

= (<Jaxa)a is ft-Linear. Let x = (x^)* <x0j ^ +(*a,nk>a

be arbitrary element of T?Xa* - (-> )

Then d£4= (da)a ((xa ni>a+ ••"+ (xa,n^)a) -

= + •••• + (daxat n^a ^ X“‘

Since each da is of degree 1, d is of degree 1. Now let

x * ^xa*m^a and y = (ya*rPa be homo9eneous elements of

respective degrees m and n inTPX„. Then
a a

d (x.y) = (da (xa,m*Ya,n^a
« *

(daxa,m*Ya,n + ^"15m xa,m*dyafn^a 

= dx.y + (-l)m x.dy.

Moreover since da.da = 0 for each oei we have d d = 0.

Therefore (TPXa,d) is an R-canplex. 
a

Definition (1.31) : For a family £(Xa, da)} -j- of.

R-complexes, the R-complex (fpXa>d) is called the “product*
••a *» 4 • »

of the above family of R-complexes in the catego;
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Pefinition (li32.) i L6t A be a commutative unitary 

R-algebra. Art R-cbmplex (X,d) is called a complex over A or
i

an A-Complex if XQ * A.

Definition (ll33) : An R-subcomplex {YjS) of an A-complex (X,d)
• t

is called an A-subcomolex of (X,d) if Y = A./
• »
Remark (1-.7)' ' i If (X,d) is,an A-complex then X is an

f » l

antioommutative graded A-algebra.,

Remark (1.8) : Since any R-algebra A can be considered as• V
an anticommutative graded A-algebra'with AQ,= A and An = 0 for 

n^l, we have that A together with the derivation d such that
1

d = 0 is a complex over A.

Remark (1.9) : Let f : A~^B be an R-algebra homomorphism.

Then every"B-complex (X,d) gives rise to an A-complex ‘as
, 1

follows : Define the scaler multiplication by the elements 
of A-an X as [follows : ax = f(a)x for at A and x t X. Then

I II
X bee ernes an A'-algebra. Since each Xn becomes an A-module 

with respect -tjo this scaler multiplication, *X becomes an
I Lm a ,

anticommutatiye graded A-algebra. X = A +•£ X is an
! | n£l

anticommutative graded'A-algebra. |It‘ is easy to check that
1 I — _ _

d f : A-*X^ is an R-derivationi Refine d, : X—>X as
dQ = d f and >3^ - dn for n^l. Tljien <j) is an A-compltex.

t i • •

Remark- (1.10) : Every A-complfetf (X,d) cbntains ah A-*subcompleX
(Y,6) wkidh'i£ generated by A. In’this cslse Y is the

* i
anticomikiiative graded algfebra gehelated by the set dA as 

an A-algdbrai
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Definition (1&34) : An A-complex (X,d) is called simple
• «

if it does not contain any proper A-subcomplex.

Remark (1P11) s An Ar-complex (X,d) is simple if and only 

if X is generated by dA as an A-algebra.

Definition (1.35) : Let (X,d) and (Y,j5)' be A-complexes. Then 
an R-complex homomorphism ^ : (X,d)—>(Y,6) is called a

9

complex homomorphism over A or A-complex homomorphism if 
maps A identically.

Remark (1.12) : An A-complex homomorphism is A-linear.
/

Proposition (1.4) : A collection <£(a) of all A-complexes 
and A-complex homomorphismss forms a category.

Remark (1.13) : §(A) is a subcategory of % consisting of
fewer objects and fewer morphisms. ^(A) is not full 
^ f » 
subcategory of $ .

Remark (1^14) : Let Pa :TPX^-^-Xa be the restriction of the

natural projection na • nXa—* xa to ^ xa* Then is alsoa a. 1, « 
a complex homomorphism. From here onwards we shall denote
pa bY itself*

Remark (1,15) : Suppose for each a6l,-(Xa,da)
over A*. Then (TP X_,d) is a complex over it A™.a a
afl, (Xa,da) is a complex over A, then define

is a complex 
If for each
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A = £(aa)a ^ aa £ A^ aa - a for all a <rl]

Clearly 7S ±s isomorphic to A, New take the sum A+2 x X„n^la a»n

inside 1PXa. Then clearly (A+2 it X_ d) is an A-complex.« ' ! n^ia u,»n» ;
«

The A-complex (A + 2 xX_ d) is the ^product" of then^. la a»n
family i„(xa»da)^ a^il of A-complexes in the'category 6(a).

i i

pm ark fi-36^ : * Consider the restriction of

%a 1 ^ xa^ xa to A + 2 nX .a n^l a “»n
Let this restriction be also denoted by ita. Then

%„ : (A + 2 it X d)—^ (XA, da) is a complexa . n^.1 a a»n»
homomorphism over A. »

i

i


