CLEAVAGES AND QPCLEAVAGES IN THE CATEGORY OF R-DEHIVATION
MODULES ,

S i w—
)
[

Let R be a commr'xtative ring with unity. Unless stated

otherwise, by an algebra we mean a comutatlve unltary
lI

R-algebra, In the followmg, A, B, C WJ..Ll denote commutative
unitary R-algebras and f : A=3B, g : B-—b'c w:.ll denote

B-algebra homomorphisms.

jvation modulé is an ordered

AT W -,

Definition (2,1) : An R-der
triple (A, M, d) where A is a commutatlve unitary R-algebra,

M is a unitary A-modile and d : A—éM J.s, an R- der:LVatlon.

ol
Definition (2,2) : A derivation module KA, N, 8) is said

to be a derivation A-ssu_bmoduj_._g_ of a deriilvati!on module (A,M,d)

= e -

if N is an A-submod‘u'.].e of M and d restrikcted to N is s,
. o
Remark (1) : Let ({\, M, d) be an R—deq‘ivation module and

Q : M""?N is an A - module homomorphlsm of M into another

A~ module N. THen' Q.d : A—>N is an R - derivation,
1

This gives a a derivation. module (A, N, §:/d),

Refinition (2,3) : A derivation module (A, M, d) is called

simple if it does not contain a proper derivation A-submodule,
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Remark (2) : Let (A, M, d): be a derivation medule, Let N
be the A-submodule of M generated by dA. Then (A, N, d) is

a derivation A-submodule of the derivation module (A, M, d),

Remark (3) : A derivation module (A, M, d) is simple if and
only if M is geneTated by dA as an A-module,

Remark (4) : Every derivation module (A, M, d) -<tontains a

simple derivation A-submodule (A, N, 8) and {N{& {Al S\So,

D_,f_;,_nltlon (2 __)_ | Let (A, M, d) and (B, N, &) be two
R-der:.vat:).on modules Then a derivation module homouhiég_m'
- @ s (A, M d) -~—-->(B N, 8) is an ordered pa:Lr (90, @l)
‘where P ¢ Aﬁ? is an R~algebra homomorphism and @, : M~-—N
is an R:-rg:odule:homomorphism such that*@l(am):= @o(a) Ql(m)

: i i

and the following diagram commules :

}
i [
LBy

Lo
9 |

R < SS— Y \

Q.
= e~

When 9, = 1, Q will also be referred to as _fi-_-de_;_i_\(atiog_ module
homomorphism, If the deJ::iVation module homé'merphism

Q : (A, M, d)—> (A, N, 8) is such that § = I, then we

have @, d = 8 and @ will be.referred t:o as an A - derivation

module homomorphism.
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Remark (5) : The class of all R~derivation modules and
R-derivation module homomorphisms forms a category and we shall

denote it by 2.

Remark (6) : The class of.all A-derivation modules and
A-derivation module homomotrphisms forms a cafegory' and we

shall denote it by £(a).

Remarks (7). : Let {(A, Mg,'d;)}
' GEL

modules, Then (A, Tg My, (dg)y ) is a derivation module of A

be a family of A-derivation

and is the 'product' of the family in £ (A).

Bemarks (8) : Let (B, N, 8) be a B-derivation module and

f : A—B be an R-algebra homomorphism, Then N can be
considered as an A-module via f : A—3¥B by defining the scaler
multiplication as a.n = f(a)nfor a¢A and né€N, Moreover!
§.f :+ A—>N is an BR~derivation making (A, N, 86 f) an

A-derivation module,

Remark (9) : Let (A, M, d) be an R-derivation module,
Defining m,m' = o and dl(m) = o for all m, m'e€ M, an
R-derivation module (A, M, d) offers an R-complex (X, &)
where X = A, X; =M, Xn=0forn'a 2 and 5°=d, 8, =0
for ny1l, Then an f-derivation module homomorphism

Q : (A, M, d)~—> (B, N, 9-) is the f-complex homomorphism
Q : (X, 8)—>(Y,A) where @5 = £, @, =9;, § =0 for n) 2

andYo=B, Yl = N, Y'n = 0 for np, 2 andAo =0, A, =0
forn}/l.
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A

Definition (2,5) : Let (A, M, d) and (B, N, &) be

SR o SR o

R-derivation modules, Let @ : (A, M, d) —(B, N, §)

be the derivation module homomorphism, Then the derivation

module (B, N,'s) is said to be @ - simple if and only if N

is generated.by 8(B) U @,(M) as a B-module, We shall usually
r4 ) : »
denote Qo and1Ql by the samé symbol 9.

Proposition (2,1) :: Let (A, M, d) be ah R~derivation module,
Then for any R-derivation module (B, N, 's) and derivation

module homomcrphis@ Q: (A, M, d)—(B, N, 5), there exists

»

a @* - simpl% derivation module (B, N*,xéf) and a B-derivation

module ménomqiphism j : (B, N*, 5*)-——>(Bg'N, &) such that
* 1 L i

i 9 =9

i
!
|
Proof : Denpte By N* the B - submodule, of N generated by *
I

o
|
1
¥

e *
5(B) U (M), Since N* is a B -~ submodule of N and since
| '
5(B)S N* we have that (B, N*, &®) is an! R~derivation module
i H :
where 6"E :-B —>N* is defined as 5? = &,

Define' @* : (A, M, d) —> (B, N*, 8%) as @ =@, Then
clearly (B,.N*, 6?) is Q*Lsimple.‘ Let ﬁ : N5 N denote
the natural inclusion, Then j : . . is a B-derivation

module monomorphism satisfying j @* = @; i.e. making the

following diagram commutative,



1

. q* '
(As M, d) PP - (B, N*a 6*)
. ’ ¢ )
(Bs Nsl ’5)

Hence, the proof, " <

Now we are going to prove that any R-algebra
homomorphism f : A-»B inSf gives rise to a natural covariant
functor from the category of A - derivation .module.;. to the

category of B -~ derivation modules,

Proposition (2,2) : Let f : A—>B be an R-?lgebra K
homomorphism, For any R-;derivation modu le (A, M, d), there
exists an R~derivation module (B, M', d') and an f-derivation
module homomorphism (\!rf)N; : (A, M, g)—>(B, M', d') in.a'

I

such that for any R-derivation module (B, N,  §) and an f-

derivation module homomorphism @ : (A, M, d)—> (B, N, s),
there exists a unique B - derivation module homomorphism

Q* : (B, M', d') —(3, I}ll, 8) satisfying o (Wf)M = Q.
Moreover, (B, M', d') and (\lré)M are unique in the sense that
if there exists another such B-derivation mc;dule (B, M, d)
and an f-derivation modu;.e homomorphism

hy (A, M, d) —> (B, 'M',IE) then there exists a B-derivation

module isomorphism i : (B, M', d')—> (B, M, d) satisfying

1 (¥ = hye
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Proof : If @ : (A, M, d) ~—» (B, S, ® ) is any f-derivation

module homomorphism and if (B, S, d) is @ - simple then
{St¢ 1BISS, holds, So there exists a family {.(B’sa.'da)}

of @, ~ simple der:.vatlon mocules 1ndexed by the set I such

thet for any @ - s:.mple R-derivation module (B, S, b), there

exists a B-derivation module isotnorphism )

ig ¢ (B, Sy, dy) — (B, S, 3) for some & & I such that
i“'@u. = Q. . '! f

I is nonempty, because the trlv:Lal B-derivation module

(B, 0, o) is § - s:.mple where § = o and Q. : (AM,d)—(B,0,0)
]
is f - derivation module defined by 9 (f,o).

A
Now cons:.der 'the derivation d k B -—?‘WS“ defined as

b) = ( aa(b))“. This gives the product (B sf , 0) of the
representative famlly {(B Sqs O )} of ?a; - s:.mplc_a

13

B-derivation modules. Let Ti: (A, M, d)-—-> (é 'gsa, 3) .be .
defined as Tf(a) f(a) and 7T (m) = Gpa(m)) 'for a € A and
mé¢M, Let M' denote the B-submodule of TTSd generated by

: a

" 8(B) UM (M), Since 8(B)<M!, (B, M', d') is a derivation
module where d! : B~—yM' is defined as d' = 3, Define

(Uehy ¢ (An M, d)—> (B, M', d') as (¥g), =T. Then (¥;)y
is an f-derivation module homomorphism and (B, M', d') is

(¥£)y - simple, '
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. (V)
.o ) M
. (A’ M, d) . m— o —— *—--) (B ’ M' 9 d’ )

Now, for any derivation module (B, N, 6), any f-derivation

_module homomorphiém Q@ : (A, M, d)—> (B,"N, &), there exists
~by. p;-op('z.l)’_ a q* ~ simple deriv'ation.module (B, N*, 6*)

+ and B - derivation module monomorphism . i o .

5 : (B, N*, s¥)~>(B, N, 5) such.that j ¢~ = g.

Since the d'érivatio_n module (B, N*, 5*) is Q*,- simple,

there exists some @B -~ simple gier_iVatién_madule (‘B, SB; BB‘)

in the representative family {(B, Sy dd.)} for some B¢1
cJET

and B-derivation module isomorphism .

ip + (B, Spu Gp)—s (8, N*, 8%) with 15.9, = ¢%,

Let 'WB : (B, Tgsa, g) —> (B?SB’aB) be identity on B
th . . 1 -
and B™ projection on T(I;'Sa. Then ‘.ITB Tf = @B.
Let i : (B’M' d') — (B, WSy, 3) denote the inclusion
" 3 a .
mapping, Then i (\!rf)M = T,
) . ¥, .
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Let us put Q“ =j iB ﬂb i, Then, sinee all the
small triangles in the above diagram commute, the outermost
triangle also commutes, Therefore, L. Qv (Ve =9 e,
there exists a B~derivation module homomorphism ‘

Q" : (B, M', d') —>(B, N, &) such that @*,(¥;), = Q.

The uniqueness of Q¥ follows from the fact that
ﬂB, Mt, d!) is (\ltf)M - simple from the definition of (B,M',d!'),

Finally to prove the ﬁniqueness of (B; M', d') and (Wf)M,
let' (B, M, d) and an f-derivation module homomorphism .
'ﬁm : (A, M, d) —> (B, M, d) be another such, then there
exists a unique derivation module homomorphism ,
Ty : (B, M', d')-— (B,M,d) such that L (qrf)M, =T, and
there also exists a derivation module homomoraphism
(v£)'y ¢ (B, M, @) —> (B, M', d') such that (Vo) T=(¥e)y

as in the following diagram :

’ L]

(
(A, M, &) e B3 (5, w1, 1)

T T | ey

(B M d)

Now (Wf)n'ﬂ N W (B, M', d')~——>(B, M', d') is a

B - derivation module homomorphism satisfying .

(bp)y Ty (b = (b))
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Wely
ey (3, W1 A7)

(A, M, d)

e | j,(wf)ﬁ-t;q

'-(B! M" ’ d')

But the. 1dent1ty mapplng i, on (B, M, d") is also another

M
such der:watlon modhle homomorphism, Hence, by uniqueness of

such B-derivation mpdule homomorphisms we have wf)l"! = iM'

In the Same way T ST T B
any ay t.M (\"f) M_ 12'-1
Hence 'tl\'a : (B, M', d') —> (B, M, d) is a derivation module

isomorphism such that Ty H’f)M = Tyye This completes the proof,

_P;r_dp_g_éi;t‘ion (2,3) : Let (A, M, d) and (A, N, 5) be derivation
modules and (B, M', d') and (B, N', &') .be the corresponding
derivation modules, Then for any A~-derivation module
homomorphism ) : (A, M, d) -—-—-9(}-\, N, .6), th;ere exists a unique
B-derivation module homor’norphiém a' ¢ (B, M’.,,‘d-’)---) (B,N" ,81)
such that A' (¥g)y = (¥e)y Ae

Proof : The composition (¥g¢)y A : (A, M, d)—>(B, N', &') is
an f-derivation module homomorphism, Therefore, there exists ‘
by Prop (2.2) a unique B-derivation module homomorphism

A' : (B, M', d')—> (B, N', &') such that the following diagram

commutes, :



(As M, d) = (\l‘f')"M -3 “tB:_M|’ d')
| 5
(¥e)y _.
(Aa N, 5) e = e m—3 (B’ N', 5')

Hence, the proof;

Define f, : B(A) —> B(B) as £, ((AM,d)) = (B, M', d')
Eas defined in: Rrop (2.2)] and £.00) =" [as defined in

prop(2.3)], for all (A, M, d) € B(A) and for all »e J(A).

If I : iU\, M, d) ~—> (A, M, d) is the identity in
$(A), then £L¢I) = I' : (B, M', d')—> (B, M', d'} is also

the identity t:n A(B).

I
Let (A,l M, d), (A, N, §) and (A, L, d) be derivation

modules in B(a-) and let Q : (A, M,.d)—> (A, N, 8)-and
v : (A, N, 6)5-—-—9 (A, L, 8) be morphisms in B (A). Then

C;As M‘, d): :“""“”Q"f’)'M""":““"—? (B M!', d') ~.‘
g‘: l@ .l N - l?l
éA: ’ 6)' T (Wf')‘N > (B N', 6' (‘V (g)'

N

[ [+

-I_l' . (\b‘ 1

L f)L > ‘(B, L', d') &

. "(A,

We have (Vg); ¥ @ = ¥' (Vg)y Q=¥ ¢ (V) e
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Similarly we have Wf).L v Q= (v @) (‘l'f)M‘ By the uniqueness
of such morphisms we have (¥ @)' =y Q.
ice. £, (¥ Q) = £, (¥) £.(Q).

Thus we have proved : . -
Theorem-(2.1) * Ii;'f ::A-’-—'-B-B is an algebra ho:m'orﬁé'rphism, then
there exists a covariant functor f, :;‘S(A)‘-—i-&,:ﬁ"(B). defined by
£,((AM,d)) = (B, M', d') and £,(x) = A* for all (AM,d) eHa)
and 3 € J(A),

v
P —

L

Proposition_(2,4) : If :A, B, C are unifcéry commutative
R~algebras, f:A-~—>B and g : B—»C are unitary.algebra
homofmorphisms, then there exists a natural eqpivalence

cfg- ‘- (g f)*""‘"—) g* f*."

Proof : Let (A;M,d) and (C,L,0) be R—d:er{va'tion modules, Let
Q :. (A, M,‘ d)—3 (C, L, 9) be a gf = :derivation module ‘
"homomorphism.. The c-mc:fduie L can be considered as B-module
via g t B—>C and d g': B—>L is R-derivation and (B,L,d g)

[
is a B-derivation module,

(A, M, d) -—(3”—?-)—”-5 (8, M, d") —hiuﬁ‘;'é(c,m“;d*)




29

Define @ : (A;M,d)~—>(B,L,d g) as & = (f, ?l)" Since G is
f-derivation module homomorphism, then 'by Prop‘ (2,2) there
exists a unique B-deriv‘a'tibn module homomorphism
B’: (B, M', d')—> (B, L, d.g) such that B (¥g)y = & Now °
define j : (B, L, 3 g) —» (C, L, d) as j = (g, I)¢ Then

B : (B, M', d')—-—-;(c L, 0) is a g--derivation. inodule
homonlxorphism'. Therefore agaln by Prop (2. 2) there ex:Lsts a
unlque C- der:.va‘tlon module homomqrphlsm Y {(C,M%,d%)—>(C,L,d)
such that Y (¥ )M,' 3. B, Mereove,r ja Q becgause J & (a m)
= j(f(a). ¢, (m)) = g £(a) §;(m) = g(am) for a €' A and me M,

We claim 'tha‘t Y (\l!g.)Mﬁ.'(!I’f)'Mj'-' 90
In fact ¥ (¥g)yh (Uehy = 3 B (bg)y =3 @ = Q.
The uniqueness of Y-fdllows from t‘r;xe'fact -that (C,M"; d*) is
(WQ?M" ("vf)‘M - Simple. ;

,

On the other hand, let (\lrgf)M.(A,M d)-—-—»(c a') be the

9. f-derivation module homomorphlsm where (C, M ,d)= (gf) (A,M,d) ¢
i
For the gyf - der:l.\ratlon module homorrorphlsm (9 (AyM, d).-y (C L,9)

there exists. by Prop (2.2) "a unique derivation module

homomorphism T : (c, M,d) --—=; (C L,d) such that T (\lf ) = Q.

i.e, making the following dlagram commutative, .

(\F )M ! (C’

S (A, M, d). —
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By the uniqueness of such C-derivation modules’ and

C-derivat-ion modulie homomorphisms, there exists.a C-derivation
module isomorphism’ - ' '

(cg,gu '+ (Cs My d)—>(C, M®, d¥) such that
(cfg),M N‘gf)M = (tl{g)M! (¥3)y i.e. making the following diagram

commutative @

(A,M,d) ,%*SM“L“ (C,M,d) = (gf)y (A,M,d) -
I T

> (G, Mo,qv) = 9yt - (AM,d)

() )

‘This means that
(cfg)M 3 (gf), (AM,d)——p g*f*(ﬁ.,M,d)' is an i‘isom;;rphi.fsm.
Thus, the natural transformation cfg : (gf)*'_—-—-'—-) g*f*.j.s thg

natural equivalence,

let ;f‘-deriuote the category:of all unitary commu't,at'i've
algebras over R, Let D denote the category of all R-;ierivation
modules, Consider the functor P :'$ ~> Sdefined as P((A,M,d) =
= A and P(Q) = Q, where Q : (A, M, d)~> (B, N, 8) is a
derivation module homomorphism, Then the fibre P-'1 (A) is the
category fr(A) of A-derivation modulés and A—.der,ivation module
homomorphisms. Let J, : Zj)(A) —> 5} denote the inclusion ‘

functor, Our claim is. :

Theorem (2,2) : The ‘functor P : J— S admits an opcleavage

{f* W cfi.
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hed »

.Proof : For each f : A—>» B in&#and for any (A,M,d) & ﬁ(A)
there exists a unique f*(A,M,d) = (B,M',d') € B (B) and an £-
derivation module hom9morphism (\lff)M:(A,M,d)--}f* (A,M,d) in

B such that P ( (¥g),) = £ by Prop (2.2), For any morphism
A ¢ (A,M,d) — (A,N,8) in A (A) thes.e exists a:x unique’ morphism
A' = £4(a) : £, (A, M, d)—>£, (A, N, 8) in D{B) by Prop(2.3),
Thus each morphism f : A—B in ¥ gives rise to a functor
£, ¢ D (A) —3(B). There exists a natural transformation
Vg : Jy—r Jp £, satisfying the condition that P ( (i:f)M Y =f
for all (A,M,d)e B (A) by Prop (2.2),

For any f-derivation module homomorphism
Q: (A,M,d) —7 (B,N,5) satisfying P(g) = £, 'tlrilere exists a
unique B-derivation module homomorphism @":f*(é,M,d)-——-)(B,N,a)
in JA(B) such that q",(q;f)M = @ by Prop (2.‘2), i.e, making the

following diagram commutative,

(AMyd) —— 00 st (ama)

19"..

(B,N,8)

Now conside:c'r the compési'l:i on A -——f-) B—2wagc in .
Then for each (A,M,d) in .8(A) there is a uniquely determined
morphism

(Cegly * (9:£)y(AM, Q) —— g, £,(a,M,d) in D (C)
such that



(Ceghy (Vgely = (Yg)g y (¥g)y by Prop (2.4).

i.e, the following diagram commutes :

(A: M, d) (‘fa{)m“ R 4 (gf)*(ApMad)
(Y-’fim ! E '
(e )
£.0,0.4) | o
] g*f (A,blﬁ!d)

*
\

. i
It can be, ea51]ZY seen that (cfg)M,are the components of a

» "' )
natural transformation cfg : (gf:)*—-—-)l g*f#,
This natural transformation g is a natural equivalence by

N L} B
Prop (2.4). This proves that the functor P : 0 — % admits
an- opcleavage {_f*, \lrf,,cfg} .

!
I

In the following, we shall prove. that any unitary
algebra homomorphism f:A-—»B in .2' gives 'risef to a covariant
functor f* from the category of B-derivation modules to the

category of A -~ derivation modules, anr

Proposition (2,5) : Let. f:A—>B be a uni'tary algebra

homomorphism, Then for :ariy derivation module- (B,N,5) in @ (B),
there exists a deriVatio‘!n module (A,ﬁ,g) in ﬁ(A) and f-derivation
module homomorphism (61:.)"N : (A, N, 3‘?—-'-? (38, N, s).
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Progf : Let (B, N, &) be.a derivation module in B(B), €onsider

the derivation module (A, N, &) where N = N as an A-module and

5 =35 f, Then (A, N, 3) is in O(A). Define the mapping

(&g)y ¢ (A, N, 8)—> (B, N, &) as (e = (£, I). Clearl;f

f )N
(ef)N is  f~derivation module homomorphism because the

following diagram commutes,’

C f
A ~> 'B

© 8 £=5 A5
o, rr

, [
- i 1 * B

N N

~

Thus for: any derivatign module (B, N, &) in @(B) there exists

T

a derivation module (A, N, 8) in ﬁQA) together with an

/

f-derivation moddlq. ,homc;mo;:phism (ef)N : (A, I\T, g') —> (B, N, 8).

§

Prg_g__s:Ltlon (2,6) : Let f: A—>B be an 'algéfbra homomorphism
and (A, M, &) and (B, N,58) be der:wat:.on moddles Then for any

f-derivation module homomorphism @ & (A, M, d) — (B, N, &)
there exists a unlque A—derz.vat:.on module homomorphlsm

Q' = (A, M, d)—> (A, N, &) such that (e )N' Q' = (?.

Proof : Let q : (A, M, d) —» (B, N, &) be xf-derivation module
homomorphism, Then there exists by Prop' (2.15) a derivation
module (A, N, &) together with an f-derivation module

homomorphism (ef).N : (A, N, 5) —(B, N, &),

[
L]
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Define @' : (A, M, d)—> (A, N, 8) as @' = (I, @). Since
@ d = & £ holds we have that @' : (A, M, d) —» (A, N, 3) is an

A = derivation module homomorphism,

Now we claim that (8.)y @' = Q. Let a,m & M be any

element, Then (&) Q' (a,m) = (ef)N (’a.Q(m)) f(a) '?(m) =
= @(a.m) for a ¢A and M€M, Thus the follow:.ng' dlagram

commutes ¢

(a4, M, d)

(A, N, 3 Oy (B, N, 8) .

To prove the uniqueness of @' which makes the above
diagram commutative, suppose there is anotl'laefr such A-derivation
module homomorphism @ : (A, M, d)—> (A, KT,,r 5) satisfying

(8.)y ¢ =9

“ '

(9“ Qo = 'IA" For m€M We have (8.)y Q" (m)=(6;) Q' (m)

But, s:ane (ef)N ‘ N = 1dent1ty we have 9"‘(m) @Ym). Thus
QT (pl Thus (g“ =, ‘ Hence, such (g' is unique,

Proposition (2.7! Let (B, M, d) and (B, N, 8) be derivation.

modules in B (B) and let (A, M, d) and (A, N, 5) be the
corresponding derivation modules in £)(A). Then for any B-

derivation module homomorphism k :.(B,M,d) —>(B,N,8) there

\EB mmu&» KR L‘BM
uwﬁ‘ﬁ%&w&asm
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exists a unique A-derivation module homomorphism .

k : (A, M, @) ~>(a, N, 3) such that (8;)y K =k ()

Proof : The composition k (éf)M : (A, M, d)—>(B, N, 8) is

an f-derivation module homomorphism, Therefore, there exists ‘

by Prop (2.6). a unique A-derivation module homomorphism
X : (A, M, d —>(A, N, 5) such that the following diagram
commutes : Co ‘ '

g S

f)M : 7\ (Br Mo'd),l

k i’ k
o e
N ).IxL.,_.__..; (B, N, &)

.

Hence the proof,

Define £* . ,8'(13) - B(a) as £5((B,M,d)) '= (A, M, J) [as

- - . *
defined in ?rop (2.5i]iand f (k) = Elgs defined in Prop (2,7)}
for all (B, M, d)& B (B) and for all'k € 9 (B).
o

If I.: (B, M,.dy—> (B, M, d) is the identity in & (B),

the £5(1) =T : (A,M,3) —> (A, M, d) is also the identity in

B(a).

Let (B, M, d), (B, N, 8) apd (B, L, 9), be derivation
" modules in J(B) and let Q : (B, M, d)— (B, N, &) and
v : (B, N, 8) ~—>(B, L, d) be morphisms in O(B), Then

* 4
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(A,.-M-,a') ._,....(Ef.).M R, — (Bs M, d)
9 l | Q.
Y ey !
(A! Nr 5) eTese - —p (B, N, 6)
@L v
' (9 ' "r
' (A, T, 9) - f)L —> (B, L"b)‘
' "We have ¥ q(ef)M ='\lf('6f)N @' = (ef)L ¥ -'@I. ‘Similarly we have

v.q (85)y = (&), (¥4T.

By the uniquéness of such morphisms we have

R
(1) £5(9).

)

ie. - £5(v @)
Thus we have proved :

Theorem (2,3) : If f : A—>B is an algebra' homomorphism then

there exists a covarlan't functor £* : B (B)—> ,3(A) defined by
£%(B, M, d) = (A, N, 3) and £* (k) = ¥ for all, (B, M, d) € 9B
.and k ¢ A(B), , ‘J

. !

Proposition (2,8) : If A, B, C-are unitary commutative
R-algebras and f:A—>» B and g : B—C be unitalry algebra

homomorphisms, Then % g* = (g f)*.
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Proof: For this take a derivation module (C, M, d) in ,@(C)
Then g : I (C) — A(B) associates with (C, M, d) the
derivation module (B, M, d) in 3(13) Again ﬁ : A (B8)~>5(A)

associates with (B, M d) the derlvat:.on module (AM d) in

A (A). ' Similarly (g.£)* : D (C) — D (A) associates with
- ~ e . .

(C, M, d) the derivation module ('A, M, d) 1n,|‘: aa(A)-

l
Define the mapping ':'

(dfg)M : (As M d) "'"""""a (As Ms 5)

as (dfg)m A = identity and (dfg)M\ M = identity,

f* *(CMd) =

RZ
(e{‘m Vol
~3 M, d)
W
(g HY¥(CM,d) = (a, ¥, a (8 5 (G,M,d)

?

Obviously (dfg)M is the identity A-derivation module
— s

isomorphism in B (A) on the derivation module (A, ~.1\7!“, 3.) = (A,’ﬁ, ).
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i

" Again, for every C = derivation.;‘hodule homomqrnﬁism

®@: (c, M, 4) — (C, N, 8)

in®&(C), the following diagram is commutative, :

For let a,mé M= M be any element ‘'where a ¢A and m & M.‘
= ' -_l"’ - ~e
'Then (dfg)N'? (a.m) = (d.fg)N ('a..:Q(m)) =Q (a.m) = @ (dfg)M(a.m).
Thus (dfg)N c? ='c§ (dfgiM i.e. ;the above diagram commutes,
Thus d%g : £% g*----;- (g-f)* is the identity natural equivalence,
P . . .

Hence, f* g* = (g f)*.

Theorem (2.4) : The functor P : 0 —3 5'?* admits a cleavage
* i
{.-E » O, dfg} . : .

Proof : For each f : A~—B in $fand for any (B, M, d) in
A (B) there exists d unique £%(B, M, d) = (A, B, e D (a)
) I
and an f - derivation module homomorphism (eﬁ)M : f*(B,M,d)—-)
(B,M,d) in J) such thatP((e;),) | = f by Prop (2.5).
For any k = (B, M, d) — (B, N, 8) in B(B) them exists

13
a unique morphism :-
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K = £N(K) ¢ £5(k) ¢ £(B,M,d) —> £5(B,N,8) in B (A) by

Prop (2:7). Thus each morphism f : A—>»B in 5% gives rise
to a functor £* : ;&.(B)-——’ A(A). .There exists a natural

*
f

transformation B 2 J a B —2 g satisfying the condition that

p((¢)y) = £ for all (B, N, )¢ (B) by Prop (2,5).
For any f-derivation module homomorphism , - )
q : (A,M,d) — (B, N, &) satisfying P(§) = f, there exists a
’ " v g
unique A~derivation module homomorphism @' .: (A,M,d) —£*(B,N,s)

in B(A) such that (8)y @' =@ by Prop (2,6). i.e, making

the following diagram commutative, T

’

(A, M, d)

?". .

'f:*‘.(B,Nga) - (ef)_f"_]_‘____‘______§ (B,N,&)

Now cgonsider the composition A‘-i---) B —%4— ¢ inSf.
Then for each (C,M,Ei) 'in (C) there is a uniquely determined
morphism (dggly * £149" (C,M,d) —> (g £). (C,M,d) in Ba)
such that

Oy (degdy = (8 (8 2
by prop (2,8); i.e, the following diag‘r,am commutes,
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* %
g (CpMad)

f
\‘(ﬁ‘:)g;n
) ) ”

.(dfg M q {e.m,d) .
~ ' L )m
. e r
(g £)*(c,M,q) f-w_-nd.(_.g ey L2 (G )

It cah’' be easily seen that (dfg)M are the components of
a na{tural transformation dfg : £% g*'-—-—:‘? (g f)*. Tha.s natural -

transformation dfg is the identity natural equ1valence by

Prop (2,8)., This proves that the functor P, .E—bﬂadmlts

a split cleavage {f ’ ef, df(j}' '

If iA

(iA-) : B (a) --——-},8(/-\) is~the identity functor on ,S(A).
Therefore, we have (lA) I,D(A)' Thus the clef-;wage is

: A—>A is the identity morphism in 4, then

normalized, )
1 '
' t

: . AN
Hence, the functor P :/ —» $¢ has a normalized. split
cleavage, ’ }e

Remark (10) : It can be proved that the functor f, : Ja)—>A(B)
is the left adjoint of the functor f’t ,8(5)-—*,8(.«). Therefore,

fx preserves not only initial object but all collmlts



