
CHAP T E„ R - II

CLEAVAGES AND QPCLEAVAGES IN THE CATEGORY , OF R-DEHEVATION 
MODULES * ,

Let R be a commutative ring with uni,ty. Unless stated
■ 4

otherwise, by an algebra we mean a commut£tive unitary
,!i ;

R-algebra. In the following, A, B, C wil;l denote commutative
I ''

unitary R-algebras eh*d f : A~*B, g : B-~jyC will denote
1 I i ^

. . i »

R-algebra homomorphisms. - ' '

i
Definition (2.1-) : An R-derivation module is an ordered 

triple (A, M, d) where A is a commutative unitary R-algebra.
1 . I

M is a unitary A-modu'le and d : A—>M isj an R- derivation.

| i ■
Defi_nition_(2*2,1 : " A derivation module |(A, N, 6) is said 

to be a derivation a4submodule of a deri^/atipn module (A,M,d)
, i

if N is an A-submodule of M and d restricted* to N is 6.

Remark (1) : Let {^V, M, d) be an R-deijivation module and

'I !
(J : M—>N is an A -ri module homomorphism of ,M into another 

A - module N. Then' <$.d : A—>N is an A - derivation.’
... i

This gives a derivation, module (A* N, 9,'d)-

(2.3) : A derivation module (A, M, d) is called 
simple if it does not contain a proper derivation A-submodule,



Remark (2) : Let (A, M, d)- be a derivation module. Let N

be the A-submodule of M generated by dA. "Then (A, N, d) is 

a derivation A-submodule of the derivation module (A, M, d).
i 1 i

\

Remark (3) : A>derivation-module (a, M* d) is simple if and 

only if M is generated by dA as an A-module.

Remark (4j_ : Every derivation module (A, M, 6) -contains a

simple derivation A-submodule (A, N, 8) and ^N \AV SN5 .o

Definition (2..41 : Let (A, M, d) and'(B, N, 6) be two
I • , r

R-derivation»mddules. Then a derivation module homomorphism
i •' _ 1 ' ■

- 9 : (A, M, d) —(B, N, 8) is an ordered pair (90> 

where 9o ! Ar*B is an R-algebra homomorphism and ^ : M—?N

is an R-module homomorphism such that<<i^(am) > = 90(a) 9l^m^
' fand the following diagram commutes : 1

When 90 ” 9 also be referred to as ^derivation module

homomorphism. If the derivation module homo'morphism

<5 : (A, M, d)----^ (A, N, 8) is such that - IA then we

have (pjd = 8 and ffl will be referred to as an A^-_derivati on. 

module _homornprphi.sni.
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Remark (5) : The class of all R-derivation modules and 
R-derivation module homomorphisms forms a category and we shall 
denote it by

i |

ftejnark £6X : The clasp of, all A-derivation modules and
* «

A-derivation module homomotphisms forms a category' and we 
shall denote it by

Remarks (7) : Let ,£(A, Ma,['da)| be a family of A-derivation
modules. Then (A, Tf Ma, (f^a)a ) is a derivation module of A

i

and is the 'product1 of thfe family in £t{A)t

Remarks (8) : Let (B, N, 6) be a B-tderivation module and
f : A—>B be an R-algebra homomorphism. Then N can be 
considered as an A-module via f : A—*B by defining the scaler 
multiplication as a.n = f(a)nfor afcA and n fcN, Moreover,
6.f : A—>N is an R-derivation making (A, N, 6 f) an

4A-derivation module.

Remark (9) : Let (A/ M, d) be an R-derivation module.
Defining m.'m« = o and d^m) = o for all m, m'fcM, an 
R-derivation module (A, M, d) offers an R-complex (X, 6) 
where XQ = A, X^ = M, Xn = 0 for n > 2 and 6Q = d, 6n = 0 
for n^l. Then an f-derivation module homomorphism

: (A, M, d)—^(B, N, B-) is the f-complex homomorphism
<§ : (X, vtfiere ^)0 = f, ^ 9n = 0 for n^2
and YQ = B, = N, Yn = 0 for n^» 2 and = B, An = 0 
for n^, 1.
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Definition (2.5) : Let (A, M, d) and (B, N, 6) be

R-derivation ^modules. Let 9 : (A, M, d)—*(B, N, a) 

be the derivation module homomorphism. Then the derivation 

module (B, N,'a) is said to be | - simple if and only if N 

is generated ■ by a(B) U 9j(M) as a B-module. We shall usually 

denote <JQ and: y by the sam'e symbol 9 • ' 1

Proposition (2.1) Let (A, M, d) be ah R-derivation module. 

Then for any fR-derivation module (B, N, f'6) and derivation 

module homomcrphisiji 9 : (A, Mf d)—*(B, N, a), there exists
1 * * 1 *

a 9* - simple derivation module (B, N*, -a*), and a B-derivation 

module monomcjrphism j : (B, N*, a*)-—>{B'> N, a) such that

j <f = 9.

■Proof : Denpte by N the B - submodule, of N generated by'
l 1

a(B) U 9(M)'. Since N is a B - submodule of N‘ and since 
a(B)C N* we have that (B, N*, a*) is an! R-derivation module

1 J i

where a* : -B —^ N* is defined as a* = 6".

Define' 9* : (A, M, d) —> (B„ N*, $*) as 9* = . Then

clearly (B, .N*, 8*) is 9*-simple. Let ij : N*—?N denote 

the natural inclusion. Then j : . . is a B-derivation
1

jlf
module monomorphism satisfying j 9 = 9» i#e* makin9 the 
following diagram commutative.

t
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, (A, M, d) f » (B, N*. 6*)

j

(B, N,' 6)

Hence, the proof.

Now we are going to prove that any R-algebra, 
homomorphism f ; A->B in^ gives rise to a natural covariant 

functor from the category of A - derivation.modules to the 

category of B - derivation modules.

Proposition : Let f : A—*B be an ft-algebra

homomorphism. For any R-,derivation module (A, M, d), there 

exists an R-derivation module (B, M', d') and an f-derivation 
module homomorphism ’• (A, M, a)-—*(B, M', d*) in 8

U
such that fbr any R-derivation module (B, N,i 5) and an f-

derivation module homomorphism ^ : (A, M, d);—» (B, N, 6), 
there exists a unique B -7 derivation module homomorphism 
<$“ : (B, M«, d») —^(3, N, 6) satisfying f (i|rf)M = §>. 

Moreover, (B, M‘, d») and (ff)M are unique in the sense that
j

if there exists another such B-derivation module (B, M, cT)
I

and an f-derivation module homomorphism
: (A, M, d) —* (B, M, d) then there exists a B-derivation 

module isomorphism i : (B, M*, d*)—¥ (B, M, d) satisfying 

i. (♦$ )jy[ = ^
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Proof : If ^ ; (A, M, d) (Bf S, d ) is any f-derivation 

module homomorphism and if (B, S, S) is (Q - simple then
1 i

tSli 1BIJSSS. holds. So there exists a family C (BtSa,dL))-
° i J a£E

of <pa - single derivation modules indexed by the set I such 

that for any - simple R-derivation module (B, S, 3), there

exists a B-der-ivatiop module isotaorphism
■ i

ia : (B, Sa, ^'(B,. S, &) for some at I such that

ia-9a = 9* , ' iI
i ' 1 ,
1 i *

I is nonempty!, because the trivial B-d§rivation module
,•! '■ I

(B, 0, o) is ^ - simple where d = o and (^ , : (A,M,d)—^ (B,0,o) 

is f - derivation module defined by ^ s (f ,o)'.
>' i '

- ' Now consider*'the derivation d B —defined1 as
’ ct •

3(b) = ( da(b))';’ This gives the p'roduct (B, ITS , d) of the
i a

representative fariiily -^(B, Sa, ^a)^' of - simple 

B-derivation modules. Let Tt : (A, M,1 d)—>(p,TTSal &).be
i , ® .

defined as TT (a) - f(a) and 17 (m) = (<pa(m))a, for a € A and 

m i M. Let M’ denote the B-submodule of TFSa< generated by

6(B) UU(M). Since a(B-) CM* , (B, M« , d') is; a derivation
i (

module where d1 : B—is defined as d' = d. Define 

(*f)M * (A,. M, d) —■> (B, M«, d1) as (*f)M =TT. Then (»|rf)M 

is an f-derivation module homomorphism and (B, Mf, df) is 

(*f)M - simple.
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Now, for any derivation module (B, N, 6) any f-derivation 
■ - ' / ■
module homomorphism <p : (A, M, d)—* (B,*N, 6), there exists 
•by, ppop('2.1)_ a Qj* - simple derivation module (B, N5*, 6*)

v
and B - derivation module monomorphism . o .
j- : (B, N*, 6*)—>(B, N, fi) such.that j

r *
«

/ ak - *k a|k

Since the derivation module (B, N , 6 ) is <g / - simple,
* ' j '

there exists some ^ - simple derivation module (B, Sp, ap)
in the representative family {(B, S.,, d,)l[ for some 0£ Ia ■ an
and B-derivation module isomorphism .
ip : (B, Sp, dp)-- >(B, N*, S*) with ip.<5p = <f.

Let TTp : (B, TTSa, .d) '—^ (B,Sp,dp) be identity on B
and 0th projection on 7TSa. Then IFp TT 55

Let i : (B M* df)—* (B, TTSa, b) denote the inclusion 
> >. a •

. mapping. Then i (>kf)M = T.
v.
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Let us put <tya = j Wg i. Then, sinee all the

small triangles in the above diagram commute, the outermost

triangle also commutes. Therefore, ' . . 9®. (¥f)jy[ = 9
there exists a B-derivation module homomorphism
<J« ; (B, M*, d»)—>(B, N, 6) such that <f.(*f)M = ?.

I * *

The uniqueness of 9* follows from the fact that 
(B, M*, d1) is - simple from the definition of (B,M',d*).

1 *

Finally to prove the uniqueness of (B, M*, d') and 

let1 (B, M, d) and an f-derivation module homomorphism 

: (A, M, d)—> (B, M, d*)’ be another such, then there 

exists a unique derivation module homomorphism ,

Tfo : (B.'M1, such that 1$ (tf >M'= TM and

there also exists a derivation module homomoraphism

: (B, K, 3) —»(B, M1', d') such that (i|rf),J TM=(*f)M

as in the following diagram :

Now . TjJ : (B, M«, d')---f (B, M> , d«) is a
B - derivation module homomorphism satisfying
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**£>*
(A, M, d)---------------(B, M',' d')

i

But the,identity mapping i , on (B, M*, d‘) is also another. ■' M
such derivation module* homomorphism. Hence, by uniqueness of

isuch B-derivaiion module homomorphisms we havq (t^)1 = 1 ,1 M M
In the same way f * (♦*)' = i-. , ' . !, *• M 1 M M

Hence X’ : CB, M1, d') -- ^ (B, M, d) is a derivation module
A

isomorphism such that Tj^ = TT^. This completes the proof.

Proposition (2.3) : Let (A, M, d) and (A, N,5) be derivation 
modules and (B, M* , d1) and (B, N*, 6’) .hp the corresponding 
derivation modules. Then for any A-derivation module

i *• *

homomorphism \ : (A, M, d)---> (A, N, 6), th^re exists a unique
, • I

B-derivation module homomorphism x* • (B» M’. ,'d')—*(8,^,6’)
i

such that x' (tf)M = (tf)N X.

Proof : The composition (tf)N X : (A* M» d)-- *(B» N'» 6’) is
%

an f-derivation module homomorphism. Therefore, there exists
by Prop (2.2) a unique B-derivation module hbmomorphism
X* : (B, M*, d1)-- >(B, N*, 6') such that the following diagram

commutes, :
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(A, M, d)

X

(A, N, 6) 

Hence, the proofi

<♦*>f'M

(Mf'N

d«)

Xf
.. V

(B, N', 6')

I * *

Define : B(a)----- »$(B) as f*((A.M,d)) = (B, M‘, d»)

[as defined ini ®rop (2.2)] and f^Cx) - [as defined in
• i 1

prop(2.3)], for all (A, M, d) £$(A) and for all x^$(A).
1
i

I

If I : j[A, M, d)-------> (A, M, d) is the identity in

J&(A), then fL('I) =1' : (B, M1, d')---- »(B, M« , d*)' is also
the identity ji-n .8(B).

Let (A, M, d), (A, N, 6) and (A,‘ L, 6) be derivation '

modules' in<^(a‘) and let ^ : (A, M,,d)—^ (A, N, 6)*and 

t- : (A, N, 6)j—* (A, L, b) be morphisms in $(A). Then
, i

-------* £b, M', d*) __

S' ■ " . . ]?'

(«-)
(A, M, d),

i»-
* I '

l ■

(A, N, 8)

. (A, Ii.'B)

(♦*)f'N -» (B, N», 6')

<*f>L .1*'
(B, L*, B') <-

(* ^)

We have (i|rf)L t J = *' (Vf )N 5 = ♦’ (*f)M.



28

Similarly we have (^f)L t <§ = 9)' BY the uniqueness
of such morphisms we have (4f (J)' = t* 9*'» ■ 

i.e. f* (*. <$) = f* (*) ^(9).
Thus we have proved . ! * -
Theorem- (2.1). v If fjA-^B is an algebra homomorphism, then

, 1

there exists a covariant functor f^ : J6(A)--:->,S(B)l defined by 
f*((A,M,d)) - ,(B, MS d') and f^*) = .for ^11 (A,M,d) e#A),
and .8(A). „ \ ‘

,Proposition' (2.4]^ : If 'a, B, C are unitary commutative 

R-algebras, f:Aj—»B and g : B—>C ate unitary.algebra 
homoftiorphisms, then there exists a natural equivalence 
cfg- t (g f)^ *9* f^.

* 1 . 1 *

* » * '

Proof : Let («A#M,d) and (C,'L,d) be R-d'eriva'tion modules. Let
1 1 * » j *9 t (A, Mt d)----j> (d, L, d) be a g f A derivation module

•»homomorphisift.' The C-mddule L can be considered as B-module 

via g J B—>C‘ and 6 g B—*L is R-derivation and (B,L,3 g)
is a B-derivation module*.

^f^M / *

(B, M , d') ^s!M.\L^(cfM“',d*)

: (b; l, a g) ^(G, L, d)

(A, M,- d)
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Define a • (AJM,d)^ (B,L,d g) as a (f, t^).. Since a is 
f-derivation module homomorphism, then by Prop'(2.2) there

t
exists a unique B-derivati6n module homomorphism
B': (B, M*, d*)—> (B, L, "d.g) such that B = a. Now
define j : (B, L, d g) (C, L, d) as j = (g, I)* Then
j B : (B, M*, d1)---^(C, L,’,d) is a g-derivation-mqdule

x homomorphism’. Therefore again by Prof) (2.2) there exists a' i .unique C- derivation module homomorphism Y :'(C>M“ld“)—*(C,L,d)
i ;such that Y (tyg)^t = j- B. Moreover1 j <x = <j because j.u; (a m)

- j(f(a). 9x(m)) •= g;f(a) ^(m)' = ^(am)' for a t A and m e M.
i , t

’ 1 ■ * , ’We claim that Y (+g)Mil*(*f)‘M:B J. ' .
In fact Y (♦g)M\,(tf^jl = 3 a = 9* ;
The uniqueness of Y*follows from the"fact -that -(CjM1* dM) is* I ' * *1 t

<Vm' c*f'simple> i ; ■
^ t ,

On the other hand, let (tygf)m: (A,M,d)—^ (CyM,<I) be the 
g.f-derivation module homomorphism' where (C,M,d)=(gf.) (A,M,d).'

} 1 * * “
1 , I1 }For the g.f - derivation module hdmorr.orphism. ®: (A‘,M,d)—■*(CfL,'&’)

1

there exists, by Prop (2^2) ’a unique derivation' module
1 1 1 *homomorphism T : (C.ffljd’)—> (C,L,^) such that X* (tgf)M = J* 

i.e. making the following diagram;commutative.

/ (A, Mr d).---—J— (c, M, d)

X

(C, L, B)
I
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By the uniqueness of such G-derivation modules' and
• r

G-derivation moduie homomorphisms, thete exists, a G-derivation 

module isomorphism;

(ofig),M (C. M, d)----- >(Ct M“, d“) such that

(cfg^M = ^g^M! i,e* makin9 the following diagram

-commutative :■ 1 v *

(C, M»,d») = g^-CA.M.d)

'This means that

(cfg)M (gf)* (A,M,d)-------^ g*f*(A»M*d)r is an i^omprpHism.

Thus, the natural transformation c£g : (gf)^----^ g*f*4s fhf

natural equivalence.

s •

Let : -denote the category; of all unitary commutative 

algebras over R. Let ,0 denote thp category of all R-derivation
i *

modules. Consider the functor P defined as P((A,M,d) =

= A and P(<p) = (pQ where : (A, M', d)—> (B, N, 6) is a
derivation module homomorphism. Then the fibre P *(A) is the 

category .0(A) of A-derivation modules and A-derivation module 

homomorphisms. Let JA : $(A) denote the inclusion

functor. Our claim is. :

Theorem (2‘, 2) : The functor P admits an opcleavage

{£*'V c4-



31

. Proof : For each f : A—*B inland for any (A,M,d) €• 3(a)
. there exists a unique f^AjMjd) = (BjM’jd’Jt 3(B) and an f-

derivation module homomorphism (tf)M: (A,M,d)—^f^ (A,M,d) in 
# such that P ( (tf)M) = f by Prop (2.2). Foi any morphism 

X : (A,M,d)—(A,N,6) in 3(A) these exists a unique'morphism
i

= f*(\) : f* (A, M, d)—»f# (A, N, 6) in $-(B) by Prop(2.3).
i

Thus each morphism f : A—?B in Ogives rise to a functor
i

f, : 5(A) -t-S&B). There exists a natural transformation '
\|r^ : JA—^ J0 f^ satisfying the condition that P ( (^f)^ ) = f 
for all (A,M,d)£ 3(A) by Prop (2.2).

For any f-derivation module homomorphism
: (A,M,d)---*(B,N,6) satisfying P(<p) = f, 'tl-iere exists a

unique B-derivation module homomorphism <5“:f^(A,M,d)--*(B,N,6)
in tf5(B) such that “ 9 Prop (2.2>), i.e, making the
following diagram commutative. ' ,

Now consider the composition A B —a—* C inj^.
Then for each (A,M,d) in 3(A) there is a uniquely determined 
morphism

(Cfg)m : (g.'f)*(A,M,d) ---- > g* f*(A,M,d) in 3(C)
such that



^fg'M 'V’m = (Vf*M (Vm ** Pr°P (2'4>
i.e, the following diagram commutes :
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(A, M, d) (gf )*(A,M,d)

^Cfg*M

It can be, easily seen that (ofg)M ^re the components of a

natural transformation ; (gf)^- t 9*f*'
This natural transformation C-. is a natural equivalence by 

• *9 i, *

Prop (2.4). This proves that the functor P : $ —admits 
an-opcleavage ♦f»,efg^*

In the following, we shall prove, that any unitary
. i

algebra homomorphism f:A—> B in gives riseJto a covariant
1 i i •

functor f from the category of B-derivation modules to the 
category of A - derivation modules. .

Proposition (2f 5) : £.et. f:A—*B be a unitary algebra

homomorphism. Then for arty derivation module- (B,N,6) in jj) (B), 
there exists a derivation module (A,N,6) in ,8(a) and f-derivation 

module homomorphism (0f)^ : (A, N, ?) —* (a, N, 6).

i
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Proof : Let (B, N, 6) be. a derivation module in JB(B). Consider
the derivation module (A, N, 6*) where N = W as an A-module and

• \

5 = 5 f, Then (A, N, F) is in a&(A), Define the mapping
i"

(ef)N : (A, N, 6)-- > (B, N, 6) as (0f)N = (f, I). Clearly
(0^)jq is f-derivation module homomorphism because the 
following diagram commutes,'

6 f=6

■ B

, w ; . i n* , ™| *t i » ,

Thus for-any derivation module (B, d) in J$(B) there exists
i

a derivation’module’(A, N, F) in J?) (A) together with an 
f-derivation module homomorphism (0^)^ : (A, N, F)—>(Bf N, 6).

Proposition (2.6) : Let f: A —>B be an algebra homomorphism • *
and (A, M, d) and (B, N,6)' be derivation modifies. Then for any

; 'I ■f-derivation module homomoiphism § t (A, jM, <ji)---> (B, Nf 6)
i . i !i

there exists a unique•A-dqrivation module homomorphism
<5* = (A, M, d)-- » (A, N, 6) such that (0f)N; <$’ - }.*

r /
. 1 j

I tProof : Let : ,(A, M, d) -—? (B, :N, 6) be jf-derivation module 
homomorphism. Then there exists by Prop1 (2,6) a derivation
module (A, FT, F) .together with an f-derivation module 
homomorphism (0^)^ : (A, 1)1, 6) —^(b, N, 6),
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Define : (A, M, d) —} (A, N, ?) as = (I, 5). Since .
(| d ; 8 f holds we have that : (A, M, d) —(A, N, 6) is an 
A ■« derivation module homomorphism.

Now we claim that (0f)N ”■ Let a*m 6 M be any
element. Then (®f)N' (a.m)' = (0f)N (a;9(m),).= f(a).' J(m) =

, • r , %

= 9(a,m) for a (A andtttfM. Thus the following1 diagram 
commutes : «

• To prove the uniqueness of (p* which makes the above
diagram commutative, suppose there is another such A-derivation 
module homomorphism <^B : (A, M, d)—^ (A, JfT,[ 6) satisfying

1 1

<Vn * - t-
« i

% 9o = h- For ^MWe have ,(©f)N (m)=(6f)N ^ (m)
■ » * 1 •

But, since (©f)N j N = identity we have (p**(m) =* <p]fm). Thus
= 9{* Thus <5* - Hence, such' is unique.

*
t V

Proposition (2.7) : Let (B, M, d) and (B,‘N, 6) be derivation.
■

modules in J$(B) and let (A, M, c!) and (A, 'N, s’) be the 
corresponding derivation modules in «0(A), Then for any B- 
derivation module homomorphism k :.(B,M,d)-—?(B,N,d) there

tm-«atV/Ui
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exists a unique A-derivation module homomorphism .
>

„k : .(A, M, (I) (A, N, 6") ,such that (0f)N k = k (e-f)
1 » ,

Proof : The composition k‘ (0^),^ • (A, M, d)—>(B, N, 6) is 

an f-derivation module homomorphism. Therefore, there exists 
by Prop (2.6). a unique A-derivation module homomorphism
1c (A, M, 3T)---^{A, N, 6") such that the following diagram

.commutes :
—1 4" ^®f^M(a, M, 1) ---- 2-M- (B, M,• d)

(A, N, «) __ ■» (B, N, 6)

Hence the proof.
i ■* , /

Define f* : J&(B) ^(A) as f*((B,M,d)) := (A, M, 1) jas

defined in prop (a.Sjjj and f (k) = Ic |as defined in Prop (2.7Q

for' all (B, M, d)t$(B) and for all'k f ^(B).
1' !
• <

If I (B, M, ,d>—* (B, M, d) is the identity in ^(B), 
the f*(l) = I : (A,M,d) —^ (A, M, S’) is also the identity in

-GKa).
Let (B, M, d), (B, N, 6) apd (B, L, 6), be derivation 

modules in -S'(B) and let Cg : (B, M, d)—> (B, N, 6) and 
\|r : (B, N, 6) ——£(B, L, d) be mprphisms in ^(B). Then
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(a,m,3)

9

(Qx)f'M

(0x)

(6, M, d)

(A, N, 6.)-------f-N... (Bi N, 6)

*
___ (e.)T(A, L, d)---- -- r-> (B„ Lv*M

j i

’We .have \|r 9(0f^M = ^0f^N 9 = (®f^L ^ 9* Similarly we have
M <0f>M S (®f>L
By the uniqueness of such morphisms we havq

9)

i.e. • f*(t 9) = f*(t) f*(9),
1

Thus we have proved :

Theorem (2.3) : If f : A —^ B is an algebra^ liorhomorphism then
*1

the.re exists a covariant functor f : (B)—* :,£(A) defined by
“ ' 1f*(B, M, d) = (A, M, cT) and f* (k) = !c for all, (B, M, d) t i)‘(B) 

. and k t ^(B), * [

Proposition (2t 8) : If A, B, C*are unitary commutative 
R-algebras and f:A—> B and g : B-JC be unitary algebra
homomorphisms. Then f* g* = (g f)*#
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Proofs For this take a derivation module (C, Mf d) in .8(C). 
Then g* : <3 (C) —-=> <»d(B) associates with (C, M,, d) the 

derivation module (B, m', 3) in 3 (B). Again f* : Jb (B)-~*,8(A) 
associates with (B, d) the derivation moduli (A,M,d) in 

jfr (A). ' Similarly (g.f)4* : #6 (C)—9 «S(A) associates with
(C, M, d) the"derivation module (jA, M, d) in,‘i*8(A).

\,
Define the mapping . * • ;1

mt J 4/+* msi
(d^g)j\jj • (Aj M, d) ? (A, M, 6)

.
as (dfg)M| A = identity and (dfg)M\ M =• identity.

f* g* ‘(C,M,d) = (A, M, d)

^dfg^M

(g f)x(C,M,d) = (A, M, d)- (0qf*M + (C,M,d)

Obviously (dfg)M is the identity A-der^.vation module
_ 5* /v ^

isomorphism in .27(a) on the derivation module (A, Mf d) = (A,M,d)
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Again, for every C - derivation ftiodule homomorphism

<? : (C, M, d) ----- (C, N, S)

injfr (C), the following diagram is commutative. :

(A,M,d)

25

9

(A, N, S)

i^HL

jttshi.

(A,M,d)

9,.
I

(A, Nj S)

For let a.m C~ M =
SSr

M be ,any element where a t-A and m M. 

Then (<*fg)N.f (a.m) = (dfg)N'(^(m)) (a.m) = ^ (dfg)M(a.m)
Sm *** !

Thus (dfg)N ^ = <5 (dfgjjyj i.e. fthe above diagram commutes 

*fg :

, Hence, f* g* = (g f)*#

Thus di_ : f* g*----- ^(g.f)* is the identity natural equivalence.

Theorem (2.4) : The functor P1 : 3 —? admits a cleavage

{?’ ef’ dfg) ' '

Prpof : For each f : Ar>B in wS^and for any (B, M, d) in 

{3(B) there exists d unique f*(B, M, d) = (A, M, cJ) & $ (A)
I

and an f - derivation module homomorphism (@^)M : f (B,M,d)~» 

(B,M,d) in 3 such thatP((ef )M) ; = f by Prop (2.5).

For any k = (B, M, d)—> (B, N, 5) in £'(B) there exists
i '

a unique morphism
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k = f**(k) : f*(k) :*f*(B,M,d)—in (A) by 
j^rop (2;7). Thus each morphism f : A—3>B in gives rise
to a functor f* : »&(B)—» s$(A). .There exists a natural

. f * «k stransformation 0^ : f —¥ JQ satisfying the condition that
P((0f)N). = f for all (B, N, B) by Prop (2f5)..

For any f-derivation module homomorphism )
(| : (A,Mfd) —*(B, N, 8) satisfying P.(9>) = f, there exists a

* • ±unique A-derivation module homomorphism (A,Mrd) -ff (B,N,8)
in Jb(A) such that (8f),N “ 5 Prop (2.6), i.e-m making

i i

the following diagram commutative. ,* •

(A, M, d)

Now consider the composition A B —3—¥ C in,^.
Then for each (C,M,d) in ^S(C) there is a uniquely determined 
morphism : :f*«g*(G»MJd) (g ff. (CfM,d) in &(A)

such that
%

(0gf^M ^dfg^M = ^0g^M ^g* M
I

by prop (2.8); i.e, the following diagram commutes.
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f* g*(C,M,d)

^dfg^M

(g f)*(C,M,d)

3 Cc.m.oi)

•» (G,M,'d)

It can'be easily seen that (dfg)M are the1 components of

a natural transformation df : f* g*—(g f)y. This natural.
« | * i

transformation df^ is the identity natural' equivalence • by

Prop (2.8). This proves- that the functor P admits

a split cleavage £f*, 0f, dfg^.

< " 1 
' If i. : A—>A is the identity morphism in 1 , then

n *» " *
(iA> :JS(A)—*&{k) is'the identity functor onjy(A). 

Therefore, we have (iA)* - Thus the cleavage is

normalized.
\ •

Hence, the functor P haS a .normalized-split

cleavage. I *
i

Remark (10) : It can be proved that the functor f^i^3(A)—1*<$(B) 

is the left adjoint of the functor f*:^(B) —* ,$(A). Therefore,
» t ‘

i

preserves' not only initial object but all colimits.
I


