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G H A P T E R - III

CLEAVAGES AND OPCLEAVAGES IN THE CATEGORY OF R-CCMPLEXES

In- the previous chapter we have .discussed cleavages 

and opcleavages in the category of R-derivation modules. In

this chapter we sh^ll develop analogous concepts for
• 4 i

complexes. Since-the proofs of the theorems, ruin on same
r ( • >'

familar lines we have omitted the details.;. ■ , . •
1 « »

I ' l

Def inition (3^1) :'Let f : A—>B be a. unitary algebra
■'i ■, > \ '

homomorphism injfyi Let (X,d) be, an’A-coiriplex and (Y,6)
i , n i

a B-complex. A grjaded R-algebra homomorphism (g : X-----
% M

is said to be an.f - complex homomorphism if *and only if 

J A = f and ^ d = 6 <^; and will he depoted as 

© : (X,d) —>(Y,6). In this case (Y,6) is said to be
J * ‘ » 1 i , * **

g>- simple if andonly if B U 6 (B) 'J (x) generates Y *as 

an R-algebra. «.

EcflpositiORJLaJj. : Let (X, d) be an A-complex. Then for

any B-complex (Y,s) and an f-complex.homomorphism

(f : (X,d)-—*(Y,8), there exists a <j .* - simple B-complex
& sti *(Y ,8 ) and a B-complex monomorph-ism,

j : (Y*,6*)---- >(Y,6) such that’j fig* =
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ikHere Y is the. R-subalgebra of Y generated by
BU 8(B) U (J(X) and 6* = s|y*. (Y*,8*) is a B-complex.
<5*: (Xfd)—»(Y*,$*) is defined as <f = ^ and j : Y*—»Y
is the natural inclusion, and the following diagram commutes.

*
, (Xtd)------(Y*, 6*)

Prop osi tion (3.2j : , For any A-complex (X,d) there exists a 
B-complex (X’jd’) and an f-complex homomorphism (tf)xs

h v » »

(X,d)—^(Xljd*) in sucht.that for any B-complex (Y,6)
anti any f-complex homomorphism ^ :Cx,d)—*(Y,6), there 
exists a unique B-complex homomorphism 0W:(Xf ,d1)—■(Y,fi)

, ’ ’ *■ 4 J i

satisfying (tf )‘xMoreover (X1 ,d>) and (tf)X‘are
unique in the sense that if there exists, aaother, such . *
B-complex (X, d) and an. f-complex homomorphism

' i *

h' : (X,d)—> (X,cT), then there exists a B-complex
^ i ,

isomorphism I : (X'jd1)—^ (X, 3) satisfying I (tyf)x = hx»
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Here the B-complex (Y*, 6*), the f-complex homomorphism
a,9 and the B-complex monomorphism j are as in the previous 

-Proposition (3.1). Let -£(Sa> &a)} a $■! be a family of- 
^a- simple B-complexes indexed by the set I such that for 
the ^ -simple B-complex (Y , 6 ), there exists a B-complex 
isomorphism . , ,

ip : (Sp, dp)—>(Y*, 6*) for seme Bfcl satisfying
%= 9*

mm 1

Consider the product (B + £ .it S„ d' ) of then^ia u’»n» .
representative family {(Sa; da)} a of»<9a - simple •

” < • * i

B-complexes and it : (X,d)-- ^ (B + £ itSa <3 ) the f-complex. hfeia M’»n»

homomorphism defines as
it U XJ =h&O

for 2 x in X, n^o n

-a^o^a + J. ^9a^xn^a 
nj.1

it : (B + s it S„ d )-----> (S„, de) the£ n^-1 a “»n» p . p
natural projection"is'the B-complex homomorphism satisfying
Tig it = Let Xf be the subalgebra of F + S it S„ 
p jp ■ ^ a u,,n

generated by B U d(B) U it (X). This gives a B-complex
(X'.d1) where d'f sd-lx1. Define (ty.)v • (X,d)—>(X',d!)

* , * 14' X x
1 . * • k

as (tf)x = Then (t^-)x is an f-complex homomorphism apd
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i : (X',d') (B + JQ 7t S„ d ) denotes the inclusion,
n^l a »n»

Then obviously i = it.

Let us put <J“ = j ip i.
A‘s before, in the above diagram, since all the small triangles 
commute, the outer-njost* triangle also commutes and w& have

9“ C*f>x = ?• . '
is unique since (X*, d') is C^f)x - simple. Finally the 

uniqueness of.-CX1,^) and (tyf)x can be proved on similar

lines as in the proof of Proposition (2;2).

Proposition (3.3) : Let (X,d) and (Y,6) be A-conplexes and
\

(X* , d*) and' (Y',6') be the corresponding B-complexes. Then
for any A-complex homomorphism x : (X,d)-»->(Y,6)‘ /there 
exists a unique B-complex homomorphism : (X^d1)—,6'*)

such that x* (*f)x = (*f)y X*

Consider the diagram

(X,d) ----- -------- J(X'.,d')■■ H , :V .
(Y,6)------ Lfitlr--- »(Y!,S')

The composition (tyA ■ \ i-s an f-complex homomorphism! •
1 Y , ' ‘ •-

Therefore, Prop (3.2) assures the existence of a unique
t

B-complex homomorphism xf making the above diagram

commutative
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Let f:A-—>B be the R-algebra homomorphism. Define
f* s £ (*A)~7>g(B) as fj ((X,d)), = (X'jd,1) [ as defined in 
Proposition (3.2)] an'd f^ (x) = X* [ as defined in 
proposition (3.3)] for all (X,d) in $(A) and x in £(A).

The following Theorem can be proved in-the same way 
in which Theorem (2.1) was proved.

Theorem (311) : If f: A—>B is an Rralgebra homomorphism,-
then there exists a covariant functor f* : g(A)--- » £ (B)
defined by f* (X,d) = (X»,d*) and f^x) = x’; fo* a11 
(X,d) 6 S(A) and x* g(A). ■ | . j

i >
i

Proposition (3.4) : Let A, B, C be ;ccommutative unitary
, t

• i iR-algebras and f:/A—^B, g : B—yC be. unitary algebra
. . ihomomorphisms. Then there exists a natural.equivalence

Cfg ! <9 f*-
Consider the diagram

(^f)y '(X,d)->---r-» (X*,d»)---ZL--*(x“,d“) =; g^f^Xjd)
(*J,
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Here (X,d) is an A-complex, (Z,d) a G-complex and
^ : (X,d) ——O'---- > (Z,d) a g f - complex homomorphism.
(Z*,d*) is.a B-complex defined via g : B—and

j : (Z*, 6*)---*(Z, b) is a g-complex homomorphism and
* *a : (X,d)-- )(Z , d ) is an f-complex homomorphism defined

as a|A = f and a| xn = 5 for n^ 1; satisfying j a = Since
1

a is an f-complex homomorphism, there; exists by Prop(3.2) a
1

unique B-complex homomorphism 0 : (Xf,Id*)---> (z , a )
1

such that 0 (tf)x' = <*. Again j 0 : (X#,d*)-- *(Z,d ) is a

g-complex homomom'orphism, therefore, there exists by 1 »Prop (3.2) a unique C-complex homomoiiphism Y:.(X“,d")~-(Z,o) 
such that Y(\|fg)xl = j 0. So we hatfe Y (tg)x, (^f)x = ?>. 
The uniqueness of Y follows from the(i|rg)xl (tf)x - 
simplicity of (X^jd'1) = g^f^CXjd),

( i i 1

| On the other hand, for the g f'- complex homomorphism
, 1

<^\: (X,d)—^(Z,^) there exists by P±op (3.2) a unique 
C-complex homomorphism 0 : (3c,I 3")-- *(z/b) such that
8 (*gf>X = 9 •
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Hence by the uniqueness of such C-complexes and C-complex 

homomorphisms there exists a C-complex isomorphism

(°fg)x : (g f)* (x,d)----- ^g^tx.d)

such-that (°fg)x (*gf)x = (*g)x.- ('Mjj.

This shows the existence of a natural equivalence

Gfg ‘ (g f)*: > •

Let«$ denote the cateogry of all .unitary commutative 

R-algebras and ^ denote the category of all R-complexes.
1 i

Consider the functor P defined as

P (X,d) = XQ and P (<5) fQ

for (X,d) in ■'gand in „
* 1 1

Then the fibre- P”* (A) is the category $(A) of all
( I

A - complexes and A-complex homomorphisips. Let
, ‘ ■ ,

t

JA : A) —> denote the inclusion functor. Our claim is

Theorem (3.2^ : The functor P : gf—admits an

opcleavage.

Proof :• For each morphism f:A—^B in and for any (X,d) 

in^(A) there exists a unique (X'jd1) =, f#(X,d) in^(B) and 

an f-complex homomorphism (tf)x:(X,d)—^f^CXjd) in 2? by

Prop (3.2). For any morphism \ : (X,d)---- »(Y,6) in "g(A),

there exists a unique morphism : f^X.d)---- in

Tp(B) by Prop (3,3). Thus each morphism f.:A—> B in S4-
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gives rise to a functor f^ i)f(A)—For each 
f:A—in there exists a natural transformation 
♦f s JA—MB f* satisfying P (($f)x) = f by Prop {3.2).
Then for any f-complex homomorphism <p • (X,d) —> (Y 6') 
satisfying P(GJ) = f, there exists by Prop (3.2) a unique

1

morphism : f# (X,d)—in £(B) such that

9“ (tf)x = 9* i«e« making the f ollowing .diagraih commutative

<*f)x • ■
(X,d)-------- 5- (X'.d1) = f.(X,d)

Consider the composition A----* B —■> C in Then
for each (X,d) in $ (A) there exists by 'Prop '(3.4) a uniquely 

determined morphism

('fg)x': <9 f). (X,d)--- f^ (x,d) in £(C) such

that

tofg)x <Vx = ^g>fjBC (*f}x
making the following diagram commutative(x,c(>--—> <& o*o.»o

9«f,(x.«0
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It is easily seen that (cfg)x are comPonen'ts a 

natural transformation

°fg = <9 f>*------ V

Each such e is a natural equivalence by Prop (3.4). Thus 

the functor P: admits an opcleavage ^_f^, , , cf 9^ *

In the following we shall prove that any algebra

homomorphism f; A—in gives rise to a covariant 
functor f* ,s $(B) ---- ? ^(A).

Proposition (3 „ 5) '• Let f: A—* B be an R-algebra
t i

homomorphism. Then for any B-complex (Y,s) there exists
« i *

an A-compleix (7,6*) and the f-complex homomorphism 

(0f)y : (7, 6)-----> (Y,6). •
i

Here' (Y,6) is1 a B-complex. Then 7 = A @ £ Y can be 
’* n*l n

considered as an A-'algebra via f: A—>B. Define 

6 : 7 ~->7 as SQ ■ SQf and s’ n - - Sn for n > 1.

6 is an R-de.rivation of degree 1 of 7 satisfying 

s' 6* - 0. This givesj an A-complex (7, s'). Define the mapping 

(0f)y : 7—3» Y as (€}f )y ) A = f and»(0f)yj Yn = identity

for n^-1. Clearly -^0£)y is an f-complex homomorphism. Thus
I

with every B-complex (Y,s) there exists an A-complex (7,s’)
i

together with an f-complex homomorphism (®f)y.
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Proposition .(3,6.) : Let (X,d) be an A-complex and (Y,6) a 

B-complex, Then for any f-complex homomorphism
^ : (*X,d)---^(Y,6) there exists a unique A-complex homomorphism

9' : (X »d)---y(Y, Fjsuch that (ef)Y 9*’ =

Here define <j» : (X,d)--->(7,6") as q'j A - Identity
and 9* |Xn = ^ for n£,l. Obviously y is A-complex 

homomorphism making the following diagram commutative

The uniqueness of y is obvious. -

t

Proposition (3T7) : Let (X,d) and (Y,fi) be B-complexes and
/

let (X,d) and (Y,6)be the corresponding A-complexes. Then

for any B-complex homomorphism k:(X,d)---^(Y,s) there

exists a unique A-complex-homomorphism k : (Xfd)-- >(Y,6)

such that (©f)y 1c = k (0f)x.

The composition k (Qf)x • (X,d)---*(Y,fi) is

f-complex homomorphism, hence there exists by Prop (3.6) 

a unique A-complex hompmorphism making the following 

diagram cdmmutative.
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(5f, 3) ---- :—----- » (x, d)

k
<r. *> > (y46) ;

i .
r i ^ |

Define a mapping f* : (B)t-* £(A) as,
+ _ L ' ' i

f*((Y,6)) = (Y ,5) [, as defined in Prop (3.5)]ipnd
*■ - . i!

f (k) = k [ as defined in Prop (3.7)]; Then, the following
I

Theorem can be 'proved on similar lines as Thm. (2.3).

Theorem (3.3) . ■: If f: A—»B is an algebra homomorphism,
. ‘ I

then there exists a covariant functor f* : (A)

defined as f*(Y,6) = (7,6) and f*(k) = k. '

' !
Proposition ,(3^8]_ : ^et A, B, C be unitary commutative 

R-algebras and f;A—^B and g : B—*C be algebxfa homomoiphisms 

Then f* g* = (g f)*

For this, iake a C-complex (X,d). Then g* associates

with (X,d) a B-complex (5£,cl)where 5C = B © £ X and
, .

do = dog and dn = dn for n^1-.

f* associates with (X,d) an A-complex (X',d) where

X = A

n^l.

9 £> X and dn __ t n on^l
f = do 9 f and dn = dn “ dn for
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(X,d)

n^l.

Similarly (gf)* associates

where X = A ® 2 X and /A 
n^l n

with (X,d) an A-comple'x

_ = d g f and d„ = d„ oo n n for

s* _*/

(*($)

(g f) (X,d) = (X, » -(x.d)

<■*

Define the mapping (dfg)x: (X,d) ■—>(X,d)- as (dfg)^ =

I5& ■*» m

= identity on X. Obviously (X, d) = (X, d) and (dfg)^ is 

the identity A-complex. isomorphism.

And for any G-complex homomorphism ,9 : (X,d)—^(Y,6), 

it is obvious that the following diagram i's commutative

(X, d) (x' dj : i
!)*<<?>

m.(v, 8) ------(Y,. 6)

Clearly (dfg)^ are the components pf the identity natural 
equivalence dfg : f* g*-----^(g f)*, Thus f* g* = (g f)*.
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Theorem (3.4) : The functor P ; ^admits a
normalized split cleavage {f*. ef> dfg}.

Proof : For each f : A —*B in and for any (Y,6) in
-£(B) there exists a unique (Y,6) in-^(A) and the

I 1 * * »* • «

f-complex honiqnorphism (%)y* : (Y’» .6) —“^(Y,6) in gf by
Prop,' (3,6)#j1, 'For any morphism k : (X,d)—^(Y,6) in ^(B)
there exists a unique‘morphism k : (XJH)'—--^(7,6 ) in -g(A)

» * *

by Prop' (3,7) , Thus'each f:A—in gives rise to a
• * *

functor f* : ■ ^(B) —> qg(A), There exists’a natural
transformation■ 0f 1JA f*—>J0 satisfying the condition

* »

that )y) i= f' by Prop (3,5). For any f-complex
homomorphism|ffi : (X,d)-- ^(Y,6) such that P(ffl) = f, there
exists a morphism^1 : (X,d)-- r-^fx(Y,6) in &(A) making

Now consider the composition A—£>B..9.>G in J4-
Then there exists'by Prop (3,8) a uniquely determined

<

morphism.



54

<dfg)x : f* 9* (x.d)-- » (g f)*(X,d) in ^(A)

■such that

(®gf*X ^fg^X " ^0g^X ^0f*g*X’ i.e. the following 
diagram commutes : 1 *

^dfg^X

(gf)

(•dx )v are the components of the identiry natural . - xg a - . ‘
equivalence dfg : f* g*—^^ (g. f)** ' :

Therefore^ the functor P has ;a split cleavage |_f ,0^, dfgj* 
Let : A—^A be the identity in*^#, then (1^)* s 
£(A)——>^(A) is the identity functor on ^(a).

Therefore the cleavage is normalized. Thus the functor 
P : &~*j4 has a normalized, split, cleavage.


