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CHAPTER-=-III

- T e———

CLEAVAGES_AND OPCLEAVAGES_IN THE CATEGORY OF I R-CQUPLEXES

In the previous chapter we have discussed cleavages

and opcleavages in the category of deerlvatlon modules In
this chapter we shall develop analogous concepts for

complexes, Slnce the proofs of the theorems ‘run on same |

X i

familar lines we have omitted the details.'.. ,
Definition (3,1) : 'Let f : A—>B be a. unlta;y algebra

hcmomorphlsm 1n\ﬁ41 Let (X,d) be.an A-coMplex and (Y,s)
| a B-complex A grbded d-algebra homomorphlsmg X—>Y
is said to be an.f - complex homomorphism if and only if
Q]A = fand@d=5@; and will be denoted as

qQ : (X,d) ~—»(Y,8). In this case (Y 8) is sald to be

NI SR re—g——

Q_f simple if andonly if BUs (B) U q (x) generates Y -as

an R-algebra, _ T

Proposition (3.1) : Let'(x, d) be an Areoﬁplex. Thep for
any B-complex (Y,8) and an f-complex homombrphism g ‘

Q : (X, d)-ﬂ—?(Y 6), there exists a @ - smmple B-complex
(Y '8 ) and a B-complex monomorphlsm

j o (Y*,a*)-——>(¥,5) such that 3 @* = @.

2
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Here Y* is the R-subalgebra of Y generated by
BU 5(B) U (Q(X) and 8* = 5¥Y*- (Y*,a*) is a B-complex,
Q*: (X,d)—> (Y*,5%) is defined as @* = g and J : Yi—>Y
is the natural inclusion, and the following diagram commutes,

L 4
t.? . .
—3, (Y%, §%)

&

(X,d)

J
(Y, &)
_E_z;opg_sj.‘t_i‘._f:g__(;;}_._g_)_ : ,For any A-complex (X,d) there exists a
B-complex (X',d') §nd an f-complex homomorphism (\lrf)x:
()"(,d)-—-f—)(‘x:! ,d') in Eg su;:h:.'that for any B-cor'npl'ex (Y,s)
and any f=-complex homomorphism ¢ :(X,d)—> (Y,8), there
exists a unique ‘B—cor‘nplegc homomorphism ?":('X' yd!) (\;,6)
.satisfy:ing Q“ '(\I!f)'x'ﬁ'g. Moreover (X',d') and (\l:f)x.are.
unique in the sense that_if there exists_ another suph
B-con;plex (X, d) a.nd.an. f-complex homomorphism
h'x : (X,d) ——> (SE,H),\ then there exists a B-complex
isomorphism { . (X',ci')——-ﬁ()%, d) satisfying T (\llf)x = hy.

Consider the diagram
. ) !
(x,4) Uiy (' o)

] N, (8 +h§111 S '3)
. \ . 4 T
(S, %).
. Yo x\le
Y™, §7)
i 3

(”, §
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Here the B-complex (Y*, 6*), the f-complex homomorphism

9* and the B-complex monomorphism j are as in the previobs

Srop051t10n (3.1), Let {(Sa, aa)} @ €T be a famlly of.’
Qa? simple B—complexes indexed by the set I such that for
),

the @ -simple B-complex (Y*, 5 there exists a B-complex

isomorphism . . oo Y
ig : (SB’ 83)—-4}(Y*, 5*) for seme B¢ I satisf¥ing T

. = n*
lg~ @3 = Q7
Consider the product (B +L %Sy, d) of the
n Zfla ) ’ 2.,
representa‘tlve fam:.ly {(Sa' a.)} aeI of, Qa - simple

B—complexes and ® : (X,d)—> (B + zlnS 3 y thg f-complex
. hyla

Q’.n,

homomorphism defined as
n (2 x)= (@, (x)), +2 (Qz(x))
n},o‘n. Qa [ MR ¢ 4 n)l @(X- n'‘a
for £ x_ in X,
nyo !

n:(B+32 1S

¢ nz'l .a a'n'a )' - ’ (SB: aﬁ) the

natural projection’is the B-complex homomorphism satisfying

Tg ® = @g. Let X' be the subalgebré of B+3 = Sq
ﬁ 'ﬂ - n)/la ’n

generated by B U 3(B) U n (X), This gives a B-complex
‘(x' d') where d' &[x' Define (¥.), : (X,d)— (X',d')

as (\kf)x %. Then (Wf) is an f-complex hoﬁomorphism and
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.

i: (X',d)—(B+3 =n Sy n d) denotes the inclusion,
, n « sliy

Then obviocusly i (\ltf)x = 7,

'y w=-_. (]

Let us put @ jrig mg 1.
As before, in the above diagram, since all the small trlangles
commnute, the outer—most triangle also commutes and we have

15 -
¢ (wf)x =9 ,
@* is unique since (X', d') is (wf)x - simple, Finally the

+

»

. uniqueness of-(X',d') and (\l:f)x can be broyed on similar

lines as in the proof of Proposition (252).

Proposition (3,3) : Let (X,d) and (Y,8) be A-complexes and
(X*,d!) and (Y',8') be the corresponding B-aﬁmplexes. Then

for any A-complex homomorphism } : (X,d)*;a(Y,ay,there
exists a unique B-cohplex homomorphism A": (Xr,d")y —>(Y!',8")

Such that ' (¥p), = (Wf)y Ae

Consider the diagram

(X,d) (\m.". —3 (X1,d')
)\ ~ " : ),’\‘ L
(Y,s) )y 5 (V! ,61)

The comp031t10n (¢f) A is ‘an f—complex homomorphlsm.-'

Therefore, Prop (3.2) assures the exlstence of a unique

B-complex homomorphism j' making the above diagram

commutative,



Let f:A—>»B be the R-algebra homomorphism, Define
f, 1 6 (A)—>B(B) as £, ((X,d)).= (X',d!) [ as defined in
Proposition (3,2)] and fy (A) = a' [ as defined in
proposition (3.3)] for all (X,d) in (A) and  in ¥(A).

The following Theorem can be proved in.the same way

in which Theorem (2.1) was proved.

Theorem (3,1) : If f: A—-—-—)B is an R—-algebra homomorphism;
then there exists a covariant functor fy : g(A) — % (B)

defined by f, (X,8) = (X',d'") and f <7\) A" for all
(X,d) € B(A) and ) ¢ B(A). o

Proposition (3,4) : Let A, B, C be cdmmutat:we unitary

R-algebras and f:-A~—%B, g : B~—C 'be, um.tary algebra

homomorphisms, Then there exists a !}a‘l,:ural .equivalence
Consider the diagram

() - Ya)xt
(x d) q..f..._._..; (x_l dl) ._.._,..ﬂ.x (X“ d“‘) =

94f 4 (X,d)
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Here (X,d) is an A-complex, (Z,3) a C-complex and

9 : (X,d) {- - > (2,d) a g £ ~ complex homomorphism,
(Z*,a*) is.a B-complex defined via g : B~—5C and
i (2%

, 6*)-—-7(2, ®) is a g-complex homomorphism and
* & !
¢ : (X,d)y—3(2 , 9") is an f-complex homomorphism defined

as a’A = f and aj Xy = 9 for n} 1; sa‘;ltisfy:ing jes= @. Since

I
@ is an f-complex homomorphism, there, exists by Prop(3.2) a

unique B—comlplex homomorphism B : (X',d")—> (2%, &)

sich that B (V) =@, Again j B : (X',d')—>(2,2) is a
g~-complex homomomorphism, therefore, there exists by

'Pri)p (3.2) a unique C-complex homomorphism Y:(X¥,d")~—>(Z,d)
‘such that Y (¥ )X' =3j B. Sowe have Y (¥ )X' (\!If) = Q,
The uniqueness of Y follows from the (\l: )X' (\kf)

simplicity of (Xw=,dn) = Oy *(X,d).

] On the other hand, for the g f ~ complex homomorphism
?l (X, d)-——-—-) (z,0) there exists by Prop (3.2) a unique

C-complex homomorphism € : (X, 3')--——)(2 ,0) such that
& (Vgelx =9 -

(X,d) (*/5”" (R,3) = (gf), (X,d)

t

&

(z, 9)




Hence by the uniqueness of such C-complexes and C-complex

homomorphisms there exists a C~complex isomorphism

(Cegly & (g £)y (X,d) —y g, £, (X,0)

o,
. c = .
This shows the existence of a natural e&uivalence

Letﬂ denote the cateogry of all unitax"y commutative
R-algebras and § denote the category of all R-complexes,
Consider the functor P : §—> Mdefmed as

P (X,d) = X andP(Q) =9
for (X,d) in ‘éand Q in 'g
Then the flbre P (A) is the category ‘é(A) of all

A - comp]_.exes and A-complex homomorphisms, Let

Jp ¢ B(A)—> € denote the inclusion functor, Our claim is

Theorem (3.,2) : The functor P : ¥y gf admits an

opcleavage,

Proof :- For each morphism f:A~—B in\P:F and for any (X,d)
in*4(A) there exists a unique (X',d') = f*(X,d) in¥%'(B) and
an f-complex homomorphism (\lff)x:(x,d)-—!-?f*(x,d) in & by
Prop (3.2). For any morphism ) : (X,d)—>(Y,s) in ¥ (A),
there exists a unique morphism j!' : f*,(x,d)——-}f*(Y,ts) in
2 (B) by Prop (3.3)., Thus each morphism f:A~—> B in ¢



gives rise to a functor f, : ¥(A)—>%(B), For each
f:tA—>»B in S¢ there exists a natural transformation

Ve A:-—-yJB £, satisfying P ({¥;),) = £ by Prop-(3.2).
Then for any f-complex homomorphism @ : (X,d) —¥ (Y &)
satisfying P(Q) = f, there exists by Prop (3.2) a unique
morphism @* : £ (X,d)—-—-&(Y,a)" in g:(B) such that

o (Vg), = @; i.e, making the f ollowi;ng diagrah commutative

(v, - o
(X,d) ey (X1,d') o £4(X,d)

tt

@ Q

(v,8) :

Consider the composition A ‘F—i B ——»C in 4. Then
for each (X,d) in ¥ (A) there exists by :Prop (3.4) a uniquely

determined morphism

| (:fg)x': (g f)x_ (X,4) ——> T (x,d) in € (C) such
that ’ ’

Cegdx  (gedy = (e (hely

nmaking the following diagram commutative

(X,4) Catda 5 @ 0, (X.4)
~
O £,0% d) (e 3) %

: J
m% g (X a)
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It is easily seen that (cfg)x are the components of a
natural transformation

cfg : (g f)*--—-? g* f*'

Each such cfg is a natural equivalence by Prop (3.,4). Thus

the functor P: ¥——$fadmits an opcleavage {f,, Ver Cfg} .

In the following we shall prove that any algebra

homomorph::.sm £: A —>B in % gives rise to a covarlant
functor £* : €(B) —> B(A).

gn;‘_gg_g_sj._t_igg,_(_':-l.ﬁ.l 't Let f: A—>B be an R—-algebra .
homomorphism, Then for any B-complex (Y,5) there exists
an A~complex (Y,8) and the f-complex 'homomorphism

(8g)y t (¥, B) —> (v,8),

Here' (3'{,6) is'a B-complex, Then¥ = A ® z.lY can be
considered as an A—‘algekara via f: A—>B, Deflrr:i
5 : T>Y as §, = 6f amd & -= § for n3l,

8 is an R~derivation of degree 1 of ¥ satisfying

5 & = 0, This givesi an A-complex (¥, §). Define the mapping

(8g)y : ¥—>Y as (8,), ] A = f and:(8)y| Y, = identity

for n2 1, Clearly (!ef)Y is an f-complex homomorphism, Thus
with every B-complex (Y,5) there exists an A-complex (Y,3)

together with an f-complex homomorphism (ef)Y.

HEB KHASDCHAS LIBRA
wwm%ﬂwcusm KOLHAYBE:



Proposition ,(_3_,@ : Let (X,d) be an A-complex and (Y,8) a

]

B-complex, Then for any f-~complex homomorp'hism
Q: (X,d) —>(Y,5) there exists a unique A-complex homomorphism
Q' : (X,d)— (¥, §)such that (8;)y Q" = Q.

Here define @' : (X,d)—>(¥,5) as Q'\ A = Iden{ity
and @' ]Xn = Q for n?,l. Obviously @‘ is A-compl'éx

homomorphism making the following diagram commutative

(X,d)

gl ,

e
(Y,8) L 2 - (Y,5)

The uniqueness of Cg‘ is obvious,

E_;;QQ_QS,_;‘L_@_i,gQ,_(,S,ﬂ : Let (X,d) and (Y,8) be B-complexes and

.let (X,'E) and (\:",'s-)be the corresponding A-complexes, Then
for any B-complex homomorphism k:(X,d)—3(Y,s) there
exists a unique A—complex~homomorphis’m X : (}-E,E)—-—)(?,'a-)

such "that (e-f)Y k=« (ef)X'

The ;:oz'npositibn k (Gf)x : (}T,E)-;—a(Y,a) is
f-complex homomorphism, hence there exists by Prop (3,6)
a unigue A—coﬁlplex hompmorphism making the following

diagram commutative,
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(X, 9 ODx 5, q)
k k
@, 5) — v

r
’ ' H

* [
Define a mapping % £ (B)—> g(A) as..
' !
f*( (v,s)) = (Y,8) [, as defined in Prop (3.5)]: and

(k) = X [ as defined in Prop (3.7)]- Then. the followmg
' I

Theorem can be proved on similar lines as Thm, (2. 3).
|

Theorem (3,3) ..: If f: A~3B is an algebra hom’omorph:.sm,
then there exists a covariant functor £* ﬁ(B)L—)‘é(A) ]

defined as f*(y,a) = (¥,3) and £5(k) =K * |
‘Proposition (3 8_)_ Let A, B, C be unitary 'commutative
R-algebras and f: ,A-—-)B and g : B—C be algebra homomorphisms,

Then £* ¢* = (g £)%,

For this take a C-complex (X,d), Then g’* associates

with (X,d) a B-complex (X,d)where X =B @ z.lxn and
ny

dg = dog and d, = d_ for nyl

£* associates with (X,d) an A-complex (f',g) where
- - o—a
X=A® X andd a'of=dogf and d, = d =d_for

AT

nyl.
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Similarly (gf)* associates with (X,d) an A-complex

I~ L o~ o~
(X,d) where X = A-@ngl Xn and ‘/d'o = do g f and dn = dn for
n)l.

#

% g*(x,d). = (X, a)

‘W‘
) (%e3) K A)=9CX )
' ¥ ©3)x
"'" Pt (e )
(g D*X,a)= &, S x,a)

b
2

Define the mapping (dfg)x:()-(',d)“%()(,d)‘ as (dfg)x =

== - ~ L
= identity on X, Obviously (X, c‘i.} = (X, d) and (dfg)x is

¥ i‘._hé identity A-complex. isomorphism,

And for any C-complex homomorphism @ ': (X,d)—>(Y,s8),

it is obvious that the follow:mg dlagram :US commutative

&, & — e, &5
$a(ay=q % Jr-(ﬁf) (%)
T, 5 —y 7 7

Clearly (d )x are the components of the 1dent1'ty natural
equivalence dfg : g -——-—-?(g f)* Thus f* * = (g £)%,
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Theorem (3,4) : The functor P : Z—> 4 admits a

normalized split cleavage {f*, P dfg} .

Proof : For each f : A~9B in ¢# and for any (Y,8) in
-6, (B) there exlsts a unique (Y 5) in'é(A) and the
f-complex homonorphlsm (ef) (Y 5)"—"*’(Y 8) in zg"by
Prop.’ (3. 5)., ‘For any moi'phlsm kK : (X d) —> (Y, 6) in 4(B)
there exists 'a unlque'morphlsm k : (X, d)-——-—e(? 6) in £(a)
by Prop: (3, 7) Thus each f: A-—-;rB «m.}? glves rise to a
functor £* f(B)—-—)-é(A) There - eaflsts a natural '
transformation @ 'z J, f—-—-—-—)JB satisfying the copdition
that ?(ef)y) = f l;)y‘Prop (3. 5).. For any f-complex

‘ homomorphism,i(y : ('):(,d)--—-)(Y,a) such that P(@) = f, there
exists a mor;!:h'isni "@' : (X,d) —---)'f*(Y,a) in Z(A) making

the followmg d,ladram commu‘tat:.ve

I, -
|+ : (94)7, %ﬂ

Now conside’:f: the composition A-—-f-)B-Q-—»C inﬂ-

Then there existsf by Prop (3,8) a uniquely determined

morphism,



»
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(degy ¢ £F o (x,d) —> (g ©)*(X,d) in £(a)
'such that '

[ ]
(ng)x.(dfg)x =‘(<.=>g)X (ef)g*x. i,e, the following

diagram commutes :

f*'* (X,d) C .
’ '%\x .
(dfg)x ‘.\K(IX 2)
' (Co)x
) -\ ' 3
(o) *(X,d) {65"}?‘ - » (X,d)

(dg g)x ‘are the components of the ‘identiry natural
equivalence dgg : £* g*~a-.9(g; £)* SN

. Therefore, the functor P has i split cleavage {_f*,ef,dfg}.

Let Ip ¢ A-—j-'-):"s be the identity in ¢, then (I‘{\)"‘E H
Z(A) —>€(A) is the identity functor on #(A).
Therefore the cleavage is normalized, Thus the functor

P :@—*ﬂhas a normalized, split, cleavagé,



