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Solutions of the Navier-Stokes egquations in Porous Media

Introduction :

In this chapter, in Section 1 we discussed some
basic concepts required for our problems. In Section 2 we
gave brief history and major developments in the flow
problems through porous media. In Section 3 we studied the
problems of flow in convergent and divergent porous channels.
In Section 4 we discussed Generalized plane c&?%te flow
between two porous plates. In Section 5 we studied Generalized
plane coutte flow between two coaxial infinite porous
cylincers, when inner cylinder is moving with constant
velocity U and outer is at rest. In Section 6 we obtained
the velocity distribution in the case of spiral flow between
two coaxial cylinders when the outer and inner cylinders are

rotating with constant angular velocities.

1. Basic concepts regquired for our problems to be discussed:

(a) Fluid :

All materials exhibit deformation under the action
forces. If the deformation in the material increases
continuously without limit under the action of shearing
forces, however, small, the material is called a "fluid".
This continuous deformation under the action of forces is

manifested in the tendency of fluids to flow.
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Fluids are usually classified as liquid or gases.
A liquid has intermolecular forces which holds it together
so that it possesses volume but no definite shape. when it
is poured into a container will £ill the container upto the
volume of the liquid regardless of the shape of the
container. Liquid have but slight compressibility for most
purposes it is, however, sufficient to regard liquids as
"incompressible fiuids". A gas, on the other hand, consists
of molecules in motion which colloid with each other tending
to disperse it so that a gas has no set volume or shape.
The intermolecular forces are extremely small in gases. A
gas will £ill any container into which it is placed and is

therefore, known as (highly) "compressible fluid".

(b) Viscosity :

Viscosity of a fluid is that characteristic of real
fluids which exhibits a certain fesistance to alterations
of form. Viscosity is also known as irnternal friction. All
known fluids (gases or liquids) possess the property of

viscosity in varying degrees.

(c) Newtonian Fluigd :

Newton observed that in a simple rectilinear moticn
of fluid layers, one is moving over the other with the
same relative property, will experience a tangential force
proportional to the relative veloecity between the two layers

and inversely proportional to the distance between the
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layers. If the two neichbouring fluild layers are moving
with velocities u and u + du and at a distance §y the

shearing stresses is given by

su du
T g ==== OF T = } meu=
3% dy

This is called "The Newtonian hyvothesis"™ and a fluid

satisfying this hypothesis is called Newtonian fluid.

The constant of proportionality u is called as
coefficient of viscosity and du/dy is the strain-rate of

the fluid. Newtonian fluiéd are also Xnown as viscous fluids.

(a) Non-Newtonian Fluids :

The fluids which do not satisfy the Newtonian

hypothesis that fluids are called as non-Newtonian fluids,

(e) Reynolds number :

The dimensionless guantity‘Rédefined as

UL UL
Re = -_-‘g... = -
B )

where U, L, © and p are some characteristic values of the
velocity, length, density and viscosity of the fluid

respectively, is known as the Reynolds number,

(f) Prandtl Number :

The ratio of the kinematic viscosity to the thermal
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diffusivity of the fluid.

Kinematic viscosity Y w/ 9 WCp

1e€@¢  =rmemcmccmmemcome——oon - e B emeemeen B ace-—- = P,

Thermal diffusivity a K/ [ K

is designated as the Prandtl number.
(g) Suction :

The retarded fluié in the boundary layer is sucked
into the body. The point of suctiqn is near the point of
separation, either slightly ahead or behind so that no back

flow will occur.

(h) Injection :

Fluid is injected from the body into the boundary
layer so as to increase the kinetic energy of the fluid in

the boundary layer and to delay the separation.

(1) Darcy's Law :

Darcy's (1856) performed a number of experiments on
flows of water through porous media by msking water to
percolate vertically through sand filters. It was observed
that the rate of percolation of water was directly propor-
tional to the cross sectional area of the filter bed and
the total force, say the sum of pressure gradient and the
gravity force. These experiments gave an empirical law,

known as Darcy's Law as
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q=CA(I.’.1.f?.+§,g> oo (1)
hy-n,
where A : the cross sectional area of filter bed
C : K/p
where K : the coefficient of viscosity
g : the flux of the fluid.

2. Flow through porous media and major developments of

the flow prcblems in porous media.

(a) Flow _through Pgrous Media :

Another important class of small Reynolds number
flows are the flows through porous media, such flows are
very much prevalent in nature and therefore these need
through investigation. The study of flows through porous media
is comparatively easy because in these flows the Inertia

forces are usually very small as compared to viscous forces.,

Flows through porous media occur in filteration of
fluid and seepage of water in river beds. Movement of under-
ground water and acts are some other important examples of

flows through porous media.

An oil reservoir mostly consists of porous sedi-
mentary formation such as limestone and sandstone in which

oil is entrapped.

Another important example of flow through porous
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media is the seepage under a dam, with the high pressure
on the waterside of the dam the seepage of water through the
soil in dam area lowers the water head and thus result in
loss of energy. Therefore, the study of seedage of water
under the dam is very important. There are numerous other

practical uses of fluid flows through porous media.

A few words about porous media itself, and the
porosity is definitely called, for a porous media is literally
a solid which contains a number of small holes distributed
throughout the solid these holes may be effective or
ineffective by effective holes we mean these holes through
which the fluid can actually pass, it is these holes which
contribute towards the porosity of these material by
ineffective holes may either be so fine that fluid can not
move through them due to surface tension, or the holes may
not be interconnected.If the holes are not interconnected
then the fluid cannot pass through them and thus these
become ineffective in figure by holes we shall mean only
the effective holes. The holes may be distributed homogene-
outly or having any set pattern or may be very small or
moderately large, some of the examples of porous media

are spunches, a book of sand, cotton and woolen packings.

The porosity of a material is defined as a fraction
of the total wvolume of the material which is actively
occupied by the holes to obtain the apparent density of a

porous material we first calculate the density of the pore
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free material [ and then the density -Pa of the dry porous

material form this porosity is defined as

(b) Major Developments of the Flow problems through porous

media :

Gunadhar, Paria.{jQ] studied the plain strain deformation
of a porous visco-elastic body containing a field
in the shape of a circular cylinder has been found.

Datta, S.K. [7') studied the problem of steady-state
laminar flow in an annulus with porous walls for an
ordinary viscoué fluid, has been considered by
Berman . He took the fluid injection rate at
one wall to be equal to the fluid suction rate at
the other walls.

Datta, S.K.[ﬁt}studied the laminar flow of a certain type
of non-Newtonian fluid between two porous plane
parallel boundaries has been discussed assuming
constant suction at both the walls the type of
fluid taken satisfies the strain-strain relation
postulated by Rivilinn.

Arun Kumar Ghosh [}O] the flow of a Reiner-Rivlin f£fluid
between two co-axial porous circular cylinder has
been studied for the particular condition when the

inner cylinder starts moving from rest with constant
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velocity. He obtained solution of the problem in
two extreme cases of very la?ge and very small
coefficient of viscosity. The longitudingl motion
of a piston in a Reiner-Rivlin fluid contained in

a fixed circular cylinder has solution reported for
the specific cross flow Reynolds number equal to
unity.

S.P. and Acharya, B.P. [25] the flow of a Rivilin-
Ericksen fluid between two co-axial circular
cylinders has been studied for the particular
condition when the inner cylinder starts moving
from rest for a certain period and then comes to
rest, The inverse laplace transform in the general
case being complicated, the solution of the problem
has been obtained when the gap between the cylinders
is small., It is observed that the velocity and the
shearing stress at the wall are considerably

affected by the elasticity of the liquid.

Narang, H.N. and Lamba, R.C. [?7] studied the transfer of

heat and moisture in an infinite porous plate in
contact with moving fluid. The equation of internal
heat ané mass transfer in the porous media have
been solved in conjuction with the flow and energy
equation of the fluid, taking into account the
frictional heating. The fluid has been taken to be
incompressible and the motion is assumed to have

started impulsively, the problem solved with the
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help of Laplace transform and solution for small and
large values of time have been obtained.

Gupta, M.C. and Goyal, M.C. [}i] studied the flow of viscous
incompressible fluid between two porous co-axial
rotating circular cylinders with different radial
velocities 'V_' and 'V,' at the walls has been
studied with the help of perturbation technigue, An
exact solution of the Navier-Stokes equation reduced
to second and third order non-linear differential
equations with appropriate boundary conditions.

Gupta, M.C. and Goyal, M.C.[?i] studied the unsteady flow
of homogenous viscous incompressible fluid between
two porous co-axial rotating cylinders has been
studied and complete solution for all the three
velocity distributions have been obtained in closed
forms with the assumption that the rate of suction
at the one wall is equal to the rate of injection at
the other wall. It has been found that the axial
velocity is maximum at the middle of the annulus
and the veldcity profiles are symmetrical about the
maximum velocity for any finite value . The
symmetry of temperature distribution profiles
exhibit that the maximum of the temperature.

Khan, MohdAAbdul(:Zd] studied the unsteady hydromagnetic
flow of a viscous incompressible and electrically
conducting fluid due to rotating vibration of a
porous disks about a constant nonzero mean over a

fixed has been analysed.
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Venkateswara (}0] studied the special problem of the motion
of two immiscible liquids in a slightly dipping
heterogenous porous media with the presence of an
immiscible connaﬁe water phase.

Verma, P.D. and Gaur, Y.N. [%3] studied the oscillating
flow of a viscous incompressible fluid fixed porous
sphere has been investigated using stokes approxi-
mation, the stream function and hence the velocity
components for the flow outside and inside the
sphere have been obtained in terms of porosity
parameter. The extreme values of the porosity
parameter have also been obtained and represented
graphically for small values of the frequency of
oscillations.

Tewari, V.D. {égj studied the effect of viscous dissipation
has been studied for the case of the fully developed
natural convection flow of a visco-elastic fluid on
a porous vertical flat plate. Numerical calculations
have been made to study the effect of elasticity;
suction parameter and prandtl number on the velocity
and temperature profiles,

Gaur, Y.N. [15] studied the problem of flow of a viscous
incompressible f£luid confined between two rotating
co-axial infinite porous discs have been investigated
with the assumption that the rate of injection of
the fluid at one disc is equal to the rate of suction

of the fluid at the other. The velocity components
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have been expressed in terms of three dimensionless
function, which in two are obtained in ascending
power of the Reynolds number (taken to be small) the
effects of porosity on radial, transverse and axial
velocities have been dopicted graphically for
variousvalues of the ratico of the angular velocities
of the two discs.

Thakur, P.J. and Sinha, K.D. [36] studied the steady state
solution of the Navier-stokes equations for the
viscous incompressible flow between two infinite
parallel porous plates, one executing linear oscilla-
tions and the other in uniform motion in its own
plane has been obtained.

Captain, R.N. and Dubeshishirkumar [5] studied the flow of
a viscous electrically conducting incompressible
fluid over an oscillating non-conducting and non-
magnetic infinite porous flat plate in the present
of a transverse magnetic field has been analysed
when the magnetic Reynolds number is equal to the
viscous Reynold's number small uniform suction or
injection has been imposed along the surface of the
plate. Expressions for velocity, induced magnetic
field, current density, electric field and skin
friction are obtained particular case when the
applied magnetic field is zero has also been

considered.
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Matkowsky, B.J. and Siegmann (?i] investigated the Von
Karman similarity equation for fluid flow between
two infinite co-axial discs that rotate with equal
rotation rates and in opposite direction. The non-
linear singular perturbation problem for high
Reynolds number is analysed by formal asymptotic
method.

S5iddappa, B. and Bujurk, N.M, [é?] studied slow viscous flow
between parallel surfaces with injection at one
surface i1s considered the solution are given the
stagnation flow in the neighbourhood of an opposed
surface.

Siddappa and Patel, S. Gundappa [33] investigated an exact
solution is obtained for the free convection laminar
flow of an incompressible viscoelastic (Rivlin-
Ericksen) fluid past a porous wall with constant
suction. It is found that the rate of heat transfer
decreases with an increasing frequency stress is
also attered from the classical case.

Francis, M. 3kalak and Chang-yi-Wang [}4] studied the
equation describing similarity solutions through a
uniformly porous tube and channel with equal rates
of injection or suction at the walls are analyzed.
The number and character of the solutions possible
for various values of suction and injection are

found.
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Pandey, (?§} studied the solution of the Navier-Stokes
equations for the slow steady motion of a viscous
incompressible fluid between two porous walls at
slightly variable distance from each other equal
suction velocities + V,(x) have been imposed at
the two walls and the solution has been obtained by
using the fourior transform method.

Gupta, P.M, and Kulshreshtha, S.K. [é] has given the
solution of Navier-Stokes equation for the case of
steady state laminar flow in an annulus with porous
walls under the assumption of constant influx through
one wall equal to influx through the outer wall.
Verma has also obtained the solution for the
problem of flow of a viscous liguid under exponential
pressure gradient superposed on the steady laminar
motion of an incompressible liquid between two
co-axial cylinder. Das has also obtained solution
of the problem of steady flow of a viscous liquid
in an annulus with uniform arbitrary injection and
suction velocities.

Patni, G.C. and AtoLia, R.N. {?d} studied the effect of
elasticity of the walter's type B" liguid on
pressure longitudinal and transverse &elocities
are discussed. In this case of plane couette flow
between two parallel plates with uniform suction
at the lower stationary plate. It is also found

that the transverse velocity is independent of the

TR 5,_"#{ ‘}“‘_:‘34;‘@1
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axial distance x.

Mishra, Shankar Prasad and Mohapatra, Priti [24] investigated
the unsteady free convection flow of an incompressible
electrically conducting viscous liquid past a hot
vertical plate in the presence of a transverse
magnetic field. The flow problem phenomena has been
characterized by non-dimensional number p (Prandtl
number) G ,((Grashoff number), m (Magnetic number and
W (fregquency parameter) the effect of these parameters
on the velocity and temperature distributions,
amplitude and phase of skin friction and the fluctua-
ting parts of the velocity have been tabulated and
represented graphically.

Gupta, Premchandra and Sharma, Ram Gopal [}4] studied the
unsteady flow of viscous incompressible fluid
through porous media in a long rectilinear tube with
impermeable boundary. Technigque of Laplace transforms
has been applied to solve the equation of motion
and it is demonstrated with the help of graphs that
the flow in porous media is slowér than in an
ordinary flows.

Verma, P.D. and Vyas H.K. {?i] studied the slow steady flow
of a viscous fluid past a porous sphere of wvariable
permeability. For the porous material within the
sphere Darcy'’s Law will hold good. The law of variation
of permeability is taken to be proportional to the

nth power of the radial distance from the centre of
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the sphere the boundary condition at the porous
surface has been taken by Jones the drag experienced
by the porous sphere is determined the variation

of the drag with surface permeability has been

shown graphically for different values of '7°.

Gupta, Premchandra [35] made an attempt to study the
unsteady laminar flow of a viscous incompressible
fluid through porous media having uniform radial
magnetic field in a channel whose cross section is
a circular under the influence of arbitrary time
varying pressure gradient studied with the help
of the technique of Laplace, finite fourier cosine
and the finite Hankel transforms when the pressure
gradient is an absolute constant. It has been
observed for a fixed value of Hartmann number. The
flow increases as porosity increases and that for
a fixed porosity, the flow decreases as Hartmann
number increases.

Acharya, B.P. and Padhy, S. [1] studied an analysis of a
free convective flow a viscous liquid past a hot
vertical porous wall is presented under the
assumption that the suction velocity is constant
and normal to the wall and the wall temperature is
spanwise cosmusoidal. Approximate solution of the
equation of motion and energy have been obtained
by the method of regular perturbation. The effect

of the different flow parameter on the function
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affecting the mean velocity, temperature, skin
friction and rate of heat tfansfer have been
presented.

Nandlal Singh [}i} studied the problem of flow of a visco-
elastic fluid under unsteady pressure gradient in
a region bounded by two parallel porous plates. It
is assumed that at one plate fluid is injected with
a certain constant velocity and that at other it is
sucked off with the same velocity. An exact solution
for the fixed injection Reynolds number.

Venkatachalapp, M.:; Sekar, R and Rudriah ‘}4] studied the
propagation of finite amplitude tidal waves at the
interface between two semi-infinite fluid saturate-a
porous media of different densities with the external
constraint of rotation is investigated using both
analytical and numerical method. The set of non-
linear partial differential equations governing the
wave motion have been reduced to the set of non-
linear ordinary differentiél equations using a
suitable integral. From this set, the phase portails
are obtained.

Jyotirmoy 3inha Roy and Nalin Kanta [}5] studied a series
solution for the steady, laminar visco-elastic
flow produced by rotating disc with suction. The
constants in the series are evaluated numerically.
It is shown that this approach vyields valid solution

of high accuracy for all cases of suction at the disk
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surface. The effect of the elasticity on the flow
field have been studied.

Varshney, C.L. and Kemal Kumar [ié} studied a theoretical
analysis of the three dimensional unsteady flow of
an incompressible viscous fluid through a porous
medium past an oscillating porous vlate subjected to
uniform suction/injection (blowing) in a rotating
system. Whole system is in plate of solid body
rotation with constant angular velocity about z axis
normal to the plate. The effect of porous medium,
the suction/injection (blowing) parameter on the
velocity distribution has been graphically shown.

Megahed, A. 4 deg (?2] studied the two dimensional flow of
viscous incompressible and electrically conducting
fluid through a porous medium bounded by an infinite
porous plate and subjected to a uniform external
magnetic field is treated in two cases. Assuming
the Magnetic Reynold's number small in both the
cases. Some special cases are deducted and discussed,

Bhargava Rama and Meena Rani [4] studied the problem of
MHD flow and heat transfer in a channel with porous
walls of different permeability has been investigated
by the method of quasilinearisation. Starting from
the initial guessed values the velocity function
along with the temperature function has been
obtained for different sets of values of Reynolds

number R suction parameter o and Hartmann number o .
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Bhattacharjee, A. and Borkakali, A.K.K:BJ studied heat transfer
in the flow of a conducting fluid between two non-
conducting porous disks -~ one rotating and other
at rest, in the presence of a transverse uniform.
magnetic field, the lower disk being adiabatic, is
studied asymptotic, solution are obtained for
different values of Hartmann number M and N .

Verma, Vijaykumar, 3. and 3yam Babu, M, [&2] studied A
steady flow of a viscous incompressible fluid through
a channel bounded by permeable media of different
permeabilities is considered. A transverse magnetic
field is applied to the wall. The flow inside the
lower porous media is with high permeability. The
upper porous media is of low permeability. They
obtained the expression for velocity, magnetic field,
mass flux and coefficient of spin friction in two
cases corresponding to (i) when the upper wall is
rigid and the lower wall is porous and (ii) when
both the walls are porous. They discuss the effect
of magnetic parameter O on the velocity by
introducing the magnetic field. They observe that
the velocity decreases in both the cases as M
increases there is further reduction in the
velocity. The magnitude of the wvelocity in both
the cases is larger than the corresponding values

in the rigid case.
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Singh, Tejwant and Gupta, R.K. [}7] studied an elastico-
viscous steadily flow in the annulus of two co-
axial circular cylinders, rotating with different
angular velocities together with translating motion
of imner cylinder along the axis of rotating,
cylirnders being porous, It is found that the
torodial and axial component of velocity decreases
with an increases in elasticity of the fluid. The
axial component increases with an increase in cross-
viscosity of the fluid, while torodial component
is independent of it. The behaviours of torodial
and axial component of velocity, with an increase
in Reynolds number.

Reghavacharyulu, N.CH. EBi] studied the combined free and
forced convection in a saturated vertical porous
tube of uniform circular cross section with a
uniform heat source. The governing equations are
solved for velocity and temperature fields in the
form of fourier Bessel series.,

Gaur, Y.N. and Bhatnagar, V. (}é] investigated the slow
unsteady flow through a porous circular tube with
axial waviness by perturbing the soclution for flow
through a porous smooth tube. Fourier transform
technique has been used to get the expression for
axial and radial velocities and pressure.

Agarwal, R.S. and Meena Rani [2i] The numerical solution of

energy equation for the temperature distribution in
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viscous flow past a porous flat plate is obtained.

A uniform suction, that follows step function change,
is applied normal to the plate. The result for
different values of Prandtl number are found by
finite difference technique, when the suction
velocity doubles in the step change.

Takhar, H.S. and Soundalgekar, V.M. [?é] studied the effects
of suction and injection on the flow of a micropolar
fluid past a semi-infinite porous »late. Similar
solution to the boundary layer flow 6f this fluid
are presented and the effects of suction and
injection are discussed.

Purohit, C.N., and Sharma, R.D. [?8] studied hea£ transfer
in the flow of a conducting viscous incompressible
fluid between two nonconducting rotating porous disks
under the influence of an applied magnetic field
perpendicular to the disc the temperature versus
dimensionless distance graphs reveal that the
maximum temperature occurring between the disks
increases with the Hartmann number M and decreases
with ¢ (the ratio of angular velocities of the
disks).

Megahed, Abel, A. {}3] studied the unsteady flow of a
viscous incompressible‘and electrically conducting
fluid between two infinite porous plates, one of
them is fixed and the other is moving with uniform

velocity is considered. wWhen a uniform magnetic
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field acts perpendicular to the plates the transverse
components of the velocity is expressed in terms of
any arbitrary function of time. A method is introcduced
to obtain the exact solution for both the equation

of motion and induced magnetic induction.

Komal Kumar, Sharma, H.C. and Gupta, P.C. {}8—}studied a
theoretical analysis of two dimensional flow of
conducting stratified viscous fluid through a porous
medium bounded by a rigid plane in the slip flow |
regime in the present of a uniform transverse magnetic
field has been presented. The effect of porous media,
the magnetic field. The stratification parameter
and the rarefication, parameter on the friction
phase and amplitude are shown graphically.

Kuiry, D.R. and Thakur, P.J. [}é] he obtained the solution
for the flow of viscous incompressible fluid of
small electrical conductivity part on infinite
porous flat plate started impulsively from rest in
the presence of a constant transverse magnetic field
fixed relation to the fluid with an imposition of
small uniform suction or injection over the plate

some results and skin frictions are also calculated.
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3. Flow in Convergént and Divergent Porous Channels :

Let us consider the steady flow of a viscous incom-
pressible fluid between two non-parallel porous plane walls.
Let the external forces be absent. We use the cylindrical
polar coordinates (r, ©, z ). We take z axis is the line
of intersection of the planés and r is the distance from
this line, the walls are in the planes 6 = + «.

nE

-

<A
(BB )x

Fig.l : Flow in egt and Dvt porous channel.

If the motion is purely radial, then the only non-
zero component of velocity is V. and hence the equation of

continuity and momentum reduce to

3
%—“ (r Vr) = 0 PR (3.1)
r
2 2
v -?-Yf_ = - :?_E + (’?.Yf + i —?;Yf + -l “é--zf Yf )
9rar c 2 r3_ 12 de? 1
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o p 3V
e v p 2. oI cee (3.3)

and 0 =2 -
o e r2 3o

N

The boundary conditions are

Ogial Vr=vo LI ] (3.4)

where V, is constant suction Velocity.

The eguation of continuity (3.1) gives
f(e)
vr = - e (3.5)
r
where £(0) is an arbitrary function of @ to be determined.

Due to Equation (3.4), the equation (3.5) gives

_ £
VO - -;"‘ o n (3.6)

Substituting Equation (3.6) in Equation (2.2) and (2.3)

we get
£2 9 p £
- ? --;-3— = o —5—; + p, —;-3- ceee (3.7)
_'a o) S
0 = .:g.-.eo- + 2}; -;-i co e (308)

and the corresponding boundary conditions are
e:ial f=rv s o0 (3.9)

Differentiating (3.7) with respect to © we have

P _‘a ZP fFHs
- ey 2ff' B e S ppp— ees (3.10)
> 3679 3
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Differentiating (3.8) with respect to '0' we get

-3 % 4pf’
0 = weecccam= - - o PP (3.11)
P, r_B e 3

Substituting equation (3,10) and (3.11) we get
2f£Y + ) (f"*'4+ 4f' ) = O eee (3.12)

where a prime denotes differentiation with respect to © and

kinematic viscosity ( V) = u/ P

Integrating equation (3.12) with respect to 0 , we get
£2 4 Y (£ + 4f) = K ce. (3.13)
where K : Constant of integration.

Multiplying (3.13) by 2f and integrating once
again, we get

2
£2 = . (h+ 3kf-6YyE£2-£3) eee (3.14)
3y

where h : second constant of integration.

The problem is to solve the equation (3.14) with
the help of the boundary conditions given in equation (3.9)
which are two number. But the equation of the eguation(3,14)
requires three boundary conditions and, therefore, an
additional boundary condition is to be prescribed. when the
flow is purely divergent or purely convergent the function

‘f' will be symmetrical about © = 0, and in such a case the
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value of £ at © = 0 may be prescribed.

Equation (3.14) can be written as.

LB £ 2

, 2 ‘
(=) 3 e (£, = £) (£, - £) (£, - £) eee (3.15)
EX: 3y 1 2 > )

where the constant f1, £, and f; are connected by the

relations -

and ££)65 =h ... (3.18)

Integrating equation (3.15) between the limits -a to O, we get

0 £ af
a=j desi\]’g‘-/‘){—éo --------------------- 'i7‘2' o s (3.19)
-« 2 (£)-£) (£,-£) (£3-£)

where £, : The value of f at © = 0. The solution of equation

(3.16) may be expressed in terms of the elliptic function

(a) Plow in a divergent porous channel :

Fig.2 - Flow in a divergent porous channel.
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For the flow in a divergent porous channel, the radial
velocity will be positive and, therefore, from equation (3.5)
we cornclude that in this case £(8) is positive (f 7 0).
Since the middle of the channel f' = 0 we find from equation

(3.15) that f must be equal to £, f, or £,
Letf=f1=fo

the equation (3.19), in the view of equations (3.16) and

(3.18) may be written as

J £
a - -3-—.)./ J 1 ——————————————— q f ———————————— D T . - . oo-(3.20)
2 0 h .

1/2
[(fl-f) ifz + (6 Y+ £) £+ === ﬂ /
£
Since, on the walls £ vanishes, therefore, it follows from
equation (3.14) that
2 2h
fl - - — * s e (3.21)
3
Hence H is positive, therefore a has its greatest value

for a given value of f; when h = 0, that is either f; or fj

is zero.

Let £ = £, CoszY’

Yt Nt Mg sl Nt

R B emeca B eeccamamwmw-
v v

= Reynolds number,

Substituting (3.22) in the equation (3.20) and neglecting

the term containing 6 ) , when Re is large, we get
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i
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3 n/2 ay
x = ——— e ———————
Re 0 (1 - %Sinz\y y1/2
n/2 d\(
a\/ Re = \/ 3 J- ----------------- s e (3-23)
0

1 2 1/2
(l—§San)

Thus a\/ Re has an upper limit when 'Re' is large and «

is small. Hence if the angle a and Reynolds number Re are
specified, then the velocity profiles may be calculated

from equation (3.15) either f, er f; equal to zero.
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(b) Flow in a convergent porous channel.

/
/
/

=%

@=-4

Fig.3 - Flow in a convergent porous channel.

For the flow in a convergent porous channel; f nmust
be negative therefore, from equation (3.18) and (3.21), it
follows that one of the root should be positive and other

two must be negative.

Let £, be positive and f,, f3 be negative. Further
£, ¢ £ & 0 (it 1is only in the middle of the channel,

where £ = £, ) and £, é: £5 .

Let Re = - £,/ Y

f/fz = W

= eee (3.24)
..fl/f2 = W .

and f3/f2 W3

M e Nt Nt gt St N Nyt

so that the W's are positive and W, lies between 0 and 1.

Substituting equation (3.23) in equation (3.16), we

have



48

5]
l - wl + WB o= ;;- e (3.25)

with the help of equation (3.24), the equation (3.15) reduce

to
at 2 2
((m===)® = cec (R&)3 (W) + WL - W) (Wy - W)
de 3y
S a 2 _ 2 3
[--- (- )Yy w Re)j = ~== (Re) (wlm) (1-W) (W3 - W)
ae 3 Yy
ax 2 2Re
(=== ) = o (W + WL = W) (W3 - W)
de 3

3 i ee. (3.26)
Q0= |cee  mommeeeemec—me—oemoaeoe
2

\ 2Re \/(wl + W) (1 - W) (W3 - W)

On integration we get

/{]. aw
W L(w]~ W) (1-w) (w3-w)] 172
3 jﬁl aw
@ = [ emwa ]| eeeeccemcee e ——— eee (3.27)
\/ 2Re | ]:(wlwa) (1-w) (w3-w)] 1/2
on integration (3,25) between limit -a to O for © and O

and 1 for W we get

3 /1 aw
Rel/2 o o /::j ) — cee (3.28)
Va2 “o
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Now there is no restriction on the upper limit of
Rel/ zcz. However, in order that Rel/ 2<x may be large W, must
be nearly equal to 1 and therefore, if 6/Re is neglected
from (3.25) we conclude that Wj is nearly equal to 2. With
these values of W] and W,, we find from equation (3.27) and

(3.28) that

/_5__ J‘w aw , )
A =0 = |eem -————————————— = eee (3.29
\/ 2Re 0 (1-W)(2+W)l72

putting 2 + W = 3 tan®h?y

and integrating equation (3.29) we get

3 3tanfy ~2 6 tan hY sec? h¥
« - @ =)= S S 1
\ Re 3 Sec h2ye /3 tanht

tan® n-1 \/2/3

2 3tan hz\)/"”z
J ¥

tan h-1/2/3

2 r
= [=== |3 tan h%Y 2 - tan h~1 ( \/2/3{]
Re
Re 2 -1 .
(¢ = 8) | === = 3 tan h®¥Y - 2 = tan h™" ( /2/3)
2

w .
3 tan hzt'tan h’l\‘ - ] -2 - tan"lm
3
-1 W42 2
3 tan h tan h bandendd - 2 - 1.1460
Voo
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W+2 2
= 3 \) - - 2 « 1,146
3
3(W + 2)
2 o ams e - 2 hand 101460
3

Re
(0 =8 ) |=-= + 1,186 =w
2
£ Vr
W= - T eme—————
f2 (Vr)max

" Re
= 3 tan h? {—( - )l‘/2 (a=8) + 1.14é] - 2
2

.o (3030)

Satisfying the boundary condition (3.9) since tan hx is close
to unity when x is close to 2.5, it follows that from egquation
{(3.30) that for large Re. the velocity Ve will be equal to

(vr)max everywhere except in a thin layer near each wall of

thickness proportional to Rel/2

Further, from eguation (8), on integration, we find

P 2 yf£
ees (3.31)

3
Since from eguation (3.7) we conclude that r3_5~8 shoulad
r

be function of @ only, F(r) should have the following form -
- K

F(r) = e-e= : eee (3.32)
2r2
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Hence .
P 2Vf K
- o = - e - - - - o (3‘ 33)

? r? 2r2
now when W; = 2 and W3 = 1, we find from (3.24) and (3.27)that

_ 2 2
K=1f, =r (Vr)max

Therefore, 2
- X eemam- -~-z-
? 2r r
p (V‘)2 2 y £
r‘max
_E - 4 eememmm—-— = ......z_..

? 2 r

that is, for large Re the pressure at the walls, 1is equal to

the pressure of the main flow.

The results obtained above concerning the velocity
and pressure near the walls, for large Reynolds number, are
in exact agreement with the basic assumption of the tﬁeory

of boundary layers.

4. Generalized plane couette flow between two parallel

porous plates.

\{
H
OSSR A
a—;h 13ie szn 1A et i Lir ity
uty) =
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Let us make the following assumptions

(1) The two parallel infinite porous plates be situated
at y=0andy=h

(2) The flow between two plates is steady incompressible
one in the x direction. Under the above mentioned
assumptions the Equation of continuity gives -

av

dy

ees (4.1)

"
o

That is, v does not depend upon y. This gives that the fluid
is entering the flow region through one plate at some rate

as it is leaving through the other plate. Further, let us
take that the fluid is entering the flow region at a constant
velocity V6 through the plate at y = 0 and leaving with same
velocity through the plate at y = h, then the eguation (4.1)
gives that throughout the flow region, the velocity along

y axis is V,.

Then the momentum equations become

2
du a” u
VO - o = - }'3"8 + )J - - — ) (402)
ay P x ay?
o p
0 = - -E —_—— ) (4.3)
Py

From the equation (4.3), we find that p does not depend on vy.
wWith this, equation (4.2) gives that
3 p

e
d x

is constant.
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Then the equation (4.2) has the solution

v,
‘%F y p
u = A + Be + - Y * s e (4.4)

where A and B are constants of integration and are to be

determined from the boundary conditions.

Yy =0 : u=90
L ) (4.5)

S Vo g

vy = h : u=U

by using first boundary condition of (4.5) to equation (4.4)
we get

O=A+ 2B ee. (4.5)

by using second boundary condition of (4.5) to equation (4.4)

we get
v
o
== h p
U= A + Be )j + -
P Vo
v
-2n p
or U= -38 +Be Y + =em=h
£ Vo
Vo_ o
or U=B[e V—] + ww—— N
¢ Vo
o
U- --o-h
or B = ———elQo eer (4.7)
v
e Ch-



Hence U = wem——e=h

A = D e o L D T e 00.(408)

P
Ue -===h v,
2.y
v P
4= | emee- S_) - A e ¥ 1| 4 —mem ¥ ee. (4.9)
Ya_ n © Vo
e YV .

The equation (4.9) gives the velocity distribution of

Generalized plane coutte flow between two porous plate.

(a) Volume rate of flow

Volume rate of flow in the case of Generalized plane

couette flow between two porous plates is given by

h
Q = ‘[ udy
0
) P
U e ====h h v
oV, ~R.y P h
= i it (e Y2 1) ay + =-- S yady
-Q- h - (o) \Y o
e V -1 §%
P . .
Ue «-=-h Vo y h
v y 5
B - ?— - -9-.. - )/ - Y +
Ya_n Vo o
e V -1




(b)

e i S S — - . v

Skin friction :

55

§

P 2

v 2

. e

(4.10)

Skin friction in the case of Generalized plane

couette flow between porous plates is given by

/-/
Jiw

(c)

generalized plane couette flow between two

du

p (== )y=
dy y=0
P

(U= -==h)

- oo — - T S g Y v G

1}
+
<

Coefficient of skin friction

Coefficient of skin friction in the

is given by

Y |
[;‘e v b - %}
VO

yY , _F

§ Vo

case of

ee.{4,11)

porous plates
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P

U o comwo- h Vg
: oV '/ -2y P
2p [ ..... Lo ee 2 e V4 -
i@~ h v \'
-1 o

ef & s o E—-—? —————————————————————————————————— s e (4012)
g U’

5. Generalized plane coutte flow between two co-axial
infinite porous cylinders, when inner cylinder is

moving with constant velocity U and outer is at rest.

Let a viscous fluid be flowing axially between two
co-axial infinite porous cylinders of redii a and b (b 7 a)

under a pressure gradient P = « O p/d X.

Let the inner cylinder be moving with a constant
velocity U and outer cylinder be at rest. Suppose the velocity
of irjection of the inner cylinder is V, and that of suction

at outer cylinder are inversely proportional to their radii.

We use the cylindrical polar coordinates (r, 0, z) to
discuss the flow. Let the flow be occurring in radial and
axial directions and depending on radial distance only, i.e.

let the Velocity vector be v( v(r), o0, u (r) )

Then the equation of continuity becomes

- av v
————  f m=— =
dr r
A
or V = - - oo (5.1)
r

where 'A' 1s a constant, and the Navier-Stokes equations of

motion under the above hypothesis reduce to
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V ——— - T easwaess oo (5.2)
dr dr
z
du dp du 1 du
Veee 2 o mmme +  ( mom + moe mme ) eee (5.3)
dar z r? r dr

The equation (5.2) gives that the pressure

1 2 1 1
P=P w= A —— - ——— eees (5.4
(o] 2 _P ( rz az ) ( )

where Py 1is the pressure at inner cylinder in eguation
(5.3) we find that d p/ d 2z = - P is a constant., Thus we

can write this equation as

dzu 1 du @ A du - P

m——— F e ew—- - m——— ——— E e——- ees (5.5)

ar? r dr ur dr n

After solving the equation this equation we get the

velocity distribution as
= + ¢ "+ cC (5.6)
VNS wecamwom—- r 1r 2 e w *
where m = 0 A/M and C3 andc2 are constant of integration
which are to be determined from the boundary conditions

u=20 b

*
)
H

eee (5.7)
us=7Uy

"
a}
i

a

N Nt Nt

Using first boundary condition of equation (5.7) to
equation (5.6) we get

2

0 ¥ eccecvccaa b™ + Cl bm + C2 ese (5.8)
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Using second boundary condition of equation (5.7) to

equation (5.6) gives

U= ——————— a2+cl am+c2 es e (5.9)

2p(2-m) 2p(2-m) (™ - BT

Substituting this value in (5.8) we get

-p ) ur" p n (a®-b%)
U= memm——— I 4 cowcce f cem———- o
2y (2-m) a"- 24 (2-m) (a"-5")
P U P (a2-b?)
+ m————— b - e e J— S * A =
2p(2-m) (a"=b") 2p(2-m (a™-p™
2 _2 m .m
P b®-a r -b
R — —r? + D% 4 mmemmem (£ - Y| + U «oeem
2(2-m)p p"-a a"-p"
P 2 o bRl
U= - —ememee r® = b¢ = cmee-e (" - M| 4+
2(2-m)p pM-g
Pt
+ U comem eee (5.10)
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Equation (5.10) gives the velocity distribution for
Generalized plane couette flow between co-axial infinite

porous cylinders.

6. Spiral flow between two co-axial cylinders when the

outer and inner cylinders are rotating with constant

angular velocities.

We consider spiral flow between two co-axial cylinders of
radii a and b (b > a) such that the outer and inner
cylinders are rotating with constant angular velocities

(D1 and OJ2 respectively and the inner cyl;nder is moving
along the axis with velocity U. We use cylindrical co-ordinate
syétemrﬁr, ©, 2) and assume that there is only © and 2z

components of velocity, which depend only on r i.e. the

velocity vector is v (0, vir), w(r) ).

Then the equation of continuity is’ idﬁﬁﬁically

\”/‘ \/9\
satisfied and the Navier-Stokes equations of md%&nn reduce to

e \:}x{a

v2 9 p vE S
- - = - — "'\ bL , {,.. .o (6. l)
? r- a r . wf@“

1
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1 .a p ) dz v l d v
0 S — + p - - + - ——— ( - - ) oo e (602)

r de d r2 r ar o

dp
0 - - - o - - e (603)
oz
a3y aw  q  a% a4
B meme = mem d wln mes d —ea) =0 eee (6.4)
ar r ar r? de 4z
From equations (6.1) to (6.4) we conclude that :g-g is
constant.
dp .
If ~--~ = 0, then the equations (6.2) and (6.4)
oG]
reduce to
2 a

a v

e - + - ( z ) = O LI (6-5)

drz dr r
and

s, au

- ———— + - - = 0 een (6c6)

ar2 r ar
On solving eguations (6.5) and (6.6) we get
v =Ar + B/r ees (6.7

and

Vj = A log r+ 3 coe (6-8)

where A and B are constants of integration which can be

determined by using the boundary conditions

n
]
w
<
]

a 0)1
r=>5» : v=>_ WH

A g

LI (6.9)

A
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and
r = : = U )
) eee (6.10)
r=b =0 )
The eguation (6.7) can be written as
rv = ar® + B ee. (6.11)

Applying first and second boundary conditions of (6.9) to

equation (6.11) we get

azwl = Aaz + B e e (6012)

12 L, = ab% + B eee (6.13)

3ubstracting equation (6.12) from (6.13) we get

(bzwz - az(,\)l) =a (b% - a?)
Hence

A T e o o o o - L2 ) (6014)

)= JE e ——— ( (:,\_32 - wl ) e ve (6.15)

Substituting values of A and B in equation (6.7) we get

24,2
1 2 5 a“b
V=2 cocem—-— (b4 5 & a%wq)lr = ———= (W, - W,;) ... (6.16)
(bz_az) 2 1l c 1
aApplying the first and second boundary condition of (6.10)

to equation (6.8) we get
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U

I

AlOga"‘B oo (6.17)

Subtracting (18) from (17) we get

U=A (log a - log b)

U
A2 cermcacmmacoe——
log a -~ log b
or
U v
A S, e es (6-191
log (a/b) |

Substituting this value in (6.17) we get

U= cceceow= + B

B = caraccema— e v (6.20)

log (a/b) log (a/Db)

U (log r - log b)
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U log (r/b)
“ TR e o e o o e e oo 'R (6021)
log (a/b)

The equation (6.16) and (6.20) gives velocity

distribution in @ and z direction respectively.

o0o
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