CHAPTER = 2

THEORY OF DIGITAL FILTERS



2.1 Basic Elements of Digital Filter:

A digital filter is an algorithm or a numerical procedure
which converts a sequence of given numbers into another sequence

1 desirable properties such as less noise

that possesses some more
or distortion. A digital filter consists of the interconnection of three
simple elements such as adders, multipliers and delays as shown
in Fig. 2.1. Design of digital filter involves selecting and interconnect-

ing a finite number of these elements and determining the multiplier

coefficient values.

2.2.1 Applications of Digital Fiieters:

The digital filters find applications in many fields such
as robotics, intelligent sensors, secismic signal processing, radar
signal processing etc.. Digital filters are also important for modelling
linear systems like speech production models and transmission channels,

the other areas of application are given below:

data smoothing, image enhancement,
pattern recognition, speech processing,
telimetry signal processing and

simulation of analog systems.

They can also be used to detect and process extraordinary levels

of air pollution data and to predjct future air pollution levels.2
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filtering is useful for resolving overlapping signals of identical waveshap-
es or of unknown waveshapes.3 Digital  filters can be implemented
as program on general purpose computer or microcomputer. In

industrial applications, they can be used for control and monitoring

purposes.

2.2.2 Advantages and Limitations of Digital Filters:

The digital filters have the following advantages:

1) Component drift and component tolerance have no influence

on system performance.

2) They have high accuracy and reliability.

3) Performance of filter can easily be changed.

4) Adaptive (self-programmable) filters can be designed.

5) Can be used for very low frequency applications.

6) Analog impracticable functions can be easily implemented.

2.2.3 Limitations:

They have only the limitation of having high cost, but

due to advances in VLSI technology cost is likely to drop.



2.3 Analog Filters Versus Digital Filters:

Analog Filters

1) Fluctuations of component values
with

change in performance.

temperature and age cause

2) For low f{requency applications
the sizes of capacitor and induct-
ors are rather

large, causing

increase in size and cost.

3} Change in filter band requires

change of the components.

4) In high
these are still advantageous due

‘frequency applications

to limitations in sampling rate of
digital filters.

5) Due to tolerance and drift of

components, result is not highly

predictable.

2.4 Digital Filter Structures:

Digital filters
elements: adders, multipliers and delays.
positive delay and negative delay

data values
of delays or advance elements.

of only the input sequence, it

can be accessed by including

Digital Filters

1) Fluctuation of component
values is not reflected in perfor-

mance which remains unchanged.

2} This

as the usual filter components like

question does not arise

capacitors and inductors are not
used but they are simulated in

software.

3) Change is implemented by slight

change in software.

4) However, digital filters are re-
placing the analog filters in high
frequency applications due to decr-

easing cost and increasing speed.

5) Highly accurate and predictable
results.

consist of the interconnection of three simple

Delays are of two types,

{advance). Any past or future

the appropriate number

When the filter output is a function

called nonrecursive filter. When



the output is function of inputs as well as past output values, it
is called recursive filter. Digital filter structure can be implemented
from its difference equation, its unit sample response or itst}ransform-
ation.1 The digital filter structure determined directly from either
difference equation or system function 1is called direct form-I. The
structure using smaller number of delays than direct form-1I is called

direct form-II; it is also called the canonical structure, which 1is

memory-efficient.

There are two basic types of digital filters, IR and FIR.
When a filter produces a unit sample response that has an infinite
duration, it is called an infinite-impulse response (IIR) filter. If
a digital filter has a unit sample response having a finite duration,

then it is called a finite impulse response (FIR) filter,

A system function H(z) can be realized in many forms
such as Direct form 1, Direct form l, cascade and parallel realiza-
tion. The equations that describe the input/output relations in the

zZ~ o )
time and ltransform domains are as given below:
In time domain, the convolution equation is given by,

(=]
y(n) = > h(k) x(n-k] 2.1

k:-oo

and the difference equation is given by

M N
y(n) = Z a, y(n-k) + i bk.x(n—k) 2.2
k=1 k=-NF '



In z-transform domain, the system function can be expressed

as sum-of-products form

Np M
-k -k
H(z) = E | bkz /(1 - E a -2 ) 2.3
k=~-NF k=1 :

The system function can be expressed as product-of-terms form

NP+NF M
H(z) = A 2 T 4G 21y, T (1-dz"") | 2.4
k=1 k=1

2.4.1 Direct Form I:

Direct form 1 structure is a convenient way to implement
a digital filter with a computer program. However, this form is
not memory-efficient, The system functdon eq. (2.3} is divided into
two parts in cascade, the first parf containing only the =zeros,
folowed by the part containing only the poles. As shown in Fig.
2.2, we can introduce an intermediate sequence W(n) representing

the output of first part and input to second part.

Hence we can write

M )
yn) =% ay(n-k) + W(n) - 2.5
k=1
Np
vhere W(n) = Z by x(n-Kk) » 2.6
K=-NF

In z-transform domain, the above equations can be represented as



M -k
Y(z) = W(z)/ 1 - }:j a.z
k=1

and

Np K
W(z) = X(z) E:: bkz

k=~NF

The equation 2.7 can be implemented as

in Fig. 2.2.

2.4.2 Direct Form-I:

Since we are dealing with linear
these two parts can be interchanged, as
generate same overall system function, but
mediate sequence U(n). The equation for

time domain is given by

M
U(n) = Z akU(n—k)+x(n)
k=1
and
Np ,
y(n) = 5 b U(n-k)
k=-=NF

In the z-transform domain we have

M
U(z) =x(z)/ 1- Z akz—k
k=1
N
Y(z) = P -k

Uu(z) Z bkz

k=~NF

2.7

2.8

direct form-I. as shown

systems, the order of
shown in Fig. 2.3, to
through different inter-

this system function in

2.9

2.10

2.11

2.12
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From Fig. 2.3 we can easily conclude that the two sets
of delays can be combined to get more memory-efficient structure

as shown in Fig. 2.4; this #ilter structure is called direct form-II.

The direct forms 1 and IO are implemented in hardware

as well as in software. However, they have two disadvantages:

1) They exhibit 1lack of hardware flexibility (different filters

require different structuresj).

(1) Sensitivity of the coefficients to quantization increases with
the order of the filter. It is very important while generating
poles, since small deviation in coefficient values may signi-

ficantly change the frequency response.

To overcome these effects, digital filters can be designed
by combining filter building blocks consisting of second-order sections,

either in cascade or in parallel.

2.4.3 Cascade Combination of Second-order Sections:

To obtain a cascade implementation, the system function
H(z) 1is factored into a product of second-order terms in both the
numerator and denominator. If M, the number of delays in the denomina-
tor, 1is greater than Np+NF, the number of delays in numerator,

then

2}

- NF M
ilz) = Az H (2) 2.13

k=1



1+b1kz +b2kz

where p, (z) = o 2.14
1 -2

1~a1kz -a

where A is the gain, zNF is the non-causal advance component and

2k

[M/2] is the integer obtained by rounding M/2 to the next integer

value. If Np+NF > M, then upper limit is [Np+NF}/2] .

Each Hk(z) term describes a cascade second-order section
(Cs0s) that can be efficiently implemented using direct form-II,

The defining equations for g CSs0s, in time domain, are given

by

yk(n) = alkyk(n—1]+a2kyk(n-—2)+xk(n)+blkxk(n—1)+b2kxk(n-2] 2.15

In z domain it can be written as

Y, (2) = alkz"lYk(z)+62kz-2Yk(z)ka(z)+b1kz—1Xk(z)+b2kz-2Xk(z)

2.16
A number of CSOS sections are connected in series to get cascade
combination. The single CSOS secHon is as shown in Fig. 2.5 and
cascade connections are shown ‘in Fig. 2.6. Cascade form can be

realized by splitting the system function H(z) as
H(z) = aoﬁl(z) Hztz) ... Hj(2)
as shown in Fig. 2.6

Configuring a digital filter in this cascade form allows us

to put all the design effort into an efficient implementation of single

30
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. . 1
second-order secton in hardware.

2.4.4 Parallel Combination of Second Order Sections (PSOS):

This structure will be useful for the implementation of the
frequency-sampling - FIR filter structure. If M > Np+NF, then H(z)

can be factored. We can write -

_ NF [M/2]
Hz) =z 5~ G, (2) 2.17
k=1
where
80k+g1k7~1
G (2) = 2.18
1-a 2t z_2
1K 2k

If NpsNF > M, the upper limit of the sum becomes
[(Np+NF})/2}. 'The upper limit indicates the next largest integer value.
The defining equation for the Kth 1’505 filter, in time  domain, is

given by

yk(n) = alkyk(n—l)+32kyk(n-2}+gokxk(n)+g1kxk(n—1} 2.19
and in z domain is

Y (2) = a 27t

-2 -1
1K Yk(z)+32kz Yk(z)+g0kxk{z)+glkz Xk(z) 2.20

The input sequence x(n) is applied simultaneously to all the PS0S
sections and a scale factor is necessary for each section, which

is included in numerator coefficients 8ok and 811" There is only one



zero in each PS0OS, because additional zeros are generated in the

total system function in making parallel connections.

Fig. 2.7 shows a single PSOS section. The parallel combina-
tion of second order sections (PSOS) form can be realized by splitting

the system function H(z) as

H(z) = C+H1(z)+H2(z) Hi(z) 2.21
as shown in Fig. 2.8.
2.5 Design Methods for Digital Filters:

According to impulse response digital filters are classified
as IR (Infinite Impulse Response) and FIR (Finite Impulse Response].
IR filter design procedures are extensions of design of analog filters.
In fact TR filters are used to replace existing analog filters. Most
commonly used techniques for designing of analog filters are Butterworth,
Chebyshev and elliptic. Impulse invariance and bilinear transformations
methods are used to translate S-plane singularities of analog filter
into Z-plane. A digital filter is then implemented from these Z~plane
singularities. FIR filters can be designed by using windowing method
and frequency sampling method. IR filters are faster and require

less memory than FIR filters.

2.5.1 Impulse~Invariance Method:

This method maps singularities in the S-plane into equivalent
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singularities in the Z-plane. I unit sample response of a digital
filter resembled the sampled version of impulse response of the
analog filter in time domain, tﬁen the two filters should perform
in similar manner in the frequency domain. The ' impulse-invariance

method does exactly this.

The digital filter design process involves determination of
transfer function and the coefficient values which satisfy given specifica-
tHons in frequency domain. Let Y(s) denote the Laplace transform
of the output y(t) of a continuous time (CT) filter, when subject

to an input x(t). I Y(s) consists of only simple poles.'then,

M AiX(s)
Y(S} = 2— m— = H(S) X(S) 2.22
i=1 1

where Si is the ith pole of the transfer function H(s), and X({s)

is the Laplace transform of x(t).4

When X(s) = 1, the LT (inverse Laplace transform) of

H(s) gives the impulse response h(t)

h(t) = Lt H(s)

a M Ay
h(t)=L™" 5 5775
. i
i=1
-4 M _
h(t) = L1 v Ae ot 2.23
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The essense of the impulse invariant method is to obtain a DT filter
whose 1impulse response h(n) 1is exactly equal to sampled values
of h(t) that are T seconds apart, where T is the sampling interval.

The above equation can be written as

M
h{n) = Ai e-SinT forn>0
i=1
We know that z transform of ke 20T ig
-anT, = k=z
z(ke ) = ot

Similarly, z transform of h(n) = H{z) can be written 354
M Aiz
H(z) = z-éSiT 2.24
i=1

This is a transfer function of the discrete time filter corresponding
to the continuous time filter, whose transfer function is

A,

M .
i ‘ 2.25
H(s) = S S+Si

i=1

However, by this method we cannot design high pass, band pass
and band stop  filters directly. We have to use frequency transform-

ations to convert low pass filter to any filter.

3

2.5.2 Bilinear Transform (BLT):

It is most commonly used technique for designing of IR
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filters. This transform provides a nonlinear one-to-one mapping
of the frequency points in j § axis in S-plane to those on the unit
circle in Z plane. I also allows us to implement digital high pass

filters from their analog counterpar’cs.1

BLT is a transformation which relates points on S and Z

planes as defined below:4
z-1
S = P 2.26
or
g = 148 2.27
T 1-S
The mapping properties of the BLT are as given below:
1) The left half S-plane is mapped into the unit circle in the
Z-plane.
2) The right-half S-plane is mapped outside the wunit circle
in the Z-plane.
3) The (o ** ) portion of jw axis in the S-plane is mapped
into the (o +w ) portion of the unit circle in the Z-plane.
4) The (o +» =« ) portion of the j, axis in the S-plane is

mapped on tc the (o » -% ) portHon of the unit circle in

the Z-plane.

To study properties 3 and 4 in detail, -we substitute
5 = ij and Z = W DT in equation 2.26. These substitutions imply
that we are concerned with points on jp -axis in S-plane and corresp-

onding points on unit circle of the Z-plane is shown in Fig. 2.9.
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wp is the analog frequency variable corresponding to wp of the desired

DT filter. Now equation 2.26 can be simplified as

JwDT
[P - 2.28
A JwDT
e + 1
j qu -jw 1
Since e e D 21 we can write

j u)DT/Z -] wDT/Z
e - e
Jjw = — - 2.29
A j wDT/Z -J wDT/Z .
e + e

from eq. 2.29 we can write

T

= tan ( o 2.30

WA 2

The above equation enables us to locate a point w, on the jw axis for a

A
given point on the unit éircle, the point on the unit circle is defined by

o and T. The frequencies N and W, are such that

s =] Wy ! j wyT 2.31

where H(z) is the transfer function of a DT filter and H(s) is the trans-

fer function of an analog filter.

The phenomenon of frequency warping 1is associated with
bilinear transform. Therefore it is necessary to prewarp the critical

frequency, which is done using frequency scaling as given below.

If H(s) is a transfer function of a CT filter we define the
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transfer function H(s) such that

H(s) = H(s)is _ s/ q = Hs/0) 2.32
where the factor o is a real positive number.
With s = jw gives

Alw) =H(w/a ) ... 2.33
From the above equation we can write

N

H (o) = HQ1)

1]

A(2 @) = H(2)

i}

A(0.5 @) = H(0.5) etc.

which means that magnitude and phase responses of H(s) and fl(s)
have identical shapes. However, points on these responses of ﬁ(s)

are scaled by factor o . Thus fA(s) is referred to as scaled transfer

function.
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